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Abstract

In this paper, the definition of a Neutrosophic Differential Equation by Using the One-Dimensional Geometric AH-
Isometry. The main objective is define a Neutrosophic Bernoulle's and Recati identical linear differential equation
and find solutions for this equation.
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1.Introduction:

Neutrosophic logic. Neutrosophy, Neutrosophic set, Neutrosophic probability and alike, are recently creations of
Smarandache, being characterized by having the indeterminacy as component of their framework,and a notable feature
of neutrosophic logic is that can be considered a generaliazation of fuzzy logics, encompassing the classical logic as
well [1]. Also. F. Smarandache, has defined the concept of continuation of a neutrosophic function in year 2015 in
[1], and neutrosophic mereo-limit [1], mereo-continuity. Moreover, in 2014, he has defined the concept of a neutro-
oscillator differential in [3], and mereo-derivative. Finally in 2013 he introduced neutrosophic integration in [2], and
mereo-integral, besides the classical defintions of limit, continuity, deverative, and integral respectively.

Among the recent applications there are: neutrosophic crisp set theory in image processing [4,5,9], neutrosophic sets
medical field [6,7,8], in information geographic systems [10,11] and possible applications to database [12]. Also,
neutrosophic triplet group application to physics [13,16,19]. Morever Several researches have made multiple
contributions to neutrosophic topological [14,15,18,20], Also More researches have made multiple contributions to
neutrosophic analysis [21]. Finally the neutrosophic integration may have application in calculus the areas between
two neutrosophic functions.

2. Preliminaries

Definition 2.1. Neutrosophic Real Number: [1]

Suppose that w is a neutrosophic number, then it takes the following standard form: w = a + bl where a, b are real
coefficients, and I represents the indeterminacy, where 0.1 = 0 and I™ = I for all positive integers n.

For example:
w=14+2I,w=3=3+4+0I.
Definition 2.2. Division of neutrosophic real numbers: [2]

Suppose that w,, w, are two neutrosophic number,where
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Wy = aq + bll,Wz = a, + bzl
Then:

Wl al + b]_I al az bl - al bz

w, B a, + byl B a, ay(a, +by)

Definition 2.3

Let R(I) = {a + bl ;a,b € R} where 12 = I be the neutrosophic field of reals. The one-dimensional isometry
(AH-Isometry) is defined as follows: [21]
T:R(I) >R xR
T(a+bl)=(a,a+Db)
Remark 2.4. [21]

T is an algebraic isomorphism between two rings, it has the following properties:
1) T is bijective.
2) T preserves addition and multiplication, i.e.:
T[(a+ b))+ (c+dD)]=T(a+bl) +T(c+dl)
And
T[(a+bD) - (c+d)]=T(a+ bl -T(c+dl
3) Since T is bijective, then it is invertible by:
T~L:RxR - R()
T Y a,b)=a+ (b—a)l
4) T preserves distances, i.e.:
The distance on R(I) can be defined as follows:

Let A= a+bl,B = c + dI be two neutrosophic real numbers, then L = ||4B|| = d[(a + bI,c + dI)] =
la+bl—(c+dD|=|a=c)+I(b—d)|=|la—c|+I[la+b—c—d|—|a—c]|]

On the other hand, we have:

T(||A_§||) =(la—c|,|(a+b)—(c+d)|) = (d(a, ¢),d(a+b,c+ d)) =d[(a,a+ b),(c,c +
d)]=d(T(a + bI),T(c + dI))

=|r@B)||.
This implies that the distance is preserved up to isometry. i.e.||T(AB)|| = T(||AB]|])
Definition 2.5.

Let f:R(I) » R(); f =f(X) and X = x + yI € R(I) the f is called a neutrosophic real function with one
neutrosophic variable.
a neutrosophic real function f(X) written as follows:

fX) =flx+yD=f)+I[f(x+y) - f()]

Theorem 2.6. any neutrosophic real function into two classical real functions, i.e., to the classical Euclidean plane
R X R.

Proof.

Let f(X) = f(x+yD) = f(x) +I[f (x + y) — f(x)] a neutrosophic real function.
Now, Using the one-dimensional AH-isometry, we have.

T(f(0) = T(F@) +I[f (x +y) = FGI]), then.

(fu, f2) = (f(x), f(x + ¥)), then, we have.

{ fi=f)

fo=flx+y)
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the functions f (x), f(x + y) are a real functions.

Definition 2.7. Computing Powers in R(I)

To compute such equation: (a + bI)°*% ; a,b,c,d € R we need the one-dimensional isometry again:
T[(a+ bD*¥] = (a,a + b) D = (a*, (a + b)**?),
Which results:
(a+bDFY =T 1(a (a + b)°*?) = a® + I[(a + b)*** — a‘].
Definition 2.8.

Let f(X) =f(x+yD)=f(x)+I[f(x+y)—f(x)] a neutrosophic function on R(I), the we define a
derivative of a neutrosophic function f(X) as follows:
) =fl+yD=f0)+If'x+y) = f(x)]
Definition 2.9.

Let f(X)=f(x+yl)=f(x)+I[f(x+y)—f(x)] a neutrosophic function on R(I), the we define a
integration of a neutrosophic function f(X) as follows:

ff(X)dX =ff(x)dx+1Uf(x+y)d(x+y) —ff(x)dx] 4+ (a+bD)
Where (a + bI) is a neutrosophic constant number, and [ f(X) dX = F(X) = F(x) + I[F(x +y) — F(x)].

3. Neutrosophic Bernoulli's equation.

In this section is defined a Neutrosophic Bernoulli's equation by Using the One-Dimensional Geometric AH-
Isometry and solutions are found for this equation.

Definition 3.1.

LetY =y, +y,1, X = x; + x,1 We define the Neutrosophic Bernoulli's equation by Using the One-Dimensional
Geometric AH-Isometry as form:

Y+ fX)Y = gxX)y™
This equation can be written as follow:

0"+ +y2)" =y DU ) +I{f (g + x5) = FOe) D + y21)
= (g(x1) + 1[g(x; + x3) — g(x)D (1 + y.D"

=y + )y HIOn +y2) = Flx +x) 0+ y2) — 1 + f(x)y)]
= (g(xy) + I[g(xy +x3) — g(x)D ()™ +1[(y1 +¥2)™ — )™D

Method of solution.

1. Take AH-Isometry for the differential equation, we have.

T+ fOe)yr H{( +¥2) — O +x) (1 +¥2) — O + f )y
= (g(xy) +1[g(xy +x2) — ge) D)™ +1[(y1 + ¥2)" — )"D

Ty + fx)yr + 1 +¥2) — Qo +x)(n +y2) — 1 + F(x)y)D
=T(g(x) +1[g(xy +x2) —gx)D. T()"™ + I[(y1 + y2)™ — (v)"D
1 + )y, n +¥2)" = fleg + x2) (1 + ¥2)] = [9(x1), g(xq + x2)]. [(v)™ (1 + y2)"]
Then.
{ yi+ )y = ge) @)™ ... ... (€Y)
1 +¥2) = fl +x)(n +y2) =g +x) (1 +y2)" e (2)
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The equations (1) and (2) are two Bernoulli's differential equation classical.
2. We find the solution to the equations classical (1) and (2), we have.

v, the solution to the equation (1).

(y, + y,) the solution to the equation (2).

3. We Take invertible AH-Isometry, then, we have the solution of a Neutrosophic identical linear differential
equation .

Y=y, +y,] = T_I(J’1'Y1 +y) =y + (()’1 +y,) — Y1)I
Example 3.2. Find a solution to the equation:
1
Y +-Y =XY3
X
Solution.

I 1 1 1 ! 1
i+ x—lyl +1 [(}’1 +y,) — m(yl +y,) — (y1 + x—lyl)]
= (2, + 1[G 4+ x5) = D)D) + IOy + 32)° — (31)3D

Now, Take AH-Isometry for the differential equation, we have.

( ! l = 3 3
V1 +x Y1 =017 s 3)
1

k(}ﬁ +y,) — 1 +y2) = (e +x) 0 +2)3% 4

The solution of equation (3) written as follow:

1

{ ! (a+f,u(x1)g(x1)dx1>}T+1

V1

p(x1)
1 Z
7= g (ot [ 20 )
e =
Y= {ﬁ (a - (x;) )} ? = {(xj)z - (x;) }2 , where a € R.

The solution of equation (4) written as follow:

-1 -1

1 +y2) = { 1 (b - (x1+x2)4)}7 = { b _ (x1+x2)2}7, where b € R

(x1+x2)? 2 (x1+x2)? 2

Now, Take invertible AH-lsometry, then, we have the solution of a Neutrosophic identical linear differential
equation .
2 =L 2 =
a X 2 b X, + x 2
MR | SN0 _Gatw)
(x1) 2 (1 + x3) 2

-1 -1 -1
a (x,)? z b (%1 +x3)? z a (x1)? z
Y=y 4yl ={—-—— 7= e
(x1) 2 (x1 + x3) 2 (x1) 2
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By Definition 2.7, we have.

@ () b atm)?) )2
(x1)2_ 2 +<(x1+x2)2_ 2 )I}

Y=y +y,I=

-1

a b (x1)2 (x1 + xz)z z
Y=yit+y.l= (x1)2+((x1+x2)2)1_ 2 _< 2 )’}

-1

a b (x1)2 (x1 + xz)z z
Y=yity.l= (x1)2+((x1+x2)2)1_[ 2 +< 2 )H

By Definition 2.5, we have.

a b a b a+ bl
il (oo o) e R o Ll ey
Then.
-1 -1
Y:y1+y212{ a+ bl —(x1+x21)2}2 :{a+b1+—_X2}2
(%, + x31)? 2 X2 2

So that,
-1
Y = v 4y = a+b1_|_—X2 2
_yl yZ - X2 2
where a + bl € R(I).

Example 3.3. Find a solution to the equation:
Y + tan(X)Y = sin(X)Y?

Solution.
LetY = +y21,X = X1 +x21. Then

yi +tan(x)y; + 1[(y; +y2)' + tan(x; + x2) (1 +y2) — (v1 + tan(xy)y,)]
= (sin(xy) + I[sin(x; + x3) — sin(x)D(()* + Iy + ¥2)* — (7))

Now, Take AH-Isometry for the differential equation, we have.
{ y1 + tan(x)y; = sin(x)(y1)? ... .. (5)

(1 +y2)" + tan(xy + x) 1 + ¥2) = sin(xg + %) (1 + ¥2)? oo oo (6)
The solution of equation (5s) written as follow:

1

{,u(jcl) (‘1 + fy(xl)g(xl)dxl>}TH

Y1

-1

(a + f cos(xy).sin(x;)d(x;) >}

r1 {cosl(xl)

-1 -1
y = {2 (a+§cosz(x1))} = {41228 wherea € R.

cos(xq) cos(xq) 4 cos(xq1)

The solution of equation (6) written as follow:
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1

cos(xq1+x3)

-1 -1
(b + %cosZ (x + x2)>} = { I %Cosz(xﬁxz)} ,Where b € R

cos(xq+x3) cos(xq1)

1 +y2) = {

Now, Take invertible AH-Isometry, then, we have the solution of a Neutrosophic identical linear differential
equation .

a 1 COSZ(Xl)}_l { b 4 1cos2(x, +xz)}_1>

Y = I = T_1 " 4
AR ({Cos(xl) 4‘C cos(xy) cos(x; +x,) 4 cos(x;)

a 1cos2(x))
cos(xy) 4 COS(X1)}

N b N 1cos2(x, +x,)) " a N 1cos2(x)) " !
cos(x; +x,) 4 cos(xy) cos(x,) 4 cos(xy)
By Definition 2.7, we have.

a 1cos2(x;) N b 1cos2(x; + x,) ; -t
cos(x;) 4 cos(x;) cos(x; +x,) 4 cos(xy)

YZY1+J’21={

Y=y1+yzl={

1cos2(xy) N <l cos2(x; + x2)> I}_l

a
y = I=
RRE {cos(xl) * (cos(x1 + xz)) 4 cos(x) \4 cos(xy)

By Definition 2.5, we have.

a N ( b ) _a N b _ a + bl
cos(x;)  \cos(x; +x,)) " cos(x;)  cos(x; +x,)  cos(xy + x,1)

Then.

_ {a + bl + 1c052X}_1
" lcos(X) ' 4 cosX

a+ bl 1cos2(x, + le)}_1

Y=y, +y,] =
Ty {cos(x1 +x,01) 4 cos(xy + x,1)

So that,

a+bl 1 cosZX}_1

Y = I= -
Y1ty {COS(X ) + 4 cosX
where a + bl € R(I).

4 Neutrosophic Recati equation.

In this section is defined a Neutrosophic Recati equation by Using the One-Dimensional Geometric AH-1sometry
and solutions are found for this equation.
Definition 4.1 .

LetY =y, + y,I, X = x; + x,1 We define the Neutrosophic Recati equation by Using the One-Dimensional
Geometric AH-Isometry as form:

Y+ fXO)Y? + g(X)Y + h(X) =0
And takes a particular solution:
Z =2z + 7,0 =r(X) =r(x; + x,1)
This equation can be written as follow:

O+ 4+ y2) =y DA ) HIf (g + x3) = fe) Dy + y21)?
+ (g(xy) +1[gCy +x3) — gDy + y21) + h(xy) + I[h(x; + x3) — h(x)] =0
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yi+ ) I +y2) = f + )1 +y2) — 1 + f ) (1) D)]
+ (gxy) + ILg(xy + x3) — gOe)D(Gr) + IOy + ¥2) — ()]) + h(xy)
+ I[h(x; + x3) —h(x))] =0

And:
Z =2z + 2,0 =r(x; +x,0) =7r(c) +1[r(xy + x3) —r(xy)]
Method of solution.

1. Take AH-lsometry for the differential equation, and Take AH-Isometry for a particular solution, we have.

T(y1 + Fxe) ) + 1 +¥2)" — F O + )1 +y2) — 1 + f(x) (71)D)]
+ (g(xy) + I[g(xy + x2) — gD (Gn) + 1y + ¥2) — )]) + h(xy)
+ I[h(x; + x3) — h(x1)]) =T(0)

i + f(x1)(371)2 + gy + h(x), O +¥2)" + f(x +x) (1 + J’Z)Z + 90 +x3) (1 +y2) + h(xg + x3)]

= [0,0]
Then.
{ v+ f(’ﬁ)()ﬁ)z +g(x)y: + h(x) =0..... @)
14+ y2) + 0 +x)n + ) + 90 +x)n +v2) + A +x) =0 (8)

And:
T(zy + zI) = T(r(xy) + 1[r(x; + x) —r(x)])
(21, (z1 + 25)] = [r(xy), 7(x1 + x3)]

{ zy =1(x1) e o 9
(z; +25) =7(x) + x3) o .. (10)

The equations (7) and (8) are two Recati differential equation classical with two a particular solution (9) and (10).

2. We find the solution to the equations classical (7) and (8), we have.

v, the solution to the equation (7).
(y, + y,) the solution to the equation (8).

3. We Take invertible AH-Isometry, then, we have the solution of a Neutrosophic identical linear differential
equation .

Y=y +y,I= T_l(yplﬁ +y) =y + ((J’1 +y2) — J’1)1

Example 4.2. Find the general solution for the following neutrosophic ricati equation:

V4 (Gire) Vo (o) ¥+ ot o =0
If a particular solution is:
Z = z1 + z,1 = cosX
Solution.

LetY =y, +y,I,X = x; + x,1. Then.
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cosx;

!

i+ (y1)?

1 — sinx;.cosx;
cos(x; + x,)

(1 +y2) — (y{ TRk S (yl)z)]

+1 | +y2) +
[(Jﬁ ¥2) 1 1 — sinx;.cosx;

—sin(x; + x3).cos(x; + x5)

-1 -1 -1
+(+— +il— - (= )
(1 — sinx,.cosx; 1 —sin(x; + x3).cos(x; + x,) \1 —sinx;.cosx; ((yl)

I +92) = 0D]) + e
Y1ty N1 1 — sinx,.cosx;

sin(x; +x sinx
+[ (s +22) ) ]20

1 —sin(x;, +x,).cos(x; +x,) 1 — sinx,.cosx,
And:
Z = z; + 7,1 = cosX = cosx; + I[cos(x; + x,) — cosx,]

Now, Take AH-Isometry for the differential equation, and Take AH-Isometry for a particular solution, we have..

, cosxy 2 1 sinx,
it 1 — sinx;.cosx, )™= 1 — sinx,.cosx, it 1 — sinx,.cosx, =0 an
, cos(xy + x,) ) 1
01 +72)" + 1 —sin(x; + x3).cos(x; + x;) 01+ 72)" = 1 —sin(x; + x3).cos(x; + x,) 01 +2)

sin(x, + x5)

=0.... 12
k 1 —sin(x; + x;).cos(x; + x3) (12)
And:
Z, = €oSX;
{(z1 + z,) = cos(x; + x3)

The solution of equation (11) written as follow:

1

1
Y, = COSX; +{ (a + sinx, )} , where a € R.

1-sinxy .cosxq
By the method same, The solution of equation (12) written as follow:

1
1-sin(xq+x3).cos(xq1+x2)

-1
(71 +y2) = cos(x; +x3) + { (b + sin(x; + x,) )} ,where b € R

Now, Take invertible AH-lsometry, then, we have the solution of a Neutrosophic identical linear differential
equation .

1 -1
(a + sinx, )} ,c08(x; + x3)

Y =y, +y,l =T +{
Y1+ (cosx1 1 — sinx; .cosx;

+ { ! (b + sin(x; + x5) )}_1)

1 —sin(x; + x3).cos(x; + x3)

-1

(a + sinx, )}

1 -1
(b + sin(x; + x5) )}

Y =y, + y,] = cosx +{ -
T2 ! 1 — sinx, .cosx;

+1 + +{
[cos(xl x3) 1 —sin(x; + x;).cos(x; + x5)

1 -1
- (cosx1 + { - (a + sinx, )} )]
1 —sinx; .cosx;
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(a + sinx, )}_1

Y = + I = cosx; + I(cos(x; + x,) — cosx +{ .
1 Y2 1 ( ( 1 2) 1) 1 i L. L
-1

1 .
1 [{1 — sin(x; + x,).cos(x; + x3) (b + sin(x, + x;) )}

— { ! (a + sinx )}_1
1 — sinx; .cosx, !

a sinx; }

-1

Y=vy,+vy,] =cos(x +x1+{ - ;
Y1 T2 Cry 2) 1 —sinx, .cosx; 1 —sinx;.cosx;

{ b sin(x; + x3) }_1

+1 +
1 —sin(x; + x3).cos(x; +x;) 1 —sin(x; + x3).cos(x; + x3)

{ a sinx, -t
- - + -
1 —sinx; .cosx; 1 —sinx; .cosx;

-1

Y +y,1 X) + { ¢ Stnxy }
= = cos
Y1 Y2 1 —sinx, .cosx; 1 —sinx;.cosx;

{ b sin(x; + x3) }_1

+1 +
1 —sin(x; +x).cos(x; +x;,) 1 —sin(x; + x,).cos(x; + x3)

{ a N sinx; } !
1 —sinx; .cosx; 1 —sinx;.cosx;

By Definition 2.7, we have.

-1

{ a sinx, }
1 —sinx; .cosx; 1 —sinx, .cosx;

. -1
{ b sin(x; + x;) }

+1 +
1 —sin(x; +x3).cos(x; +x,) 1 —sin(x; + x,).cos(x; + x3)

{ + sinx, } !
1 —sinx, .cosx; 1 —sinx;.cosx;

sinx;

+ -
—sinx, .cosx; 1 —sinx;.cosx;

( b sin(x; + x3) ) I}_l

+
1—sin(x; + x3).cos(x; +x5) 1 —sin(x; + x3).cos(x; + x3)

a sinx, b
- + ; + -
1—sinx; .cosx; 1 —sinx;.cosx; 1—sin(x; + x;).cos(x; + x5)
sin(x; + x3) -t
1 —sin(x; + x3).cos(x; + x3)

a b sinx;
- + - I+ -
1 —sinx; .cosx; 1 —sin(x; + x3).cos(x; + x3) 1 — sinx, .cosx,;
sin(x; + x,) .
1 —sin(x; + x3).cos(x; + x3)

By Definition 2.5, we have.
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a b a+ bl

+ I =
1 —sinx; .cosx; 1 —sin(x; + x3).cos(x; + x3) 1 —sin(x; + x,1) . cos(x; + x,1)
_ a+ bl
1 —sin(X) .cos(X)
And.
sinx; sin(x; + x,) _ sin(x; + x,1) _
1—sinx, .cosx;  1—sin(x; +x,).cos(x; +x,) ~ 1 —sin(x; + x,1) .cos(x; +x,1)
B sin(X)
"1 —sin(X) .cos(X)
So that,

a+ bl sin(X) }_1

Y=y, +y,l = cos(X) + {1 —sin(X) .cos(X) 1-—sin(X).cos(X)

where a + bl € R(I).
5. Conclusion

In this paper, a new type of neutrosophic differential has been defined by using AH-Isometry, Moreover, we studied
a linear differential equation based on AH-Isometry and found solutions to this equation.
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