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Abstract

The objective of this paper is to study the Dedekind lattices, where we prove if L is a R-lattice and domain, then
L will be a Dedekind domain if and only if every non zero maximal element is invertible.

On the other hand, we prove that if L is a domain and R-lattices, then L is a dedehind domain if and only if L is
a UFD lattices and every non zero prime element is maximal.
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Introduction.
In the theory of ideals in commutative rings, the multiplicative lattices were used and defined [3].

Many special elements in multiplicative lattices were studied in [4,7] such as principal elements, M-lattices and
modules.

Dedekind lattices were defined in [1] with lattices that are UF D¢(unique factorization domain).

In this work, we will discuss some properties and characterizations of I-lattices and UFD-lattices, where we will
present some novel result in terms of theorems.

Main discussion.

Definition.

A multiplicative lattice is a complete lattice with a binary operation (.) which is associative, commutative and
distributive.

Also, the maximal element [ is the identity.

Definition.

An element a€L is called meet principal(join principal) if ((b:a)Ac)=bAca, ((bVc:a)) =
(b:a)Vc; Va,b € L.

The element a is called principal if a meet/join principal.

Definition.

An element a is called principal (weak meet principal/weak join principal) if

ba:a=bV(0:a)/(b:a)a = bAa ;Vb € L.

The element a is called weak principal if a is weak meet/join principal.

For concepts such as compact element, we define (a:b) = V{x € L; xb < a}.

An element m is called maximal if a = m impliesa = 1.

The multiplicative L is called local if it has only one maximal element.

Definition.

Anelementp € L iscalled prime if p # 1 and xy < p with x & p impliesy <p forall x,y € L.
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If L is a K —lattice with a compact maximal element 1, we call x € L a non zero divisor if (0: x) = 0.
A multiplicative lattice Lis called domain if it has no zero divisor.
Definition.
Let x € L, we say that x is invertible if x principal and not a zero divisor.
x is called regular if there exists a principal y € L such that (0:y) = 0andy < x.
Definition.
A multiplicative lattice L is called = —lattice if there exists a set S € L such that S generates L with respect to the
join operation and for every x € S, we get xas a finite product of prime elements.
For the definition of UFD-lattice see [1].
Lemma.
Let L a multiplicative lattice with a compact maximal element 1, consider x € L with (0:x) = 0, then every
factor of x will be principal.
Proof.
Letx = md;m,d € L, m is a weak join principal.
Let a, b € L, then we have:
(amVb: m)m < amVb, hence:
(amVb:m)x = (amVb: m)md < (amVb)d = amdVbd = axVbd, this means that:
(amVb:m) = (amVb:m)x : x < (axVbd): x = aV(bd: x) = aV(bd:md) = aVb:m = aV0: mVb =
am:mVb:m < (amVb)m, so that (amVb): m = aVb: m.
Now, we will prove that m is a meet principal:
Fora,b € L, we have:
(aAmb)d < adAxb = ((ad: x)Ab)x = ((ad: x)\b)md, thus:
aAmb < ((ad:x)/\b)m = ((ad:md)/\b)m = ((a:m)/\b)m < aAmb
Theorem .
Let L a PG —multiplicative lattice with a compact maximal element 1, than L is a UFD-lattice if and only if L is
a domain and every principal element is a product of primes.
Proof.
The proof is clear.
Theorem.
Let L be a multiplicative lattice with a maximal compact element 1, if L is a UFD-Ilattice and each prime element
which is not equal to zero is maximal, then every element inL will be principal.
Proof.
Let p a prime with p # 0, and let a < pis principal with a # 0. Since L is a UFD then a = p; ...p, ; p; are
prime and principal, we have (0:p;) = Oforall 1 < i < n.
Also, p; are maximal and a = p; ... p, < p, then there exists i such that p; < p, thus p; = p and p is principal.
Definition.'
A multiplicative latticeL is called Dedekind lattice if every element x = 1 is a finite product of primes.
If L has no zero divisors, then L is called a Dedekind domain.
Lemma.
Let L a multiplicative lattice with maximal compact element 1. Assume that L is domain and every prime of L
which is not zero divisor and weak joint principal.
Let x € L be written as a finite product of primes in L, then this expression is unique.
Proof.
Assume that x = p; ...p,, = P’y ... p'n SUCh that p;, p’; are primes and not zeros.
Suppose, that p, is a minimal between p; ... pp,.
Since p'; ...p",, < py, then there exists p'; € {p’; ...p",} such that p; < p,, say that i = 1, so you will get p; <
p'1, hence p; = p’; and then p,p; ... b = P'10'2 - D'
Now, since p,is a weak principal joint, we get p, ...p,, = b’z ...p'n, We continue the same to get that n = m
withp; = p;.
Theorem.
Let L a PG- multiplicative lattice with maximal compact element 1. If L is a dedekind domain, then every non
zero prime and principal element x € L is maximal.
Proof.
Let La Dedekind domain, assume that p is non zero/prime and principal element of L.
Suppose that p is not maximal, than there exists a maximal element m such that p < m.
Under our assumption, there exists a principal element a such that a % panda < m.
By the assumption that L is Dedekind domain, we can see pVa = p; ...px ,pVa? = q, ... g, Where p;, g; are non
zero prime elements.
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a=aVp€[lpl, a®€[l,pl alsoa=p;o..o0p a?=q °..°qy,, where p, =p;Vp =p;, , = q;Vq = q;;
1<i<k,1<j<n.

This implies that p;2 o ..o pg2 = G © ... o G, S0 that n = 2k.

On the other hand, we can renumber g; with j = 1, ...,k to get g;;—1 = qz; = p;.

(pVa)? = pVa?, p < (pVa)?with a < p, hence 1= (p*Va(aVp)):p, since p is principal, we get 1=
(p*Va(aVp)):p = pV(a(aVp):p), thus 1 = pV(a(aVp):p) = pVaV(a*p), but a®:p < a, then pVa = 1,
thus m = 1which is a contradiction.

Theorem.

Let L be a PG-multiplicative lattice with a maximal compact element 1. If L is a domain in which every non zero
principal elementis a product of finite number of maximal elements, then every x € L will be principal.

Proof.

Let p be a prime/non zero element of L, then there exists a principal non zero element a < p.

a = m, ...m, where m;are maximal.

my ... m, < p, s0 that there exists i such that m; < p hence m; = p and a = [[;; m;.

This implies that pis principal and the proof is complete.

Theorem.

Let L be a PG- multiplicative lattice with a maximal compact element 1. If L is a Dedekind domain, then every
non zero prime element of Lis maximal.

Proof.

Assume that L is Dedekind domain, with p as non zero/prime element, there exists a non zero principal element
a<p.

We have a = p; ... p,, p; are non zero primes, so that a has a principal factor, this means that each p; ;1 <i <
nis principal and then maximal.

a =p; ...pp < p, S0 that exists i such that p; < p and then p; = p, thusp is maximal.

Theorem.

Let L be a PG- lattice with compact maximal element 1, andL is Dedekind domain, then it is principal element
lattice.

a principal element lattice if and only if L has the property of  and every maximal element is a weak meet
principal.

The proof is easy.

Theorem.

If L be a PG- lattice with compact maximal compact element 1. And L is Dedekind domain, then it is principal
element lattice.

Remark.

If L is R-modular domain, then L is Dedekind domain if and only if every finitly generated element and ever non
zero maximal element is invertible.
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