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Abstract 

The objective of this paper is to study the Dedekind lattices, where we prove if 𝐿 is a 𝑅-lattice and domain, then 

𝐿 will be a Dedekind domain if and only if every non zero maximal element is invertible. 

On the other hand, we prove that if 𝐿 is a domain and 𝑅-lattices, then 𝐿 is a dedehind domain if and only if 𝐿 is 

a UFD lattices and every non zero prime element is maximal. 
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Introduction. 

In the theory of ideals in commutative rings, the multiplicative lattices were used and defined [3]. 

Many special elements in multiplicative lattices were studied in [4,7] such as principal elements, 𝑴-lattices and 

modules. 

Dedekind lattices were defined in [1] with lattices that are 𝑼𝑭𝑫𝒔(unique factorization domain). 

In this work, we will discuss some properties and characterizations of 𝑰-lattices and UFD-lattices, where we will 

present some novel result in terms of theorems. 

Main discussion. 

Definition. 

A multiplicative lattice is a complete lattice with a binary operation (. ) which is associative, commutative and 

distributive. 

Also, the maximal element 𝐼 is the identity. 

Definition. 

An element 𝑎 ∈ 𝐿 is called meet principal(join principal) if ((𝑏: 𝑎)⋀𝑐) = 𝑏⋀𝑐𝑎, ((𝑏⋁𝑐: 𝑎)) =
(𝑏: 𝑎)⋁𝑐 ;  ∀𝑎, 𝑏 ∈ 𝐿. 

The element 𝑎 is called principal if 𝑎 meet/join principal. 

Definition. 

An element 𝑎 is called principal (weak meet principal/weak join principal) if 

𝑏𝑎: 𝑎 = 𝑏 ⋁(0: 𝑎) (𝑏: 𝑎)⁄ 𝑎 = 𝑏⋀𝑎  ; ∀𝑏 ∈ 𝐿. 

The element 𝑎 is called weak principal if 𝑎 is weak meet/join principal. 

For concepts such as compact element, we define (𝑎: 𝑏) = ⋁{𝑥 ∈ 𝐿 ; 𝑥𝑏 ≤ 𝑎}. 

An element 𝑚 is called maximal if 𝑎 ≥ 𝑚 implies 𝑎 = 1. 

The multiplicative 𝐿 is called local if it has only one maximal element. 

Definition. 

An element 𝑝 ∈ 𝐿  is called prime if 𝑝 ≠ 1 and 𝑥𝑦 ≤ 𝑝 with 𝑥 ⋠ 𝑝 implies 𝑦 ≤ 𝑝 for all 𝑥, 𝑦 ∈ 𝐿 . 
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If 𝐿 is a 𝐾 −lattice with a compact maximal element 1, we call 𝑥 ∈ 𝐿 a non zero divisor if (0: 𝑥) = 0. 

A multiplicative lattice 𝐿is called domain if it has no zero divisor. 

Definition. 

Let 𝑥 ∈ 𝐿, we say that 𝑥 is invertible if 𝑥 principal and not a zero divisor. 

𝑥 is called regular if there exists a principal 𝑦 ∈ 𝐿  such that (0: 𝑦) = 0 and 𝑦 ≤ 𝑥. 

Definition. 

A multiplicative lattice 𝐿 is called 𝜋 −lattice if there exists a set 𝑆 ⊆ 𝐿 such that 𝑆 generates 𝐿 with respect to the 

join operation and for every 𝑥 ∈ 𝑆, we get 𝑥as a finite product of prime elements. 

For the definition of UFD-lattice see [1]. 

Lemma. 

Let 𝐿 a multiplicative lattice with a compact maximal element 1, consider 𝑥 ∈ 𝐿 with (0: 𝑥) = 0, then every 

factor of 𝑥 will be principal. 

Proof. 

Let 𝑥 = 𝑚𝑑 ; 𝑚, 𝑑 ∈ 𝐿, 𝑚 is a weak join principal. 

Let 𝑎, 𝑏 ∈ 𝐿, then we have: 
(𝑎𝑚⋁𝑏: 𝑚)𝑚 ≤ 𝑎𝑚⋁𝑏, hence: 

(𝑎𝑚⋁𝑏: 𝑚)𝑥 = (𝑎𝑚⋁𝑏: 𝑚)𝑚𝑑 ≤ (𝑎𝑚⋁𝑏)𝑑 = 𝑎𝑚𝑑⋁𝑏𝑑 = 𝑎𝑥⋁𝑏𝑑, this means that: 

(𝑎𝑚⋁𝑏: 𝑚) = (𝑎𝑚⋁𝑏: 𝑚)𝑥 ∶ 𝑥 ≤ (𝑎𝑥⋁𝑏𝑑): 𝑥 = 𝑎⋁(𝑏𝑑: 𝑥) = 𝑎⋁(𝑏𝑑: 𝑚𝑑) = 𝑎⋁𝑏: 𝑚 = 𝑎⋁0: 𝑚⋁𝑏 =
𝑎𝑚: 𝑚⋁𝑏: 𝑚 ≤ (𝑎𝑚⋁𝑏)𝑚, so that (𝑎𝑚⋁𝑏): 𝑚 = 𝑎⋁𝑏: 𝑚. 

Now, we will prove that 𝑚 is a meet principal: 

For 𝑎, 𝑏 ∈ 𝐿, we have: 

(𝑎⋀𝑚𝑏)𝑑 ≤ 𝑎𝑑⋀𝑥𝑏 = ((𝑎𝑑: 𝑥)⋀𝑏)𝑥 = ((𝑎𝑑: 𝑥)⋀𝑏)𝑚𝑑, thus: 

𝑎⋀𝑚𝑏 ≤ ((𝑎𝑑: 𝑥)⋀𝑏)𝑚 = ((𝑎𝑑: 𝑚𝑑)⋀𝑏)𝑚 = ((𝑎: 𝑚)⋀𝑏)𝑚 ≤ 𝑎⋀𝑚𝑏 

Theorem . 

Let 𝐿 a 𝑃𝐺 −multiplicative lattice with a compact maximal element 1, than 𝐿 is a UFD-lattice if and only if 𝐿 is 

a domain and every principal element is a product of primes. 

Proof. 

The proof is clear. 

Theorem. 

Let 𝐿 be a multiplicative lattice with a maximal compact element 1, if 𝐿 is a UFD-lattice and each prime element 

which is not equal to zero is maximal, then every element in𝐿 will be principal. 

Proof. 

Let 𝑝 a prime with 𝑝 ≠ 0, and let 𝑎 ≤ 𝑝is principal with 𝑎 ≠ 0. Since 𝐿 is a UFD then 𝑎 = 𝑝1 … 𝑝𝑛 ; 𝑝𝑖  are 

prime and principal, we have (0: 𝑝𝑖) = 0for all 1 ≤ 𝑖 ≤ 𝑛. 

Also, 𝑝𝑖  are maximal and 𝑎 = 𝑝1 … 𝑝𝑛 ≤ 𝑝, then there exists 𝑖 such that 𝑝𝑖 ≤ 𝑝, thus 𝑝𝑖 = 𝑝 and 𝑝 is principal. 

Definition.' 

A multiplicative lattice𝐿 is called Dedekind lattice if every element 𝑥 = 1 is a finite product of primes. 

If 𝐿 has no zero divisors, then 𝐿 is called a Dedekind domain. 

Lemma. 

Let 𝐿 a multiplicative lattice with maximal compact element 1. Assume that 𝐿 is domain and every prime of 𝐿 

which is not zero divisor and weak joint principal. 

Let 𝑥 ∈ 𝐿 be written as a finite product of primes in 𝐿, then this expression is unique. 

Proof. 

Assume that 𝑥 = 𝑝1 … 𝑝𝑚 = 𝑝′1 … 𝑝′𝑛 such that 𝑝𝑖 , 𝑝′𝑖  are primes and not zeros. 

Suppose, that 𝑝1 is a minimal between 𝑝1 … 𝑝𝑚. 

Since 𝑝′1 … 𝑝′
𝑛

≤ 𝑝1, then there exists 𝑝′𝑖 ∈ {𝑝′1 … 𝑝′𝑛} such that 𝑝′𝑖 ≤ 𝑝1, say that 𝑖 = 1, so you will get 𝑝𝑖 ≤

𝑝′1, hence 𝑝𝑖 = 𝑝′1 and then 𝑝1𝑝2 … 𝑝𝑚 = 𝑝′1𝑝′2 … 𝑝′𝑛 . 

Now, since 𝑝1is a weak principal joint, we get 𝑝2 … 𝑝𝑚 = 𝑝′2 … 𝑝′𝑛, we continue the same to get that 𝑛 = 𝑚 

with𝑝𝑖 = 𝑝𝑗. 

Theorem. 

Let 𝐿 a PG- multiplicative lattice with maximal compact element 1. If 𝐿 is a dedekind domain, then every non 

zero prime and principal element 𝑥 ∈ 𝐿 is maximal. 

Proof. 

Let 𝐿a Dedekind domain, assume that 𝑝 is non zero/prime and principal element of 𝐿. 

Suppose that 𝑝 is not maximal, than there exists a maximal element 𝑚 such that 𝑝 < 𝑚. 

Under our assumption, there exists a principal element 𝑎 such that 𝑎 ⋠ 𝑝and𝑎 ≤ 𝑚. 

By the assumption that 𝐿 is Dedekind domain, we can see 𝑝⋁𝑎 = 𝑝1 … 𝑝𝑘  , 𝑝⋁𝑎2 = 𝑞1 … 𝑞𝑛, where 𝑝𝑖 , 𝑞𝑖 are non 

zero prime elements. 
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𝑎̅ = 𝑎⋁𝑝 ∈ [1, 𝑝], 𝑎2̅̅ ̅ ∈ [1, 𝑝], also 𝑎̅ = 𝑝1̅̅̅ ∘ … ∘ 𝑝𝑘̅̅ ̅, 𝑎2̅̅ ̅ = 𝑞1̅ ∘ … ∘ 𝑞𝑛̅̅ ̅, where 𝑝𝑖̅ = 𝑝𝑖⋁𝑝 = 𝑝𝑖 , 𝑞𝑗̅ = 𝑞𝑗⋁𝑞 = 𝑞𝑗; 

1 ≤ 𝑖 ≤ 𝑘 , 1 ≤ 𝑗 ≤ 𝑛. 

This implies that 𝑝1
2̅̅ ̅̅ ∘ … ∘ 𝑝𝑘

2̅̅ ̅̅̅ = 𝑞1̅ ∘ … ∘ 𝑞𝑛̅̅ ̅, so that 𝑛 = 2𝑘. 

On the other hand, we can renumber 𝑞𝑗 with 𝑗 = 1, … , 𝑘 to get 𝑞2𝑖−1 = 𝑞2𝑖 = 𝑝𝑗. 

(𝑝⋁𝑎)2 = 𝑝⋁𝑎2, 𝑝 ≤ (𝑝⋁𝑎)2with 𝑎 ⋠ 𝑝, hence 1 = (𝑝2⋁𝑎(𝑎⋁𝑝)): 𝑝, since 𝑝 is principal, we get 1 =

(𝑝2⋁𝑎(𝑎⋁𝑝)): 𝑝 = 𝑝⋁(𝑎(𝑎⋁𝑝): 𝑝), thus 1 = 𝑝⋁(𝑎(𝑎⋁𝑝): 𝑝) = 𝑝⋁𝑎⋁(𝑎2: 𝑝), but 𝑎2: 𝑝 ≤ 𝑎, then 𝑝⋁𝑎 = 1, 

thus 𝑚 = 1which is a contradiction. 

Theorem. 

Let 𝐿 be a PG-multiplicative lattice with a maximal compact element 1. If 𝐿 is a domain in which every non zero 

principal elementis a product of finite number of maximal elements, then every 𝑥 ∈ 𝐿 will be principal. 

Proof. 

Let 𝑝 be a prime/non zero element of 𝐿, then there exists a principal non zero element 𝑎 ≤ 𝑝. 

𝑎 = 𝑚1 … 𝑚𝑛 where 𝑚𝑖are maximal. 

𝑚1 … 𝑚𝑛 ≤ 𝑝, so that there exists 𝑖 such that 𝑚𝑖 ≤ 𝑝 hence 𝑚𝑖 = 𝑝 and 𝑎 = ∏ 𝑚𝑗𝑖≠𝑗 . 

This implies that 𝑝is principal and the proof is complete. 

Theorem. 

Let 𝐿 be a PG- multiplicative lattice with a maximal compact element 1. If 𝐿 is a Dedekind domain, then every 

non zero prime element of 𝐿is maximal. 

Proof. 

Assume that 𝐿 is Dedekind domain, with 𝑝 as non zero/prime element, there exists a non zero principal element 

𝑎 ≤ 𝑝. 

We have 𝑎 = 𝑝1 … 𝑝𝑛, 𝑝𝑖  are non zero primes, so that 𝑎 has a principal factor, this means that each 𝑝𝑖  ; 1 ≤ 𝑖 ≤
𝑛is principal and then maximal. 

𝑎 = 𝑝1 … 𝑝𝑛 ≤ 𝑝, so that exists 𝑖 such that 𝑝𝑖 ≤ 𝑝 and then 𝑝𝑖 = 𝑝, thus𝑝 is maximal. 

Theorem. 

Let 𝐿 be a PG- lattice with compact maximal element 1, and𝐿 is Dedekind domain, then it is principal element 

lattice. 

a principal element lattice if and only if 𝐿 has the property of     and every maximal element is a weak meet 

principal. 

The proof is easy. 

Theorem. 

If 𝐿 be a PG- lattice with compact maximal compact element 1. And 𝐿 is Dedekind domain, then it is principal 

element lattice. 

Remark. 

If 𝐿 is R-modular domain, then 𝐿 is Dedekind domain if and only if every finitly generated element and ever non 

zero maximal element is invertible. 
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