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Abstract

The objective of this paper is to define for the first time the concept of weak fuzzy complex numbers as a novel
generalization of real numbers. Also, it presents some of their elementary properties and algorithms for solving
some related algebraic equations.
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Introduction

In the history of mathematics, many generalizations of real number were introduced with deep insight in
geometry.

The main concept was the field of complex number € = {x + iy; i® = —1,x,y € R}. In addition, we find
concepts such as:

Dual numbers D = {x + yj; J* =0,x,y € R}, [1]

Split- complex numbers S = {x + yJ; J> = 1,x,y € R}, [2]

Neutrosophic numbers N = {x + yI ; I =1, x,y € R}, [3,,6, 8-10]

In the literature, we find the concept of fuzzy set [4-5], which concerns the probability of truth and falsity.
If M is a non empty subset and f: m — [0, 1], the fuzzy subset is defined as a duplet (M, f).

This approach motivated us to use a fuzzy operator (J) to extend the real field (R) to a similar ring of the split-
complex ring S.

A fuzzy weak complex operator (J) will be defined to be compatible with the soul of fuzzy logic,i.e. J? € ]0,1],
where J € R.

From this point of view, we use the previous approach to build the ring of weak fuzzy complex numbers.
Main discussion.

Definition.

Let J be a weak fuzzy complex operator, we define the set of weak fuzzy complex numbers as follows:
Fy={a+bj;abeR,J*€]0,1])

Doi : https://doi.org/10.54216/GIMSA.030101 8
Received: October 20, 2022 Accepted: January 04, 2023



https://doi.org/10.54216/GJMSA.030101
mailto:Kollnar5@gmail.com

Galoitica Journal Of Mathematical Structures And Applications (GIMSA) Vol 03, No. 01, PP. 08-13, 2023

ForexampIeFlz{a+b];a,b ER,J? =§}
3

Remark.
Fjcontains the real field R.

Definition.

Let F;be a weak fuzzy complex numbers set, with J? =t € ]0,1], the operations on F; are defined as follows:
Addition: (a + b))+ (c+d])=(a+c)+ (b+d)].
Multiplication (a + b)). (c + dJ) = ac + ad] + bc] + bdJ? = (ac + bdt) + (ad + bc)]

Remark.
(F;,+,.) Is a commutative ring.

Definition.

Letx = a + bJ € F}, we define the conjugate of x as follows:
X=a—bJ

The norm of x is define as follows:

llxll = Vlx. %] = y/|a? — b2t|

Example.
Take the ring (Fl, +,.), x =1+ 2], we have:
2

x=1-2/Ilx|l =

w-z()]-1
2
Theorem.

Let (F;, +,.) be the ring of weak fuzzy complex numbers with J2 = ¢ €10,1[. Let x = a + bJ,y = ¢ + dJ be
two arbitrary elements of F;, then:

1. x+y)=x+y,x—y)=x—-y

2. Xx.y=x.y

3. Mlxyll = llxl- Iyl .

4. xisinvertible if and only if ¢ # %, and i =x14]

21

-b
a?—-tb?’

1. x+y)=[a@a+c)—-b+d)]=((@—-bH)+(c—-d)=x+¥
x—y)=lla-c)-b-d)J]l=(@-b)—(c—-d))=x—y
2. x.y = (ac + bdt) — (ad + bc)]
x.y=(a—->b]).(c—d])=(ac+bdt) +](—bc—ad) =%y
3. |lx.yll = \/l(ac + bdt)? — (ad + bc)?t|
llxll. Iyl = la? — b2t|.{[Ic? — d?t| = \/|a?c? — a?d?t — b2c2t + b2d?t2|
On other hand, we have:
[lx.y]| = \/lazcz + b2d?t? + 2achdt — a?d?t — b?c?*t — 2abcdt| = \/lazcz — a?d?t — b%c?t + b%d?*t?|

L
4. X atb)  (a+bpa=b)) _ a2—tb? +]a2—tb2

So that x is invertible if and only ifa? — th? # 0, hence t# Z—z.

example.

For FywithJ2 =t = i and x = 3 + 3/,we have:
1 _ 1 _ 3 -3 _ 3 -3 _ 1 1
E_3+31_32_G)32+]32 BE et/ e =272

Definition.

Let F; be the weak fuzzy complex numbers with J? =t

Letx = a+ bJ,y = ¢ + dJ € F,, then yis called a square root of x if y* = x.

Which implies that:
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ct+d*t=a..(1)
2cd=b.. (2)

|c? — d?t| = ||x|| = +/|a? — b2t| ... (3)
Example.
For J? = % we consider x = 2 + 2],y = ¢ + dJ be a square root of x, hence:
1
C2 +Et =2.. (1)

2cd =2... (2)
lc2 —d?t| =2 .. (3)

If ¢ —d?t =2, weget2c? =2 ++/2,thusc = F /“f.

. 2 .
From equation (2), we getd = /m thus:

_ ,2+\/7 2 _ ’2+\/7_ 2
y= 2 +J 2+«/Eory_ 2 J 242"

On the other hand, if ¢ — %dz = —/2, then:

— [2=v2 , _ 2 S - _ 22 2 _ 2=z 2
+/T,d— 5= Which implies y = /—2 +] [mory = f—z YN P

Definition.

Cc

LetA = a; + azJ,X = x; + x3J, B = by + b,] € F,the linear weak fuzzy equation is defined as follows:

A.X + B = 0, with X as the variable.

Theorem.
LetAX + B = Obe a linear weak fuzzy equation, then:
1. If a;? — a,?t # 0, then it is solvable uniqudy.
2. If ay? — a,*t = b; = b, = 0, then it has infinite solutions.
3. If ay? —ay%t = 0 or by # 0 or b, # 0, then it has no solutions.
Proof.
The equation AX + B = 0 is equivalent to:
(a; + azJ)(x1 + x2J) + (by + byJ) = 0, hence:

{alxl + azxzt + b1 =0
a;x, + a,Xq + bz =0

Which is equivalent to:

{alxl + aztxZ = _bl (1)
a;xy + az X1 = _bz (2)

by using Cramer's method, we get:

o

azt 2 2
= a,% — ay’t
a, a1| 1 z

According to cramer's method, we get the proof of 1,2 and 3.

Example.
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1 —
Letj2=21 A=1+J B=2+0J = 2, the linear equation AX + B = 0 <:>{x1+5x2 =2..(1)
2 xZ+X1=0...(2)
This implies that, x; = —4,x, = 4, thus X = —4 + 4J.
The weak fuzzy quadratic equations.

Definition.

LetAXZ +BX + C = 0, WlthA = al + a2],B = bl + bz],C = Cl + Cz],X = x1 +x2] € F], |t |S Ca”ed a
weak fuzzy quadratic equations.

Remark.
By easy computing of AX? + BX + C = 0, we get:

{alxlz + azxzzt + Zaleth + b1x1 + bzth + Cl =0
alez + azxzzt + Zalxle + ble + ble + Cy = 0

Example.

Consider the following quadratic equation:
A-DX2+JX+2+4) =0, witht = J> =2,

It is equivalent to:

, 1., 2 1

X1 +§X2 —§x1x2+§x2+2=0
1

—x12—§x22+2x1x2—x1+4=0

The solution may be hard in this way.
We will try another method for searching the solutions.
Theorem.

Let AX? + BX + C = 0 be a quadratic weak fuzzy complex equation, where A = a; + a,J,B = by + b,J,C =
¢1 +¢2J,X = x4 + x,] € Fj, then itis equivalent to:

(ay + VEay)(xy + Vix,)" + (by + VEby)(x1 +VExy) + €1 +VEc, =0 .. (1)
(a; —Vtay)(x; — \/fxz)z + (by — Vtb,) (x4 — Vtx;) + ¢4 —Vtc; = 0...(2)
Proof.
By computing equation (1), we get:
(ay +VEay)(x,? + tx,% + 2x1%2VE) + byxy + byxoVE + byxyVE + byxat + ¢ + ¢/t =0
Hence:

a1x1% + a tx,? + 2a,x, %Vt + axVtx,? + axtVtx,? + 2a,x,x5t + byxy + bixo\t + byxVt + +byx,t
+ci+ Cz\/z =0 (I)

By computing equation (2), we get:
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(ay — VEay)(x,? + txy%2 — 2x1%2VT) + byxy — by XVt — byxyVE + byxat + ¢; — €/t =0

Hence:

a1x12 + altxZZ — 2a1X1xZ\/E — az\/z.X1Z — azt\/ExZZ + 2a2x1th + b1X1 — b1x2\/E — bleﬁ + +b2X2t

+ Cl - Cz\/z = 0 (II)

We add (Ito(II):

2a,x,% + 2a4tx,% + 4ax,x,t + 2byxq + 2b, x5t + 2¢4 = 0, thus:

a;x.% + a tx,? + 2a,x,x,t + byxq + byxyt + ¢4 = 0. (%)

We subtract (II)from(I):

4a,x, %\t + 2a,Vtx1% + 2a,t\tx,% + 2by x5\t + 2b, x4\t + 2¢,/t = 0, thus:
+a,x,% + atx,? + 2a,x,x; + byx, + byxy + ¢ = 0. (x%)

Equations (*) and (x)are equivalent to AX? + BX + € = Oaccording to remark.

Example.

Consider the equation (3 + 2))X? + JX — 15 —475] =0;a,=3,a,=2b;=0,b, =1,c; = —15,c; =

45 5 1 _
o] ==t

It is equivalent to:

1 \? 1 1 45
(3+1)(x1+5x2) +(0+—)(X1 +Ex2)—15——=0

2 4
1 \? 1 1 45
Which are equivalent to:
1\ 1 1 105
t(rtgm) +p(urgm)-G=0.@
1 \2 1 1 15
2(n-gx) ~z(n-zx)-3-0-@
Firstly, we solve equation(1).
A 1 4(4)( 105) 1 420 < 1681 > 0 Vi 41
4 4) 4 4 T2
S th t: 1 _ —%"'42—1 _ 20 _ 5 1 _ —%—% _-22 -11
0 a.x1+5x2— 2 —?—Eorx1+2x2— 2 —T—T.
We solve equation (2).
1 15 121 11
A==—-42)(-=)=—">0,/A= =
4 ( )( 4) 4 va 2
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1 1+E 6 3 1 111
SOthat:x1——x2=u:_=_0rx1__xz=2 2 =2
2 4 42 2 P 2
1 5
x1+5x2=E
i'f 1 3 then xl = 2, xZ = 1
X1 — =Xy ==
172727,
1 5
Xy +-x =2
i 5 5
if z Z thenxy =2, x;, =2,
X1 —=-Xy=— 8 4
172727
1 -11
L T - -17
if 1 3 thenx; =2 x, ==~
X1 — =X, ==
2 2
1 -11
x1+5x2——4
i'f 1 _5: then xl = —2, xZ = -,
X1 —SXp=—
172727

This means that the weak fuzzy complex solutions are:

{2+,

5,5, -5 17 3
st w2l

Conclusion

In this paper, we have defined the concept of weak fuzzy complex numbers for the first time and presented their
elementary properties such as normal operations, conjugates, and algebraic equations.

In the future, we aim to study weak fuzzy complex matrices and their algebraic properties.
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