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Abstract 

In this paper, “we first define the belief of direct product from neutrosophic sets in INK algebras, 

neutrosophic set, neutrosophic h-ideals, neutrosophic INK-subalgebra and direct product of 

neutrosophic h-ideals in INK algebras. Let's prove some theorems that show that there is some 

connection between these principles. Finally, we define the INK subalgebra of the INK algebra and 

then offer the ideal theorem approximately the connection between its pix and the direct product 

from the neutrosophic h-ideals.  

Keywords: INK-algebra; the direct product of neutrosophic INK-sub algebra; direct product of 

neutrosophic h-ideal. 

 

1. Introduction 

 

In 1986, “Atanassov Introduced the Intuitionistic fuzzy set, and the later intuitionistic fuzzy set was applied 

in BCI/BCK-algebra, Introduced by Imai and Iseki in the 1980s. Following this, various researchers 

published articles using the intuitionistic fuzzy set concept. In 2005, Smarandache invented the new notion 

of the neutrosophic set in 1998 and it is a common code from the intuitionistic fuzzy set [1-8] and [15-20]. 

This has been followed by a lot of researchers publishing various articles over the last few years. In [9], 

[10], [11], [13], [14], and [12] Kaviyarasu et. al published an article using the fuzzy concept set in INK-

algebra and later in solve the neutrosophic set in INK algebra. In this paper, we have introduced a new code 

using two different neutrosophic sets called a direct product of neutrosophic h-ideal in INK algebra. We are 

also examining the relationship between neutrosophic INK- sub-algebra and neutrosophic h-ideal and its 

conditions. 

 

2. Preliminary 

 

Definition 2.1[11] An algebra (X,⁕, 0) is called an INK-algebra if you meet the ensuing conditions for 

every 

 x, y, z ∈X. 

 1. ((x⁕y)⁕(x⁕z))⁕(z⁕y) = 0    

 2. ((x⁕z)⁕(y⁕z))⁕(x⁕y) = 0 

 3. x ⁕ 0 = x 

 4. x ⁕ y = 0 and y⁕x = 0 imply x = y. 
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Definition 2.2[11] Let (X,⁕, 0) be an INK-algebra. A nonempty subset I of X is called an ideal of X if it 

satisfies 

 1. 0 ∈ I 

 2. x ⁕ y ∈I and y∈I imply x∈I for all x, y ∈ X.  

 

Any ideal I has the property that y∈I and x ≤ y imply x ∈ I.  

 

Definition 2.3[19] Let (X,⁕, 0) be a BCI-algebra. A nonempty subset I of X is called an h-ideal of X if it 

satisfies 

 1. 0 ∈ I 

 2. x ⁕ (y⁕z) ∈I and y∈I imply x∈I for all x, y, z∈ X.  

 

Definition 2.4 [7] Let X be a non-empty set.  A fuzzy set can be defined as an object of the form  Ϙ = {(X, 

Ϙ (x)): x∈ X },  where the function ϑ: X →  [0,  1] is the degree of membership. 

 

Definition 2.5 [11] A fuzzy set Ϙ in an INK-algebra X is called a fuzzy subalgebra of X if  

 Ϙ (x⁕y) ≥ min{Ϙ(x), Ϙ(y)}, for all x, y ∈ X. 

 

Definition 2.7[11] Let X be an INK-algebra. A fuzzy subset Ϙ in X is called a fuzzy ideal of X if it 

satisfies the following conditions: 

 1. Ϙ(0) ≥ Ϙ(x) 

 2. Ϙ(x) ≥ min{Ϙ(x⁕y)}, for all x, y ∈ X. 

 

Definition 2.8 [19] Let µ be a fuzzy set in BCI-algebra X. µ is called a fuzzy h-ideal if it satisfies the: 

 1. 0 ∈ I 

 2. µ(x) ≥ min {µ((x ⁕ (y ⁕ z)), µ(y)}, ∀ x, y, z ∈ X. 

 

Definition 2.9 [2] An intuitionistic fuzzy set Ấ in a non-empty set X is an object haϐing a form Ấ = {X, ϘẤ 

(x), ϐẤ (x): x ∈ X}, where the function ϘẤ: X → [0, 1] and ϐẤ: X → [0, 1] denote the degree of 

membership and the degree of non-membership of each element x ∈ X to set A respectiϐely, and 0 ≤ ϘẤ 

(x)+ ϐẤ (x) ≤ 1, for all x ∈ X. For the sake of simplicity, the symbol Ấ = (X, ϘẤ, ϐẤ) is used for the IFS Ấ = 

{X, ϘẤ (x), ϐẤ (x): x ∈ X}. 

Definition 2.10 [2] An intuitionistic fuzzy set Ấ in 𝑋 is called an intuitionistic fuzzy sub-algebra 𝑋 if 

1. ϘẤ (x⁕y) ≥ min {ϘẤ(x), ϘẤ(y)} 

2. ϐẤ (x⁕y) ≤ max {ϐẤ(x), ϐẤ(y)} for all x, y ∈ X. 

Definition 2.11[1] An intuitionistic fuzzy set Ấ in 𝑋 is called an intuitionistic fuzzy ideal of 𝑋 if it satisfies  

for all 𝑥, 𝑦 ∈ 𝑋, 

1. ϘẤ(0) ≥  ϘẤ(x) and ϐẤ (0) ≤ ϐẤ(x) 

2. ϘẤ (x) ≥ min {ϘẤ(x⁕y), ϘẤ(y)} 

3. ϐẤ (x) ≤ max {ϐẤ(x⁕y), ϐẤ(y)} 

Definition 2.12[1] An intuitionistic fuzzy set Ấ in X is called an intuitionistic fuzzy h- the ideal of 𝑋 if it 

satisfies for all x, y, z ∈ X, 

1. ϘẤ(0)  ≥  ϘẤ(x) and ϐẤ (0) ≤ ϐẤ(x) 

2. ϘẤ (x) ≥ min {ϘẤ(x⁕(y⁕z)), ϘẤ(z)} 

3. ϐẤ (x) ≤ max{ϐẤ(x⁕(y⁕z)), ϐẤ(z)}. 

Definition 2.13[11]  Let Ấ = 〈ϘẤ  , ϐ Ấ〉 and Ề = 〈ϘỀ  , ϐ Ề〉 be two intuitionistic fuzzy sets in INK-algebras 

X1 and X2 respectively .Then direct product of intuitionistic fuzzy sets Ấ and Ề is denoted by  

Ấ x Ề = 〈ϘẤ x Ề   , ϐ Ấ x Ề 〉 and defined as 
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1. Ϙ Ấ x Ề (x, y)  = min{ Ϙ Ấ(x), µỀ(y)} and 

2.ϐ Ấ x Ề   (x , y) = max{ ϐ Ấ(x), ϐ Ề(y)} , for all (x, y) ∈ X1 x X2. 

 

Definition 2.14[11] An IFS Ấ x Ề =〈ϘẤ x Ề   , ϐ Ấ x Ề 〉 of X1 x X2  is called an intuitionistic fuzzy sub algebra 

of X1 x X2 if     

1.Ϙ Ấ x Ề ((x1,y1)⁕(x2,y2)) ≥ min{ Ϙ Ấ x Ề (x1,y1), Ϙ Ấ x Ề (x2, y2)} 

2.ϐ Ấ x Ề((x1,y1)⁕(x2,y2))≤ max{ ϐ Ấ x Ề (x1, y1), ϐ Ấ x Ề (x2, y2)},for all (x1, y1), (x2, y2) ∈X1 x X2. 

 

Definition 2.15[19] An IFS Ấ x Ề = 〈ϘẤ x Ề   , ϐ Ấ x Ề 〉 of X1 x X2 is called an intuitionistic fuzzy h-ideal of  

X1 x X2 if, 

1  ϘẤ x Ề (0, 0) ≥ Ϙ Ấ x Ề (x, y) and ϐ Ấ x Ề (0, 0) ≤  ϐ Ấ x Ề (x, y). 

2  ϘẤ x Ề (x1,y1)  ≥ min{ Ϙ Ấ x Ề ((x1, y1)⁕(x2, y2)⁕(x3, y3)), ϘẤ x Ề (x2, y2)} 

3  ϐ Ấ x Ề (x1, y1) ≤ max{ ϐ Ấ x Ề ((x1, y1)⁕(x2, y2)⁕(x3, y3)), ϐ Ấ x Ề (x2, y2)},  

for all (x1,y1), (x2, y2), (x3, y3) ∈ X1 x X2. 

  

Definition 2.16[1] A neutrosophic set Ϙ  in a nonempty set X is a structure of the form Ϙ =

{X,  Ϙ𝑇  (x),  Ϙ𝐼 (x),  Ϙ𝐹  (x)|x ∈ X }, Where ϘƮ: X→ [0,1] is a truth membership function, ϘƖ: X→ [0,1] Is an 

indeterminacy membership function and ϘƑ: X→ [0,1] is a false membership function. 

Definition 2.17[12] A neutrosophic set Ϙ in X is called a neutrosophic INK-sub algebra of X if it satisfies 

the following condition, for all x, y, z ∈ X. 

1.ϘƮ (x⁕y) ≥ 𝑚𝑖𝑛{ϘƮ (x),ϘƮ(y)} 

2.ϘƖ(x⁕y) ≥ 𝑚𝑖𝑛{ϘƖ(x), ϘƖ(y)} 

3.ϘƑ(x⁕y) ≤ 𝑚𝑎𝑥{ϘƑ(x), ϘƑ(y)}. 

 

Definition 2.18[12] A neutrosophic set Ϙ  in X is called a neutrosophic ideal of X if it satisfies the following 

condition, for all x, y ∈ 𝑋 

1. ϘƮ(0) ≥ ϘƮ(x), ϘƖ (0)} ≥ ϘƖ (x), and ϘƑ (0) ≤ ϘƑ (x) 

2. ϘƮ(x) ≥ 𝑚𝑖𝑛{ϘƮ(x⁕y),ϘƮ(y)} 

3. ϘƖ(x) ≥ 𝑚𝑖𝑛{ϘƖ (x⁕y),ϘƖ(y)} 

4. ϘƑ(x) ≤ 𝑚𝑎𝑥{ϘƑ(x⁕y),ϘƑ(y)} 

 

 

3. The direct product of neutrosophic INK-sub algebra 

Definition 3.1 Let   Ấ = ( ƮẤ, ƖẤ, ƑẤ) and Ề = (ƮỀ, ƖỀ, ƑỀ )  be two neutrosophic sets in INK-algebra X and 

Y respectively .Then direct product of neutrosophic sets  Ấ and Ề is denoted by Ấ × Ề = (ƮẤ×Ề, ƖẤ×Ề, ƑẤ×Ề) 

and  defined as ( ƮẤ×Ề, ƖẤ×Ề, ƑẤ×Ề ) and defined as  

                ƮẤ×Ề( x, y ) = min {ƮẤ(x), ƮỀ(y)}  

                ƖẤ×Ề(  x, y ) = min {ƖẤ(x), ƖỀ(y)}  

                ƑẤ×Ề( x, y ) = max {ƑẤ(x), ƑỀ(y)}, For all  x, y ∈ X × Y. 

Definition 3.2 A neutrosophic set  Ấ × Ề = (ƮẤ×Ề, ƖẤ×Ề, ƑẤ×Ề) of INK- algebra X × Y is called a direct 

product of neutrosophic INK- sub algebra of  X × Y.   

 1. ƮẤ×Ề ((x1,y1)⁕(x2,y2)) ≥ min{ƮẤ×Ề(x1,y1), ƮẤ×Ề(x2,y2)} 

        2. ƖẤ×Ề ((x1,y1)⁕(x2,y2)) ≥ min{ƖẤ×Ề(x1,y1), ƖẤ×Ề(x2,y2)} 

        3. ƑẤ×Ề ((x1,y1)⁕(x2,y2)) ≤ max{ƑẤ×Ề(x1,y1), ƑẤ×Ề(x2, y2)} 

Theorem.3.3 Let Ấ= (ƮẤ,  ƖẤ, ƑẤ) and Ề = (ƮỀ,  ƖỀ, ƑỀ) be two neutrosophic INK sub algebras of 

INK-algebras X and Y respectively. Then Ấ × Ề = (ƮẤ×Ề,  ƖẤ×Ề, ƑẤ×Ề) is also neutrosophic sub algebra of 

INK-algebra of X × Y. 

Proof.  For any(x1, y1), (x2,y2) ∈ X × Y. 

Then ƮẤ×Ề((x1, y1)⁕(x2, y2)) = ƮẤ×Ề(x1⁕x2,y1⁕y2) 

         = min{ƮẤ(x1⁕x2), ƮỀ(y1⁕y2)}  
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       ≥ min{min{ƮẤ(x1), ƮẤ(x2)}, min{ƮỀ(y1), ƮỀ(y2)}} 

       = min {min(ƮẤ(x1), ƮỀ(y1))} , min{ƮẤ(x2), ƮỀ(y2)} 

       = min{ƮẤ×Ề(x1, y1), ƮẤ×Ề(x2, y2)} 

Similarly  

          ƖẤ×Ề = min{ƖẤ×Ề(x1, y1), ƖẤ×Ề(x2, y2)} 

And   

          ƑẤ×Ề{(x1, y1)⁕(x2, y2)} = max{ƑẤ×Ề(x1⁕x2), ƑẤ×Ề(y1⁕y2)} 

             = max {max{ƑẤ(x1), ƑỀ(x2)}, mẤx{ƑẤ(y1), ƑỀ(y2)}}  

            ≤ max{max{ƑẤ(x1), ƑỀ(y1)}, max{ƑẤ(x2), ƑỀ(y2)}} 

          ƑẤ×Ề{(x1, y1)⁕(x2, y2)}  = max{ƑẤ×Ề(x1, y1), ƑẤ×Ề(x2, y2)}. 

 

Theorm.3.4 Let Ấ=(ƮẤ, ƖẤ, ƑẤ) and Ề=(ƮỀ, ƖỀ, ƑỀ) be Two neutrosophic INK-sub algebras  of  INK-algebra  

X and Y repectively . Then   

 1. ƮẤ×Ề(0,0) ≥ ƮẤ×Ề(x, y) 

 2. ƖẤ×Ề(0,0) ≥ ƖẤ×Ề(x, y) 

 3. ƑẤ×Ề(0,0) ≤ ƑẤ×Ề(x, y) For  any (x, y) ∈ X × Y. 

 

Proof. By Definition  ƮẤ×Ề(0,0) = ƮẤ×Ề{(x, y)⁕(x, y)} 

                                                    ≥ min{ƮẤ×Ề(x, y), ƮẤ×Ề(x, y)} 

                                                    ≥ ƮẤ×Ề(x, y) 

Therefore,                  ƮẤ×Ề(0,0) ≥ ƮẤ×Ề(x, y)             

      ƖẤ×Ề(0,0) = ƖẤ×Ề{(x, y)⁕(x, y)} 

                                                    ≥ min{ƖẤ×Ề(x, y), ƖẤ×Ề(x, y)}  

                                                    ≥ ƖẤ×Ề(x, y) 

Therefore                 ƖẤ×Ề(0,0) ≥ ƖẤ×Ề(x, y)  

And                         ƑẤ×Ề(0,0) = ƑẤ×Ề{(x, y)⁕(x, y)} 

                             ≤ max{ƑẤ×Ề(x, y), ƑẤ×Ề(x, y)} 

                                                  ≤ ƑẤ×Ề(x, y) 

Therefore   ƑẤ×Ề(0,0) ≤ ƑẤ×Ề(x, y)  For all (x, y) ∈ X × Y. 

Lemma. 3.5 Let Ấ=(ƮẤ, ƖẤ, ƑẤ) and Ề=(ƮỀ, ƖỀ, ƑỀ) be two neutrosophic INK-sub algebra of INK – algebra 

X and Y respectively . Then the following are true.  

 1. ƮẤ(0) ≥ ƮỀ(y) and  ƮỀ(0) ≥ ƮẤ(x) 

 2. ƖẤ(0) ≥ ƖỀ(y) and ƖỀ(0) ≥ ƖẤ(x) 

 3. ƑẤ(0) ≤ ƑẤ(y) and ƑỀ(0) ≤ ƑẤ(x), ∀x ∈ X, y ∈ Y. 

 

Proof. Assume That ƮỀ(y) > ƮẤ(0)and ƮẤ(x) > ƮỀ(0) 

Then,   ƮẤ×Ề(x, y) = min{ƮẤ(x), ƮỀ(y)} 

               ≥ min{ƮỀ(0), ƮỀ(y)} 

                        ƮẤ×Ề(x, y) = ƮẤ×Ề(0,0) 

That is contradiction.    

Similarly, Let ƖỀ(y) > ƖỀ(0) and ƖỀ(x) > ƖỀ(0) 

Then,   ƖẤ×Ề(x, y) = min{ƖẤ(x), ƖỀ(y)} 

                                   ≥ min{ƖỀ(0), ƖẤ(0)}  

                        ƖẤ×Ề(x, y) = ƖẤ×Ề(0,0) 

That is contradiction 

                       ƑẤ×Ề(x, y) = max{ƑẤ(x), ƑỀ(y)} 

                                         ≤ max{ƑỀ(0), ƑẤ(0)} 

                       ƑẤ×Ề(x, y) = ƑẤ×Ề(0,0) 

That is contradiction. Thus proving the result.  

 

Theorm.3.6 If  Ấ × Ề Is a neutrosophic sub algebra of Ấ × Ề, Then either Ấ or Ề Is a neutrosophic  INK-

sub algebra of  X × Y. 
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Proof. Since Ấ × Ề Is a neutrosophic INK-sub algebra of  X × Y.  

We have  

 ƮẤ×Ề((x1, y1)⁕(x2, y2)) ≥ min{ƮẤ×Ề(x1, y1), ƮẤ×Ề(x2, y2)} 

By putting x1 = x2 = 0, we get  

 ƮẤ×Ề((0, y1)⁕(0, y2) ≥ min{ƮẤ×Ề(0, y1), ƮẤ×Ề(0, y2)})………….  ( 1 )  

Also  

 ƮẤ×Ề((0, y1)⁕(0, y2)) = ƮẤ×Ề((0⁕0), (y1⁕y2)) 

                                       =  min{ƮẤ(0⁕0), ƮỀ(y1⁕y2)} 

                                       = ƮỀ(y1⁕y2) ………………………………. (2)  

By using lemma, we have,  

 min{ƮẤ×Ề(0, y1), ƮẤ×Ề(0, y2)} = min{ƮẤ(y1), ƮỀ(y2)}…………….. (3)  

So From (1) , (2)  and  (3) we get  

         ƮỀ(y1⁕y2) ≥ min{ƮẤ(y1), ƮỀ(y2)} , 

 ƖẤ×Ề((x1, y1)⁕(x2, y2)) ≥ min{ƮẤ×Ề(x1, y1), ƮẤ×Ề(x2, y2)} 

By putting  x1 = x2 = 0, We get  

  ƖẤ×Ề((0, y1)⁕(0, y2)) ≥ min{ƖẤ×Ề(0, y1), ƖẤ×Ề(0, y2)}       ……….(4)  

Also,  

  ƖẤ×Ề((0, y1)⁕(0, y2)) = ƖẤ×Ề((0⁕0), (y1⁕y2)) 

                                          = min{ƖẤ(0⁕0), ƖỀ(y1⁕y2)} 

                                           = ƖỀ(y1⁕y2)                …………………............ (5)  

By using lemma, we have  

 min{ƖẤ×Ề(0, y1), ƖẤ×Ề(0, y2)} = min{ƖẤ(y1), ƖỀ(y2)}          ………………… (6) 

So From (4), (5) and (6) we get  

    ƖỀ(y1⁕y2) ≥ min{ƖẤ(y1), ƖỀ(y2)} 

And, ƑẤ×Ề((x1, y1)⁕(x2, y2)) ≤ max{ƑẤ×Ề(x1, y1), ƑẤ×Ề(x2, y2)} 

By Putting x1 = x2 = 0, we get  

  ƑẤ×Ề((0, y1)⁕(0, y2)) ≤ max{ƑẤ×Ề(0, y1), ƑẤ×Ề(0, y2)}       …… (7) 

Also, ƑẤ×Ề((0, y1)⁕(0, y2)) = ƑẤ×Ề((0⁕0), (y1⁕y2))  

                                                = max{ƑẤ(0⁕0), ƑỀ(y1⁕y2)} 

                                                = ƑỀ(y1⁕y2)               ………………………...(8)  

By using lemma, we have,  

  max{ƑẤ×Ề(0, y1), ƑẤ×Ề(0, y2)} = max{ƑẤ(y1), ƑỀ(y2)}…………...(9) 

So From (7) , (8)  and  (9) , we get  

      ƑỀ(y1⁕y2) ≤ max{ƑẤ(y1), ƑỀ(y2)} 

Hence Ề is a neutrosophic INK- sub-algebra of  X × Y. 

 

4. Direct product Neutrosophic h-Ɩdeal  

 

Definition 4.1 A Neutrosophic set Ấ × Ề = (ƮẤ×Ề, ƖẤ×Ề, ƑẤ×Ề) of INK-algebra X × Y Is called a 

neutrosophic h- Ɩdeal of  X × Y,  For all (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) ∈ X × Y. 

    1. ƮẤ×Ề(0,0) ≥ ƮẤ×Ề(x, y), ƖẤ×Ề(0,0) ≥ ƖẤ×Ề(x, y) and ƑẤ×Ề(0,0) ≤ ƑẤ×Ề(x, y). 

    2. ƮẤ×Ề((x1, y1)⁕(x2, y2)) ≥ min {ƮẤ×Ề ((x1, y1)⁕((x2, y2)⁕(x3, y3))) , ƮẤ×Ề(x2, y2)} 

    3. ƖẤ×Ề((x1, y1)⁕(x3, y3)) ≥ min{ƖẤ×Ề((x1, y1)⁕((x2, y2)⁕(x3, y3))), ƖẤ×Ề(x2, y2)} 

 4. ƑẤ×Ề((x1, y1)⁕(x3, y3)) ≤ max{ƑẤ×Ề((x1, y1)⁕((x2, y2)⁕(x3, y3))), ƑẤ×Ề(x2, y2)}.           

 

Theorm 4.2 Let  Ấ = (ƮẤ, ƖẤ, ƑẤ) and  Ề =  (ƮỀ, ƖỀ, ƑỀ) be two neutrosophic h- Ɩdeals of INK -algebras X 

and Y respectively. Then Ấ × Ề = (ƮẤ×Ề, ƖẤ×Ề, ƑẤ×Ề) is a nutrosophic h-Ɩdeal of INK – algebra X × Y. 

Proof. For any (x, y) ∈ X × Y. 

  ƮẤ×Ề (0,0) = min{ƮẤ(0), ƮỀ (0)} 

                         ≥ min{ƮẤ(x), ƮỀ(y)} 

                           =  ƮẤ×Ề(x, y) 

   ƖẤ×Ề (0,0)  = min{ƖẤ(0), ƖỀ(0)} 
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                  ≥ min{ƖẤ(x), ƖỀ(y)} 

                    = ƖẤ×Ề(x, y)  

And   ƑẤ×Ề(0,0)    = max{ƑẤ(0), ƑỀ(0)} 

                                             ≤ min{ƑẤ(x), ƑỀ(y)} 

                                                 = ƑẤ×Ề(x, y)  

Now For any (x1, y1), (x2,y2), (x3, y3) ∈ X × Y    

ƮẤ×Ề((x1, y1)⁕(x3, y3)) = ƮẤ×Ề(x1⁕x3; y1⁕y3)   

                         = min{ƮẤ(x1⁕x3), ƮỀ(y1⁕y3) }          

           = min{min{ ƮẤ (x1⁕(x2⁕x3)), ƮẤ( x2)}, min{ ƮỀ (y1⁕(y2⁕y3), ƮỀ(y2)}}                                                                                                

              = min{min{ ƮẤ (x1⁕(x2⁕x3)), ƮỀ(y1 ⁕(y2⁕y3))}, min{ ƮẤ (x2 ), ƮỀ(y2)}}                               

           = min{ ƮẤ×Ề{ (x1⁕(x2⁕x3) ), ( y1 ⁕(y2⁕y3)) },  ƮẤ×Ề( x2, y2) }                  

                  = min{ ƮẤ×Ề( x1, y1)⁕(x2, y2) ⁕(x3, y3) ) ), ƮẤ×Ề( x2, y2)} 

ƖẤ×Ề((x1, y1)⁕(x3, y3)) = ƖẤ×Ề(x1⁕x3; y1⁕y3)   

                         = min{ƖẤ(x1⁕x3), ƖỀ(y1⁕y3) }          

           = min{min{ ƖẤ (x1⁕(x2⁕x3)), ƖẤ( x2)}, min{ ƖỀ (y1⁕(y2⁕y3), ƖỀ(y2)}}                                                                                                

              = min{min{ ƖẤ (x1⁕(x2⁕x3)), ƖỀ(y1 ⁕(y2⁕y3))}, min{ ƖẤ (x2 ), ƖỀ(y2)}}                                          

= min{ ƖẤ×Ề{ (x1⁕(x2⁕x3) ), ( y1 ⁕(y2⁕y3)) },  ƖẤ×Ề( x2, y2) }                              

= min{ ƖẤ×Ề( x1, y1)⁕(x2, y2) ⁕(x3, y3) ) ), ƖẤ×Ề( x2, y2)} 

And  

ƑẤ×Ề((x1, y1)⁕(x3, y3)) = ƑẤ×Ề(x1⁕x3; y1⁕y3)   

                         = max{ƑẤ(x1⁕x3), ƑỀ(y1⁕y3) }          

           = max{max{ ƑẤ (x1⁕(x2⁕x3)), ƑẤ( x2)}, max{ ƑỀ (y1⁕(y2⁕y3), ƑỀ(y2)}}                                                                                                

               = max{max{ ƑẤ (x1⁕(x2⁕x3)), ƑỀ(y1 ⁕(y2⁕y3))}, min{ ƑẤ (x2), ƑỀ(y2)}}                               

           = max{ ƑẤ×Ề{ (x1⁕(x2⁕x3) ), ( y1 ⁕(y2⁕y3)) },  ƑẤ×Ề( x2, y2) }                            

                        = max{ ƑẤ×Ề( x1, y1)⁕(x2, y2) ⁕(x3, y3) ) ),  ƑẤ×Ề( x2, y2)} 

Hence,   Ấ × Ề =  ( ƮẤ×Ề  ,ƖẤ×Ề,ƑẤ×Ề) is a neutrosophic h-Ɩdeal of X × Y.  

Theorem.4.3 Let Ấ = (ƮẤ, ƖẤ, ƑẤ) and Ề = (ƮỀ, ƖỀ, ƑỀ) be two neutrosophic h-Ɩdeals of INK-algebra X and 

Y respectively. If  Ấ × Ề Is a neutrosophic h-Ɩdeal of  X × Y, Then Ấ × Ề must be a neutrosophic subalgebra 

of  X × Y. 

Proof. Since Ấ × Ề  is a neutrosophic h-Ɩdeal of X × Y, Then For all (x1, y1), (x2, y2), (x3, y3) ∈ X × Y.  

We have ƮẤ×Ề((x1, y1)⁕(x3, y3)) ≥ min{ƮẤ×Ề((x1, y1)⁕(x2, y2)⁕(x3, y3)), ƮẤ×Ề(x2, y2)} 

By putting x3 = y3 = 0, we get  

  ƮẤ×Ề(x1, y1) ≥ min{ƮẤ×Ề((x1, y1)⁕(x2, y2)), ƮẤ×Ề(x2, y2)}…… (1)  

Again Since, ((x1, y1)⁕(x2, y2)) ≥ (x1, y1), For all  (x1, y1), (x2, y2) ∈ X × Y.  

 ƮẤ×Ề((x1, y1)⁕(x2, y2)) ≥ ƮẤ×Ề(x1, y1)            …………… ……(2)  

Hence From (1) and (2) we get,  

  ƮẤ×Ề((x1, y1)⁕(x2, y2)) ≥ ƮẤ×Ề(x1, y1) 

   ≥ min{ƮẤ×Ề((x1⁕y1)⁕(x2, y2)), ƮẤ×Ề(x2, y2)} 

                                           ≥ min{ƮẤ×Ề(x1, y1), ƮẤ×Ề(x2, y2)},   

For all (x1, y1), (x2, y2) ∈ X × Y.  

Similarly we can prove that,  

  ƖẤ×Ề((x1, y1)⁕(x2, y2)) ≥ min{ƖẤ×Ề(x1, y1), ƖẤ×Ề(x2, y2)} 

  ƑẤ×Ề((x1, y1)⁕(x2, y2)) ≤ max{ƑẤ×Ề(x1, y1), ƑẤ×Ề(x2, y2)}  

For all (x1, y1), (x2, y2) ∈ X × Y. Thus Ấ × Ề is a neutrosophic INK-sub algebra of  X × Y. 

 

Lemma.4.4 ƖƑ  Ấ × Ề = (ƮẤ×Ề, ƖẤ×Ề, ƑẤ×Ề) is a neutrosophic h-Ɩdeal of INK-algebra X × Y. ƖƑ (a, b) ≤

(x, y), Then ƮẤ×Ề(x, y) ≥ ƮẤ×Ề(a, b), ƖẤ×Ề(x, y) ≥ ƖẤ×Ề(a, b) and  

ƑẤ×Ề(x, y) ≤ ƑẤ×Ề(a, b), For all (a, b), (x, y) ∈ X × Y.  

Proof. Let (a, b), (x, y) ∈ X × Y, such that (a, b) ≤ (x, y) implies (a, b)⁕(x, y) = (0,0)   

Now,  ƮẤ×Ề(x, y) = ƮẤ×Ề((x, y)⁕(0,0)) 

                              ≥ min{ƮẤ×Ề((x, y)⁕(a, b)⁕(0,0)), ƮẤ×Ề(a, b)} 
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                               = min{ƮẤ×Ề((x, y)⁕(a, b)), ƮẤ×Ề(a, b)} 

                             = ƮẤ×Ề(a, b)  

         ƖẤ×Ề(x, y)         = ƖẤ×Ề{(x1, y1)⁕(0,0)}  

                     ≥ min {ƖẤ×Ề ((x, y)⁕((a, b)⁕(0,0))) , ƖẤ×Ề(a, b)} 

                      = min{ƖẤ×Ề((x, y)⁕(a, b)), ƖẤ×Ề(a, b)} 

                     = ƖẤ×Ề(a, b). 

And,                   ƑẤ×Ề(x, y) = ƑẤ×Ề((x, y)⁕(0,0)) 

                              ≤ max {ƑẤ×Ề ((x, y)⁕((a, b)⁕(0,0))) , ƑẤ×Ề(a, b)} 

                               = max{ƑẤ×Ề((x, y)⁕(a, b)), ƑẤ×Ề(a, b)} 

                              = ƑẤ×Ề(a, b).  

This completes the proof.   

 

Theorm 4.5 Let Ấ = (ƮẤ, ƖẤ, ƑẤ) and Ề = (ƮỀ, ƖỀ, ƑỀ) be two neutrosophic h-Ɩdeals of INK- algebra X and 

Y repectively. Then π(Ấ × Ề) = (ƮẤ×Ề, Ʈ̅Ấ×Ề) Is a neutrosophic h-Ɩdeal of X × Y, whereƮ̅Ấ×Ề = 1 − ƮẤ×Ề.  

 

Proof. We show That Ấ × Ề Is a neutrosophic h-Ɩdeal of X × Y. Hence For any (x, y) ∈ X × Y  

                      ƮẤ×Ề(0,0) ≥ ƮẤ×Ề(x, y) 

   1-ƮẤ×Ề(0,0) ≤ 1 − ƮẤ×Ề(x, y).  

       Ʈ̅Ấ×Ề(0,0) ≤ Ʈ̅Ấ×Ề(x, y)  

Now For any (x1, y1), (x2, y2), (x3, y3) ∈ X × Y. 

We have,    

       ƮẤ×Ề((x1, y1)⁕(x3, y3)) ≥ min{ƮẤ×Ề((x1, y1)⁕(x3, y3))} 

                                               ≥ min{ƮẤ×Ề((x1, y1)⁕(x2, y2)⁕(x3, y3)), ƮẤ×Ề(x2, y2)} 

1 − ƮẤ×Ề((x1, y1)⁕(x3, y3)) ≤ 1 − min {ƮẤ×Ề ((x1, y1)⁕((x2, y2)⁕(x3, y3))) , ƮẤ×Ề(x2, y2)} 

         Ʈ̅Ấ×Ề((x1, y1)⁕(x3, y3)) ≤ max {1 − ƮẤ×Ề ((x1, y1)⁕((x2, y2)⁕(x3, y3))) , 1 − ƮẤ×Ề(x2, y2)} 

Finally, 

        Ʈ̅Ấ×Ề((x1, y1)⁕(x3, y3)) ≤ max {Ʈ̅Ấ×Ề ((x1, y1)⁕((x2, y2)⁕(x3, y3))) , Ʈ̅Ấ×Ề(x2, y2)}. 

 

Theorm.4.6 Let Ấ = (ƮẤ, ƖẤ, ƑẤ) and Ề = (ƮỀ, ƖỀ, ƑỀ) be two neutrosophic h-Ɩdeals of INK-algebra X and 

Y respectively. Then π(Ấ × Ề) = (ƖẤ̅×Ề, ƖẤ×Ề) is a neutrosophic h-Ɩdeal of X × Y,  Where ƖẤ̅×Ề = 1 − ƖẤ×Ề.  

 

Proof  

 The result follows the previous Theorem. 

 

Theorm.4.7 Let Ấ = (ƮẤ, ƖẤ, ƑẤ) and Ề = (ƮỀ, ƖỀ, ƑỀ) be two neutrosophic  h-Ɩdeal of INK-algebra X and Y 

respectively. Then (Ấ × Ề) = (Ƒ̅Ấ×Ề, ƑẤ×Ề) is a neutrosophic h-Ɩdeal of  X × Y, where Ƒ̅Ấ×Ề = 1 − ƑẤ×Ề.

  

Proof.  We know That Ấ × Ề is a neutrosophic h-Ɩdeal of X × Y, For any (x, y) ∈ X × Y. 

      ƑẤ×Ề(0,0) ≤ ƑẤ×Ề(x, y). Hence, 

  1-ƑẤ×Ề(0,0) ≤ 1 − ƑẤ×Ề(x, y).      

     Ƒ̅Ấ×Ề(0,0) ≤ Ƒ̅Ấ×Ề(x, y). 

Now For any (x1, y1), (x2, y2), (x3, y3) ∈ X × Y.We have, 

    ƑẤ×Ề((x1, y1)⁕(x3, y3)) ≤ max{ƑẤ×Ề((x1, y1)⁕(x2, y2)⁕(x3, y3)), ƑẤ×Ề(x2, y2)}. 

 1-ƑẤ×Ề((x1, y1)⁕(x3, y3)) ≥ 1 − max{ƑẤ×Ề(x1, y1)⁕((x2, y2)⁕(x3, y3)), ƑẤ×Ề(x2, y2)} 

    Ƒ̅Ấ×Ề((x1, y1)⁕(x3, y3)) ≥ min {1 − ƑẤ×Ề ((x1, y1)⁕((x2, y2)⁕(x3, y3))) , 1 − ƑẤ×Ề(x2, y2)} 

Finally, 

         Ƒ̅Ấ×Ề((x1, y1)⁕(x3, y3)) ≥ min {1 − ƑẤ×Ề ((x1, y1)⁕((x2, y2)⁕(x3, y3))) , 1 − Ƒ̅Ấ×Ề(x2, y2)}. 

Hence,( Ấ × Ề) is a neutrosophic h-Ɩdeal of X × Y.  
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Proposition.4.8 Let a neutrosophic set Ấ × Ề = (ƮẤ×Ề,ƖẤ×Ề, ƑẤ×Ề) be a neutrosophic h-Ɩdeal of a INK-

algebra X × Y. Then ƮẤ×Ề ((0,0)⁕((0,0)⁕(x, y))) ≥ ƮẤ×Ề(x, y), 

         ƖẤ×Ề ((0,0)⁕((0,0)⁕(x, y))) ≥ ƖẤ×Ề(x, y)  

and ƑẤ×Ề ((0,0)⁕((0,0)⁕(x, y))) ≤ ƑẤ×Ề(x, y), For all (x, y) ∈ X × Y. 

Proof.  ƮẤ×Ề ((0,0)⁕((0,0)⁕(x, y)))    ≥ min {ƮẤ×Ề ((0,0)⁕ ((x, y)⁕((0,0)⁕(x, y)))) , ƮẤ×Ề(x, y)} 

                 = min {ƮẤ×Ề ((0,0)⁕((x, y)⁕(0,0))) , ƮẤ×Ề(x, y)} 

                  = min{ƮẤ×Ề((0,0)⁕(x, y)), ƮẤ×Ề(x, y)} 

                   = min{ƮẤ×Ề(0,0), ƮẤ×Ề(x, y)} 

                   = ƮẤ×Ề(x, y), For all (x, y) ∈ X × Y. 

Therefore ƮẤ×Ề ((0,0)⁕((0,0)⁕(x, y))) ≥ ƮẤ×Ề(x, y) 

Similarly ƖẤ×Ề ((0,0)⁕((0,0)⁕(x, y))) ≥ ƖẤ×Ề(x, y) 

And  

ƑẤ×Ề ((0,0)⁕((0,0)⁕(x, y))) ≤ min {ƑẤ×Ề ((0,0)⁕((x, y)⁕(0,0)⁕(x, y))) , ƑẤ×Ề(x, y)} 

    = max {ƑẤ×Ề ((0,0)⁕((x, y)⁕(0,0))) , ƑẤ×Ề(x, y)} 

    = max{ƑẤ×Ề((0,0)⁕(x, y)), ƑẤ×Ề(x, y)} 

    = max{ƑẤ×Ề(0,0), ƑẤ×Ề(x, y)} 

    = ƑẤ×Ề(x, y), For all (x, y) ∈ X × Y 

Therefore, ƑẤ×Ề ((0,0)⁕((0,0)⁕(x, y))) ≤ ƑẤ×Ề(x, y) ∀ x, y ∈ X × Y. 

 

5.  Conclusion  

 

In this paper, we applied the notion of the direct product of the neutrosophic set to the h-ideal of INK 

algebra. We have introduced the direct product of the concept of neutrosophic INK-algebra and a direct 

product of closed neutrosophic h-ideal, and have investigated several properties. We have provided 

conditions for a direct product of neutrosophic set to be a direct product of neutrosophic h-ideal in INK-

algebra.” 
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