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Abstract

This paper is dedicated to neutrosophic property functions its generalizations, especially neutrosophic Gamma
function, neutrosophic Beta function, neutrosophic Zeta function. Also, this work gives the interested reader a
background in the study of neutrosophic polynomial orthogonality.
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1.Introduction

Neutrosophy is a new branch of philosophy founded by Smarandache [6,36], It is studying the indeterminacy in the
real world problems and science. It has a huge effect in many aspects such as topology [7,27,29], decision making
[8], and number theory [35].

Neutrosophic algebra began with the definitions of neutrosophic groups [9,17], and rings [13]. The neutrosophic
rings and their generalizations such as refined neutrosophic rings [19,13,14,15], and n-refined neutrosophic rings
[11,12], were very useful in the study of linear structures.

Neutrosophic linear structures were defined as new generalizations of classical ones based on neutrosophic rings and
fields, where we find many concepts from linear algebra were generalized into neutrosophic systems such as
neutrosophic matrices and spaces over neutrosophic fields [1, 2,42], refined neutrosophic spaces and matrices over
refined neutrosophic fields [24], n-refined neutrosophic spaces over n-refined neutrosophic fields [21,32], linear
modules and ideals [4,5,20,22,32].

Through this paper, we give the interested reader a good background to deal with analytic neutrosophic linear
structures such as neutrosophic Gamma function, neutrosophic Beta function, neutrosophic Zeta function.

2 Definitions.

Definition 2.1. Neutrosophic Real Number:

Suppose that w is a neutrosophic number, then it takes the following standard form: w = a + bl where a, b are real
coefficients, and I represents the indeterminacy, where 0.1 = 0 and I™ = I for all positive integers n.
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For example:
w=1+2I,w=3=3+40lI.
Definition 2.2. Division of neutrosophic real numbers:
Suppose that w;, w, are two neutrosophic number,where
w; =aq +bl,w, =a, + byl
Then:

Wl a1 + bll a1 a2b1 - a1b2
w, a,+b] a, ay(a,+b,)

3 Neutrosophic Gamma function.

Definition 3.1

Let R(I) = {a + bl ;a,b € R} where I? = Ibe the neutrosophic field of reals. The one-dimensional isometry
(AH-1sometry) is defined as follows: [49]
T:R(I) >R xR
T(a+bl)=(a,a+Db)
Remark 3.2.

T is an algebraic isomorphism between two rings, it has the following properties:
1) T is bijective.
2) T preserves addition and multiplication, i.e.:
T[(a+ bD) + (c+dD)] =T(a+ bl)+T(c+dl)
And
T[(a+bD)-(c+dD]=T(a+bl) -T(c+dIl)
3) Since T is bijective, then it is invertible by:
T-L:R xR - R()
T Y(a,b)=a+ (b—a)l
4) T preserves distances, i.e.:
The distance on R(I) can be defined as follows:

LetA=a+ bI,B = c + dI be two neutrosophic real numbers, then L = ||4B|| = d[(a + bl, c + dI)] =
la+bl—(c+dD|=|(a—c)+Ib—-d)|=la—c|+I[la+b—c—d|—|a—c]|].

On the other hand, we have:

T(||A_1§||) =(la=cll(@+b)—(c+ D) =(d(a,c)dla+bc+d)=d[(aa+b),(cc+d)]=d(T(a+
b, T(c +dl))

=T @B|.
This implies that the distance is preserved up to isometry. i.e.||T(AB)|| = T(||ABI|])
Definition 3.3.

Let f:R(I) > R();f = f(X) and X = x + yI € R(I) the f is called a neutrosophic real function with one
neutrosophic variable.
a neutrosophic real function f(X) written as follows:

fX)=fx+yD=f)+I1[f(x+y) - f(0)]
12
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Theorem3.4. any neutrosophic real function into two classical real functions, i.e., to the classical Euclidean plane
R X R.

Proof.

Let f(X) = f(x +yI) = f(x) + I[f (x + y) — f(x)] a neutrosophic real function.
Now, Using the one-dimensional AH-isometry, we have.

T(f(X)) = T(f(x) + I[f (x + y) = f(x)]), then.

(fi, f2) = (f(x), f(x + ¥)), then, we have.

{ fi=fx)

f=flx+y)

the functions f(x), f(x + y) are a real functions.

Definition 3.5.

Let a + bl be the neutrosophic real number, then. we define:

(a+bD)! =a'+I[(a+ b)) —a!]
Now, we have:

(a+bD! = f(— In(t; + t,1)**0d(t, + t,1)
0

al+1[(a +b)! — al] = [ (—In(t))?d(ty) + 1 [f; (= In(t; + £))*2d(t, + t5) — [ (= In(t))%d(ty)]
Remark 3.6.

1. (a+bD!'=(a+bD(a—1+bl)!

Proof.
L=(a+bD(@a-1+bN!=(a+bD[(a=D!+I[(a+b—1)!—(a— D]
L=ala—D!'+Ib(a—D)'+ala+b—-—1)!—ala—1D)!'+bla+b—-1)—bla—1)]
L=a'+1[a(a+b—-—1D!+bla+b—1)—a!]
L=al+I[(a+b)la+b-—1D!—al=al+I[(a+b)!—a!]l=(a+bD! =1.

2. (0O)y=1
Proof.
0)!'=0+0D!=0+I[(0+0)—0]=0+I[0—-0]=1+I[1—-1]=1

3. I'=1
Proof.

N=0+D'=0+I[(0+D!'=0]=0+I[11=-0]=1+I[1-1]=1
Now, if We define the function as follows:

F(a+bl) = (a— 1+ bl)!
Then, we have.
F(H)y=(0)!=1
F(a+1+bl)=(a+bD!=(a—1+bl)!=(a+ bF(a+ bl)
Definition 3.7. Neutrosophic Gamma function.

We define a neutrosophic Gamma function as follows:
[(z, + z,1) = f(t1 + tEtzDl o= (CttaD gt + 1)
0
Remark 3.8.

1. T()=1
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Proof.
r(1) = f(t1 +t,D1 e it q(t, 4 t,1) = Jﬂ(t1 + t,)° e~tte2D) q(t, 4 t,1)
0 0

= f(tl)oe‘fld(tl) +1

f (t; + t)0e~ ¥4 (L, + t,) — f (tl)"e‘“d(tl)l
0 0

I(1) = [—e~0]§ +1([—e~@*]” — [—e~u]7)
M()=1+I1-1)1+4+0/=1

2. T(zy+ 214+ 1)=(zy + 2D (21 + 2,1)
Proof.

We have.

T(z, + z,1) = f(t1 + t, )1tz o=ttt (¢, 4 ¢,1)

[ee] [oe] [ee]

= [@read@e) +1| [ 6+ )@ e a4 ) - | (q)ﬁwﬁd(q)]
0 0 0
r(z1+z21)—[(t1)z1 ] ftl)z e f1d(t,)
0

(z1+22) (z1+22)
[(tl +t) —(mm] J (t, +t2) e~ EHD (L, +ty)

(z1 + 2,) (z1 + 25)

1

[(tl)—21€_t1] +J (tl)21e—f1d(t1)
Z o 3 z

t)%
T(z, +2,]) =0 +f (t) e t1d(t,)
0

[ (t + )@+ [ (t)™

+I1[ 0+ [ ———————e (*Id(¢t, + t,) — j e tid(t

j G ¢ (t: +t2) (t:)
0

° + tz)(l1+22)

(e & st (@
F(Zl + Zzl) —_ (.)I. Te 1d(t1) + 1 Of (Zl + Zz) e 1 2 d(tl + tz) - f Te ld(tl)
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1 (o]
MG+ 20 = - [ (@)5ed(e)
1
0

1
+ )1t d(t + 1) — | — f (t)*re™1d(ty)
1

1 1
F(Zl + Zzl) = Z_F(Zl + 1) + I (Z T
1 1

1
P [(zy+2z,+1)— <Z ['(z; + 1)))

[(zy + z,]) = ————T((21 + 2,1)), s0 that.

(Z +2z,1)
F(Zl + Zzl + 1) = (Zl + ZZI)F(Zl + Zzl).
By (2), we have.

[(zy + 2,1 + 1)

1 2

Remark 3.9.

1

1. F(Zl + ZZI) e +221)m F(Zl + ZZI + 2)
1 1

2. F(Zl + ZZI) (z1+221) (21+221+1) (21 +2,1+2)
3. T(zy+2z]) = - .etc.

['(z, + 2,1 + 3)

Theorem 3.10. (neutrosophic residues).

The function (z; + z,1) in the neutrosophic cpmplex plane has simple poles in points (z; + z,1) = —(n, +
n,I),where

(n, +n,0) =0,-1,-2,-3, ...... and the value of the residue in it is:

(—1)ma+n2D)

Res[T(zy + z,1) — (ny + n,D)] = ;(ng +ny0) =012, ...

(ny + nyD)! "’
Proof:

Let function I'(z, + z,I) by form:

[(z, +2,]) = f(t1 + t,1)Fat72D=1 o=(ta+taD) q(t, 4 t,1)

0
1

f(t1 + t,)@rtz2D=1 o=(ttt2l) G (¢, + ¢,1) +f(t1 + ty)@atzD-1 o=(tittel) G (¢, + t,1)
= F1(21 + z,1) + T, (2 + 2,1)

As t (F1+22D=1 = pl(zi+z2D)-1lIn(t1+t2D) gnd In(t, + t,I) is a real number where (¢, + t,1) > 0, then [, (z; + z,1) is
analytical function in the neutrosophic cpmplex plane, hence.
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1
[ (z, + 2,]) = f(tl + t,1)F1tz2D-1 o=(titt2D) g(¢, 4 t,])
0

—(t1+taD) w (-nmitn2D (y+72D) i . . ]
As e~t1tl2l) = Zn=om(t1 + t, 1)1 20 this series is convergen uniformaly then sum and integral can be
1 240

exchanged, then.

1

v (—1)(atn2D)
Fl(Zl + Zzl) = f(tl + tzl)(21+221)—1
0

m(tl + tzI)(n1+n21) d(tl + tz[)
=0 1 24):
v (—1)(atn2D) :
— (n+—n])|f(t1 + tzl)(zl+zzl)_1+(n1+n21) (tl + tZI)
= 1 24): 5
2 (—1)(atn2D) 1

B : (ny +n, D! (21 + z,1) + (ny + n,1D)
n=

Now we have.

o (—1) (2D 1
e (ny + nyD)! (21 + z,1) + (ny + ny0)

['(z; + z,1) = + 0,(z, + z,1)

. o (~DmatnzD 1
The series Y- (Mq+nyD)!  (zq+2z2D+(Mq+n51)
neutrosophic complex plane when some of its first limits are neglected, as there are simple poles at points (z; +
z,1) = —(ny + n,I), and thus the required is fulfilled.

converges absolutely and uniformaly in every finite arena of

Remark 3.11.

For (z; + z,1) # 0,1, %2, ... ... ,be.

T

P+ 2D (1 =+ 2D) = Goee =y

4. Neutrosophic Beta function.

Definition 4.1.

Let (p; + 1), (q; + q,1) be any two Neutrosophic complex numbers, We define a neutrosophic Beta function as
follows:

1

B(p, +p2l,q1 + qx1) = J(t1 + tzl)(p1+p21)_1 (1 —(t, + tzl))(q1+q21)_1 d(t; + t;I)
0

Properites 4.2.
1. B(p1tp21,q1+ q:D) = B(q1 + q21,p1 + p2D).
2. B(py+p2lqy +q;D) = B((p1 +p.D)+1,q; + ‘IZI)-
3. (p1+p:D.B(py +p21,(q1 +q:D +1) =(q, + ‘IZI)-B((P1 +p.D)+1,q; + QZI)
16
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Theorem 4.3:

A neutrosophic Beta function can be written as follows:

(t1+t,)P1tP2D-1
(1-(ts +t21))(p1+p21)+(q1+q21)

B(py + vl g1 + q21) = fo d(ty + t31)

Proof.

(r1+12D)

1+(z1+720) then

Let (tl + tzl) =

1
B(py + P21, 91 + q21) = f(t1 + )PP (1 — (2 + tz’))(q1+q21)_1 d(ty + t,I)
f Ty + Tl )("1“’2’)_1( Ty + Tl >(‘“+q2’)_1 d(ty + 7,0)

1+T1+T21 1+T1+T21 (1+T1+T21)2
0

(ty + TZI)(P1+P21)—1
(1 + 7, + 1) @1tP2D+(q1+a2D)
0

B(py +p21,q1 + q;1) = d(ty + 7,0)

Remark 4.4:

For (q, + q.I) =1 — (p, + p2I), we have.

< (tl + tz[)(Pﬁ'le)—l

B +v,1,q, +q,1) =
(p1 + 021,q1 + q21) f 1+ (4 + 6,1)
0

T
dit, +t,)) = ——F——
G+ 5D = S, + paD)
Theorem 4.5: (relation between a neutrosophic Gamma function and neutrosophic Beta function).

I'(py +p2D.T(q, + q21)
F((P1 +p. 1)+ (g1 + CIZI))

B(py +p21,q: + qz1) =

By deginition of a neutrosophic Gamma function, we have.
[(zy + z,I) = f (ty + t,D@+22D=1 e=(titteD) q(¢, + t,1)

Now let t; + t,I = (ay + a,I)(t4 + T, I), where a; + a,I > 0, then.

F(Zl + ZzI) = f((al + azl)(f1 + Tzl))
0

122071 o—(ar+az 2D (ay + azD) d(tq + 7,1)

— (‘11 +a21)(zl+zzl)f T(Z1+221)—1 e—(a1+a21)(rl+rzl) d(‘[l +T21)
0

Let (z1 + z21) = (p1 + p20) + (q1 + q21), and (ay + aI) = 1 + (& + t,1), then.
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F(p1 + pZI) I'(CI1 + qZI) _ J-(Tl + Tzl)(p1+p21)+(q1+q21)_1 e—(1+(t1+t21))(11+121) d(Tl + TzI)

I n -~
(1 e’ +TZI))(p1+pz )+(q1+92D) )

We multiply both sides by (t; + t,1)®1*P2D=1 and integrate between 0 and oo to find.

(t, + tz[)(P1+sz)—1
t; + ty1)P1tr2D+(q1+q2])

I((py +p2D + (g1 + Ch’))-f a+ d(t, +t,I) =
0

d(t1 + tzI) =

f (t, + tzl)(mﬂ?zl)—l [f (ty + 1-21)(171+P21)+(Q1+QZ1) e~ (I+t1+t2D)(z1+720) d(ty + 7,1
0 0

(o0}

J-(Tl + 1-21)(P1+P21)+(Q1+'I21)-le—(T1+Tzl) [f(fl + 1-21)(P1+P21)—1e—(t1+tzl)(f1+Tzl) d(t, + t,I)
0 0

d(Tl + Tzl)

We have.

F((Pl +p.D) + (q1 + ‘IZI))- B(py + p21,q1 + q21) =

f(rl + TZI)(101+pzl)+(q1+qzl)—le—(rl+rzl)(T1 + TZI)(””)I‘(pl + p,Dd(ty + T,1) =
0

I'(py +p2D J- (ty + Ty D)@t a2D-1e=(1tr2lg (g, + 7,1) = T(py + po1).T(qq + q21)
0

5 . Neutrosophic Zeta function.

Definition 5.1. Let (z; + z,1) be any Neutrosophic complex number, We define a neutrosophic Zeta function as
follows:

0 1
Z(Zl + ZZI) - Zn:l (n1+n21)(21+zzl)

Remark 5.2. A neutrosophic Beta function can be written as follows:

1 [ (ty + toD)@r+z2D=1
((Zl + ZZI) = F(Zl + Zzl)j e(t1+t21) — 1 dt ;Re(21 + ZzI) > 1
0

6. Conclusion

In this work, we have given a study for many special functions, such as neutrosophic Gamma function, neutrosophic
Beta function, neutrosophic Zeta function.
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This review will be very helpful to the interested reader to continuo the research efforts in this area of study Osn the
other hand, many related concepts were shown and discussed such as neutrosophic Chebyshev polynomials,
neutrosophic Jacobi polynomials, neutrosophic Legendre polynomials, neutrosophic Hermite polynomials, and
neutrosophic polynomials orthogonality.
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