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Abstract

We introduce the notions of (τ1, τ2)-interval valued Q1 neutrosophic subbisemirings (IVQ1NSBSs), level
sets of a (τ1, τ2)-IVQ1NSBS, and (τ1, τ2)-interval valued Q1 neutrosophic normal subbisemirings ((τ1, τ2)-
IVQ1NNSBS) of a bisemiring. Let Ẑ1 be a (τ1, τ2)-IVQ1NSBS of a bisemiring M and V̂ be the strongest
(τ1, τ2)-interval valued Q1 neutrosophic relation of M. To illustrate Ẑ1 is a (τ1, τ2)-IVQ1NSBS of M if and
only if V̂ is a (τ1, τ2)-IVQ1NSBS of M ⋇ M. We show that homomorphic image of (τ1, τ2)-IVQ1NSBS is
again a (τ1, τ2)-IVQ1NSBS. To determine homomorphic pre-image of (τ1, τ2)-IVQ1NSBS is also a (τ1, τ2)-
IVQ1NSBS. Examples are given to strengthen our results.

Keywords: bisemiring; (τ1; τ2)-IVQ1NSBS; (τ1, τ2)-IVQ1NNSBS; SBS; homomorphism.

1 Introduction

Golan claims that Vandiver first proposed the concept of semirings, which is a generalization of rings, in
1935.7 Semirings are a natural topic to study in algebra because they are the algebraic structure of the set of
natural numbers. Semirings are naturally present in many fields of mathematics. Semirings have been useful
for resolving challenges in a range of domains of applied mathematics and information science because its
structure provides an algebraic framework for modeling and researching the factors necessary. For instance,
semirings can be utilized to address issues in the fields of theoretical computer science, graph theory, and
optimization. One of the structures that includes semigroups and rings is the semiring. However, since 1950,
the idea of semirings has been developing. A FS is a set with degrees of belongingness ranging from 0 to 1;
the value of an elements membership in the particular set is represented by these grades.The important work
known as Zadeh20 was published in 1965 by the fuzzy set (FS) theory. This definition states that FS is a
function that has a membership value that can be used to describe it. Numerous uncertain theories, such as the
FS,20 intuitionistic FS (IFS),4 Pythagorean FS (PFS),19 picture FS,5 and spherical FS3 have been proposed to
address the uncertainties. Later, Atanassov put up the idea of an IFS logic, which is classified by the sum of its
MD with an NMD value of no more than 1.4 When using a decision-making strategy, we occasionally convey
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a single concern when the sum of the grades for MD and NMD is larger than 1. In order to broaden IFS, Yager
developed the innovative concept of PFS logic, which is defined by the square sum of its MD and NMD and
whose value is not larger than 1. These hypotheses, however, are unable to demonstrate the neutral condition
(neither favour nor disfavor). Cuong and Kreinovich, the creators of image FS logic, used three pointers with a
combined maximum grade of 1: positive MD, neutral MD, and negative MD. Finally, it delivers more benefits
than IFS and PFS for a select applications. The neutrosophic set (NS), in which the truth MD, indeterminacy
MD, and falsity MD are all independently stored, is a generalization of the FS and IFS.

Neutrosophy was created by Smarandache17 to address the issues of ambiguous and inconsistent information
because this collection presents several difficulties in terms of applicability. A brand-new theory known as NS
has recently been put out. Neutrosophy is the study of neutral cognition, and this neutral is the main distinction
between IFS and FS. The invention of NS is attributed to Smarandache.17 It is a logic that establishes the
degrees of veracity, ambiguity, and untruth of each proposition. Each aspect of the universe has an amount of
certainty, ambiguity, and untruth that falls between [0, 1] in the NS set. A NS’s ability to generalize a classical
set, such as FS, IVFS, etc. has been proven. A semiring (S,+, ·) is a nonempty set in which S are semigroups
both the operations “ + ” and “ · ”, and “ · ” is distributive over “ + ”. In 1993, Ahsan et al.2 introduced the
notion of fuzzy semirings. In 2001, Sen et al. introduced in the concept of bisemirings.6, 16 In their discussion
of numerous ideal structures and their applications, Palanikumar et al.1, 8–15 Recently, numerous authors have
discussed the applicability of neutrosophic structures.1, 8, 18

This research aims to examine many aspects of the SBS theory to (τ1, τ2)-IVNQ1SBS idea and provide find-
ings. The following five guiding principles make up the article. Section 1 has the introduction. Section 2
contains details on how to prepare for semiring and SBS. Section 3, of(τ1, τ2)-IVNQ1SBS presents its prop-
erties. The idea of (τ1, τ2)-IVNQ1NSBS homomorphism is presented in Section 4. Give some numerical
examples to illustrate how to evaluate the (τ1, τ2)-IVNQ1SBS and (τ1, τ2)-IVNQ1NSBS.

2 Preliminaries

We will go over the ideas of semirings and bisemirings in this section to make the presentation as full as
possible and to make the next talks more convenient.

Let X and Q1 denote nonempty sets. A mapping Λ : X ⋇Q1 → [0, 1] is called a Q1 fuzzy set in X .

Let (M,+, ·) be semiring. A Q1 fuzzy set Λ : M ⋇ Q1 → [0, 1] is called a Q1 fuzzy subsemiring of M if
ΛZ1

(ϑ + η, q∗) ≥ min{ΛZ1
(ϑ, q∗),ΛZ1

(η, q∗)} and ΛZ1
(ϑ · η, q∗) ≥ min{ΛZ1

(ϑ, q∗),ΛZ1
(η, q∗)} for all

ϑ, η ∈ M and q∗ ∈ Q1.

An intuitionistic Q1 fuzzy set defined on X and Q1 is of the form

Z1 = {⟨ϑ,ΛZ1
(ϑ, q∗),ΦZ1

(ϑ, q∗)⟩ | ϑ ∈ X, q∗ ∈ Q1},

where ΛZ1
,ΦZ1

: X ⋇ Q1 → [0, 1] define the MD and NMD of the element ϑ ∈ X , respectively and every
ϑ ∈ X and q∗ ∈ Q1 satisfying 0 ≤ ΛZ1

(ϑ, q∗) + ΦZ1
(ϑ, q∗) ≤ 1.

Let Z1 and Z2 be any two intuitionistic Q1 fuzzy sets of X . Then,

Z1 ∩ Z2 = {⟨ϑ,min{ΛZ1
(ϑ, q∗),ΛZ2

(ϑ, q∗)},max{ΦZ1
(ϑ, q∗),ΦZ2

(ϑ, q∗)}⟩ | ϑ ∈ X, q∗ ∈ Q1},

Z1 ∪ Z2 = {⟨ϑ,max{ΛZ1
(ϑ, q∗),ΛZ2

(ϑ, q∗)},min{ΦZ1
(ϑ, q∗),ΦZ2

(ϑ, q∗)}⟩ | ϑ ∈ X, q∗ ∈ Q1}.

Let Z1 be an intuitionistic Q1 fuzzy set of X . For t1, t2 ∈ [0, 1], the level subset of Z1 is the set Z1(t1,t2) =
{ϑ ∈ X | ΛZ1(ϑ, q

∗) ≥ t1,ΛZ1(ϑ, q
∗) ≤ t2, q

∗ ∈ Q1}.

An interval valued neutrosophic set (IVN set) Ẑ1 in X is of the form

Ẑ1 =
{〈

ϑ, Λ̂T
Z1
(ϑ), Λ̂I

Z1
(ϑ), Λ̂F

Z1
(ϑ)

〉
| ϑ ∈ X

}
,
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where Λ̂T
Z1
(ϑ) = [ΛTL

Z1
,ΛTU

Z1
], Λ̂I

Z1
(ϑ) = [ΛIL

Z1
,ΛIU

Z1
], Λ̂F

Z1
(ϑ) = [ΛFL

Z1
,ΛFU

Z1
] and Λ̂T

Z1
(ϑ), Λ̂I

Z1
(ϑ), Λ̂F

Z1
(ϑ) :

X → D[0, 1] represent the truth, indeterminacy, and falsity membership function respectively. Simplicity the
symbol

〈
Λ̂T
Z1
, Λ̂I

Z1
, Λ̂F

Z1

〉
is IVN set Ẑ1 =

{〈
ϑ, Λ̂T

Z1
(ϑ), Λ̂I

Z1
(ϑ), Λ̂F

Z1
(ϑ)

〉
| ϑ ∈ X

}
.

Let Ẑ1 =
〈
Λ̂T
Z1
, Λ̂I

Z1
, Λ̂F

Z1

〉
and Ẑ2 =

〈
Λ̂T
Z2
, Λ̂I

Z2
, Λ̂F

Z2

〉
be two IVN sets of X . Then,

Ẑ1 ∩ Ẑ2 =
{〈

ϑ,min{Λ̂T
Z1
(ϑ), Λ̂T

Z2
(ϑ)},min{Λ̂I

Z1
(ϑ), Λ̂I

Z2
(ϑ)},max{Λ̂F

Z1
(ϑ), Λ̂F

Z2
(ϑ)}

〉
| ϑ ∈ X

}
,

Ẑ1 ∪ Ẑ2 =
{〈

ϑ,max{Λ̂T
Z1
(ϑ), Λ̂T

Z2
(ϑ)},max{Λ̂I

Z1
(ϑ), Λ̂I

Z2
(ϑ)},min{Λ̂F

Z1
(ϑ), Λ̂F

Z2
(ϑ)}

〉
| ϑ ∈ X

}
.

For any IVN set Ẑ1 =
〈
Λ̂T
Z1
, Λ̂I

Z1
, Λ̂F

Z1

〉
of a set X , we defined a (τ1, τ2)-cut of as the crisp set

{
ϑ ∈ X |

Λ̂T
Z1
(ϑ) ≥ τ̂1, Λ̂I

Z1
(ϑ) ≥ τ̂1, Λ̂F

Z1
(ϑ) ≤ τ̂2

}
of X .

Let Ẑ1 and Ẑ2 be the IVN sets of X . The cartesian product of Ẑ1 and Ẑ2 is defined as Ẑ1 ⋇ Z2 =
{〈

(ϑ, η), Λ̂T
Z1⋇Z2

(ϑ, η), Λ̂I
Z1⋇Z2

(ϑ, η), Λ̂F
Z1⋇Z2

(ϑ, η)
〉
|

ϑ, η ∈ X
}

, where Λ̂T
Z1⋇Z2

(ϑ, η) = min
{
Λ̂T
Z1
(ϑ), Λ̂T

Z2
(η)

}
, Λ̂I

Z1⋇Z2
(ϑ, η) =

Λ̂I
Z1

(ϑ)+Λ̂I
Z2

(η)

2 , Λ̂F
Z1⋇Z2

(ϑ, η) =

max
{
Λ̂F
Z1
(ϑ), Λ̂F

Z2
(η)

}
.

A bisemiring (M,+, ◦,⋇) is an algebraic structure in which (M,+, ◦) and (M, ◦,⋇) are semirings, (M,+), (M, ◦)
and (M,⋇) are semigroups and (1) ϑ ◦ (η + π) = (ϑ ◦ η) + (ϑ ◦ π), (2) (η + π) ◦ ϑ = (η ◦ ϑ) + (π ◦ ϑ), (3)
ϑ⋇ (η ◦ π) = (ϑ⋇ η) ◦ (ϑ⋇ π), and (4) (η ◦ π)⋇ ϑ = (η ⋇ ϑ) ◦ (π ⋇ ϑ) for all ϑ, η, π ∈ M.

A nonempty subset Y of a bisemiring (M,+, ◦,⋇) is a subbisemiring if and only if ϑ+ η ∈ Y, ϑ ◦ η ∈ Y , and
ϑ⋇ η ∈ Y for all ϑ, η ∈ Y .

A fuzzy set Z1 of a bisemiring (M,▽1,▽2,▽3) is said to be a fuzzy subsemiring (SBS) of M if ΛZ1
(ϑ▽1η) ≥

min{ΛZ1
(ϑ),ΛZ1

(η)}, ΛZ1
(ϑ▽2 η) ≥ min{ΛZ1

(ϑ),ΛZ1
(η)}, and ΛZ1

(ϑ▽3 η) ≥ min{ΛZ1
(ϑ),ΛZ1

(η)}
for all ϑ, η ∈ M.

A fuzzy set Z1 of (M,▽1,▽2,▽3) is said to be a fuzzy normal SBS of M if ΛZ1
(ϑ▽1 η) = ΛZ1

(η ▽1 ϑ),
ΛZ1

(ϑ▽2 η) = ΛZ1
(η ▽2 ϑ), and ΛZ1

(ϑ▽3 η) = ΛZ1
(η ▽3 ϑ) for all ϑ, η ∈ M.

Let (M,+, ·,⋇) and (N,⊼, ◦,⊗) be bisemirings. The function φ : M → N is said to be a homomorphism if
φ(ϑ+ η) = φ(ϑ) ⊼ φ(η), φ(ϑ · η) = φ(ϑ) ◦ φ(η), and φ(ϑ⋇ η) = φ(ϑ)⊗ φ(η) for all ϑ, η ∈ M.

3 (τ1, τ2)-IVQ1NSBS

In what follows that (τ̂1, τ̂2) ∈ D[0, 1] be such that 0 ≤ τ̂1 < τ̂2 ≤ 1.

An IVN set Ẑ1 of M is called a (τ1, τ2)-IVQ1NSBS of M if
max{Λ̂T

Z1
(ϑ▽1 η, q

∗), τ̂1} ≥ min{Λ̂T
Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2}

max{Λ̂T
Z1
(ϑ▽2 η, q

∗), τ̂1} ≥ min{Λ̂T
Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2}

max{Λ̂T
Z1
(ϑ▽3 η, q

∗), τ̂1} ≥ min{Λ̂T
Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2}



max{Λ̂I
Z1
(ϑ▽1 η, q

∗), τ̂1} ≥ min
{ Λ̂I

Z1
(ϑ, q∗) + Λ̂I

Z1
(η, q∗)

2
, τ̂2

}
or

max{Λ̂I
Z1
(ϑ▽2 η, q

∗), τ̂1} ≥ min
{ Λ̂I

Z1
(ϑ, q∗) + Λ̂I

Z1
(η, q∗)

2
, τ̂2

}
or

max{Λ̂I
Z1
(ϑ▽3 η, q

∗), τ̂1} ≥ min
{ Λ̂I

Z1
(ϑ, q∗) + Λ̂I

Z1
(η, q∗)

2
, τ̂2

}


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
min{Λ̂F

Z1
(ϑ▽1 η, q

∗), τ̂1} ≤ max{Λ̂F
Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2}

min{Λ̂F
Z1
(ϑ▽2 η, q

∗), τ̂1} ≤ max{Λ̂F
Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2}

min{Λ̂F
Z1
(ϑ▽3 η, q

∗), τ̂1} ≤ max{Λ̂F
Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2}


for all ϑ, η ∈ M and q∗ ∈ Q1 ⊆ Z1.

Let M = {σ1, σ2, σ3, σ4} be the bisemiring with the following Cayley tables:

▽1 σ1 σ2 σ3 σ4

σ1 σ1 σ1 σ1 σ1

σ2 σ1 σ2 σ1 σ2

σ3 σ1 σ1 σ3 σ3

σ4 σ1 σ2 σ3 σ4

▽2 σ1 σ2 σ3 σ4

σ1 σ1 σ2 σ3 σ4

σ2 σ2 σ2 σ4 σ4

σ3 σ3 σ4 σ3 σ4

σ4 σ4 σ4 σ4 σ4

▽3 σ1 σ2 σ3 σ4

σ1 σ1 σ1 σ1 σ1

σ2 σ1 σ2 σ3 σ4

σ3 σ4 σ4 σ4 σ4

σ4 σ4 σ4 σ4 σ4

σ = σ1 σ2 σ3 σ4

Λ̂T
Z1
(σ) [0.75, 0.80] [0.7, 0.75] [0.50, 0.55] [0.65, 0.70]

Λ̂I
Z1
(σ) [0.70, 0.75] [0.65, 0.70] [0.57, 0.59] [0.60, 0.65]

Λ̂F
Z1
(σ) [0.25, 0.30] [0.55, 0.60] [0.70, 0.75] [0.60, 0.65]

Then Ẑ1 is a ([0.35, 0.40], [0.50, 0.55])IVQ1NSBS of M.

The intersection of a family of (τ1, τ2)-IVQ1NSBSs of M is a (τ1, τ2)-IVQ1NSBS of M.

Proof. Let {Ŵi | i ∈ I} be a family of (τ1, τ2)-IVQ1NSBSs of M and Ẑ1 =
⋂
i∈I

Ŵi. Let ϑ, η ∈ M and

q∗ ∈ Q1. Now,

max{Λ̂T
Z1
(ϑ▽1 η, q

∗), τ̂1} = inf
i∈I

{max{Λ̂T
Wi

(ϑ▽1 η, q
∗), τ̂1}}

≥ inf
i∈I

{min{Λ̂T
Wi

(ϑ, q∗), Λ̂T
Wi

(η, q∗), τ̂2}}

= min
{
inf
i∈I

{Λ̂T
Wi

(ϑ, q∗)}, inf
i∈I

{Λ̂T
Wi

(η, q∗)}, τ̂2
}

= min{Λ̂T
Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2}.

Similarly, max{Λ̂T
Z1
(ϑ▽2 η, q

∗), τ̂1} ≥ min{Λ̂T
Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2} and max{Λ̂T

Z1
(ϑ▽3 η, q

∗), τ̂1} ≥
min{Λ̂T

Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2}. Now,

max{Λ̂I
Z1
(ϑ▽1 η, q

∗), τ̂1} = inf
i∈I

{max{Λ̂I
Wi

(ϑ▽1 η, q
∗), τ̂1}}

≥ inf
i∈I

{
min

{
Λ̂I
Wi

(ϑ, q∗) + Λ̂I
Wi

(η, q∗)

2
, τ̂2

}}

= min

{
inf
i∈I

{Λ̂I
Wi

(ϑ, q∗)}+ inf
i∈I

{Λ̂I
Wi

(η, q∗)}

2
, τ̂2

}

= min

{
Λ̂I
Z1
(ϑ, q∗) + Λ̂I

Z1
(η, q∗)

2
, τ̂2

}
.
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Similarly, max{Λ̂I
Z1
(ϑ ▽2 η, q∗), τ̂1} ≥ min

{
Λ̂I

Z1
(ϑ,q∗)+Λ̂I

Z1
(η,q∗)

2 , τ̂2

}
and max{Λ̂I

Z1
(ϑ ▽3 η, q∗), τ̂1} ≥

min
{

Λ̂I
Z1

(ϑ,q∗)+Λ̂I
Z1

(η,q∗)

2 , τ̂2

}
. Now,

min{Λ̂F
Z1
(ϑ▽1 η, q

∗), τ̂1} = sup
i∈I

{min{Λ̂F
Wi

(ϑ▽1 η, q
∗), τ̂1}}

≤ sup
i∈I

{max{Λ̂F
Wi

(ϑ, q∗), Λ̂F
Wi

(η, q∗), τ̂2}}

= max
{
sup
i∈I

{Λ̂F
Wi

(ϑ, q∗)}, sup
i∈I

{Λ̂F
Wi

(η, q∗)}, τ̂2
}

= max{Λ̂F
Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2}.

Similarly, min{Λ̂F
Z1
(ϑ▽2 η, q

∗), τ̂1} ≤ max{Λ̂F
Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2} and min{Λ̂F

Z1
(ϑ▽3 η, q

∗), τ̂1} ≤
max{Λ̂F

Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2}. Hence, Ẑ1 is a (τ1, τ2)-IVQ1NSBS of M.

If Ẑ1 and Ẑ2 are any two (τ1, τ2)-IVQ1NSBSs of M1 and M2 respectively, then Ẑ1 ⋇ Z2 is a (τ1, τ2)-
IVQ1NSBS of M1 ⋇M2.

Proof. Let Ẑ1 and Ẑ2 be two (τ1, τ2)-IVQ1NSBSs of M1 and M2 respectively. Let ϑ1, ϑ2 ∈ M1 and η1, η2 ∈
M2 and q∗ ∈ Q1. Then (ϑ1, η1) and (ϑ2, η2) are in M1 ⋇M2. Now,

max
{
Λ̂T
Z1⋇Z2

[(ϑ1, η1)▽1 (ϑ2, η2), q
∗], τ̂1

}
= max

{
Λ̂T
Z1⋇Z2

((ϑ1 ▽1 ϑ2, η1 ▽1 η2), q
∗), τ̂1

}
= min

{
max{Λ̂T

Z1
(ϑ1 ▽1 ϑ2, q

∗), τ̂1},max{Λ̂T
Z2
(η1 ▽1 η2, q

∗), τ̂1}
}

≥ min
{
min{Λ̂T

Z1
(ϑ1, q

∗), Λ̂T
Z1
(ϑ2, q

∗), τ̂2},min{Λ̂T
Z2
(η1, q

∗), Λ̂T
Z2
(η2, q

∗), τ̂2}
}

= min
{
{min{Λ̂T

Z1
(ϑ1, q

∗), Λ̂T
Z2
(η1, q

∗)},min{Λ̂T
Z1
(ϑ2, q

∗), Λ̂T
Z2
(η2, q

∗)}}, τ̂2
}

= min
{
Λ̂T
Z1⋇Z2

((ϑ1, η1), q
∗), Λ̂T

Z1⋇Z2
((ϑ2, η2), q

∗), τ̂2

}
.

Also, max
{
Λ̂T
Z1⋇Z2

[(ϑ1, η1)▽2 (ϑ2, η2), q
∗], τ̂1

}
≥ min

{
Λ̂T
Z1⋇Z2

((ϑ1, η1), q
∗), Λ̂T

Z1⋇Z2
((ϑ2, η2), q

∗), τ̂2

}
and max

{
Λ̂T
Z1⋇Z2

[(ϑ1, η1) ▽3 (ϑ2, η2), q
∗], τ̂1

}
≥ min

{
Λ̂T
Z1⋇Z2

((ϑ1, η1), q
∗), Λ̂T

Z1⋇Z2
((ϑ2, η2), q

∗), τ̂2

}
.

Now,

max
{
Λ̂I
Z1⋇Z2

[(ϑ1, η1)▽1 (ϑ2, η2), q
∗], τ̂1

}
= max

{
Λ̂I
Z1⋇Z2

((ϑ1 ▽1 ϑ2, η1 ▽1 η2), q
∗), τ̂1

}
= min

{
1

2

[
max

{
Λ̂I
Z1
(ϑ1 ▽1 ϑ2, q

∗), τ̂1
}
+max

{
Λ̂I
Z2
(η1 ▽1 η2, q

∗), τ̂1
}]}

≥ min

{
1

2

[
min

{ Λ̂I
Z1
(ϑ1, q

∗) + Λ̂I
Z1
(ϑ2, q

∗)

2
, τ̂2

}
+min

{ Λ̂I
Z2
(η1, q

∗) + Λ̂I
Z2
(η2, q

∗)

2
, τ̂2

}]}

= min

{
1

2

[
Λ̂I
Z1
(ϑ1, q

∗) + Λ̂I
Z2
(η1, q

∗)

2
+

Λ̂I
Z1
(ϑ2, q

∗) + Λ̂I
Z2
(η2, q

∗)

2

]
, τ̂2

}

= min

{
Λ̂I
Z1⋇Z2

((ϑ1, η1), q
∗) + Λ̂I

Z1⋇Z2
((ϑ2, η2), q

∗)

2
, τ̂2

}
.
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Also, max
{
Λ̂I
Z1⋇Z2

[(ϑ1, η1) ▽2 (ϑ2, η2), q
∗], τ̂1

}
≥ min

{
̂ΛI
Z1⋇Z2

((ϑ1,η1),q
∗)+ ̂ΛI

Z1⋇Z2
((ϑ2,η2),q

∗)

2 , τ̂2

}
and

max
{
Λ̂I
Z1⋇Z2

[(ϑ1, η1)▽3 (ϑ2, η2), q
∗], τ̂1

}
≥ min

{
̂ΛI
Z1⋇Z2

((ϑ1,η1),q
∗)+ ̂ΛI

Z1⋇Z2
((ϑ2,η2),q

∗)

2 , τ̂2

}
. Similarly,

min
{
Λ̂F
Z1⋇Z2

[(ϑ1, η1)▽1 (ϑ2, η2), q
∗], τ̂1

}
= min

{
Λ̂F
Z1⋇Z2

((ϑ1 ▽1 ϑ2, η1 ▽1 η2), q
∗), τ̂1

}
= max

{
min{Λ̂F

Z1
(ϑ1 ▽1 ϑ2, q

∗), τ̂1},min{Λ̂F
Z2
(η1 ▽1 η2, q

∗), τ̂1}
}

≤ max
{
max{Λ̂F

Z1
(ϑ1, q

∗), Λ̂F
Z1
(ϑ2, q

∗), τ̂2},max{Λ̂F
Z2
(η1, q

∗), Λ̂F
Z2
(η2, q

∗), τ̂2}
}

= max
{
{max{Λ̂F

Z1
(ϑ1, q

∗), Λ̂F
Z2
(η1, q

∗)},max{Λ̂F
Z1
(ϑ2, q

∗), Λ̂F
Z2
(η2, q

∗)}}, τ̂2
}

= max
{
Λ̂F
Z1⋇Z2

((ϑ1, η1), q
∗), Λ̂F

Z1⋇Z2
((ϑ2, η2), q

∗), τ̂2

}
.

Also, min
{
Λ̂F
Z1⋇Z2

[(ϑ1, η1)▽2 (ϑ2, η2), q
∗], τ̂1

}
≤ max

{
Λ̂F
Z1⋇Z2

((ϑ1, η1), q
∗), Λ̂F

Z1⋇Z2
((ϑ2, η2), q

∗), τ̂2

}
and min

{
Λ̂F
Z1⋇Z2

[(ϑ1, η1) ▽3 (ϑ2, η2), q
∗], τ̂1

}
≤ max

{
Λ̂F
Z1⋇Z2

((ϑ1, η1), q
∗), Λ̂F

Z1⋇Z2
((ϑ2, η2), q

∗), τ̂2

}
.

Hence, Ẑ1 ⋇ Z2 is a (τ1, τ2)-IVQ1NSBSs of M.

If Ẑ1, Ẑ2, ..., Ẑn are (τ1, τ2)-IVQ1NSBSs of M1,M2, ...,Mn respectively, then ̂Z1 ⋇ Z2 ⋇ ...⋇ Zn is a (τ1, τ2)-
IVQ1NSBS of M1 ⋇M2 ⋇ ...⋇Mn.

Let Ẑ1 be a (τ1, τ2)-IVN set in M, the strongest (τ1, τ2)-IVN relation on M, that is a (τ1, τ2)-IVN relation on
Ẑ1 is V̂ given by

max{Λ̂T
W ((ϑ, η), q∗), τ̂1} = min{Λ̂T

Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2},

max{Λ̂I
W ((ϑ, η), q∗), τ̂1} = min{Λ̂I

Z1
(ϑ, q∗), Λ̂I

Z1
(η, q∗), τ̂2},

min{Λ̂F
W ((ϑ, η), q∗), τ̂1} = max{Λ̂F

Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2}

for all ϑ, η ∈ M and q∗ ∈ Q1 ⊆ Z1.

Let Ẑ1 be a (τ1, τ2)-IVQ1NSBS of M and V̂ be the strongest (τ1, τ2)-IVN relation of M. Then Ẑ1 is a
(τ1, τ2)-IVQ1NSBS of M if and only if V̂ is a (τ1, τ2)-IVQ1NSBS of M⋇M.

Let (M1,⊼1,⊼2,⊼3) and (M2,⩞1,⩞2,⩞3) be any two bisemirings. The homomorphic image of (τ1, τ2)-
IVQ1NSBS of M1 is a (τ1, τ2)-IVQ1NSBS of M2.

Proof. Let Θ : M1 → M2 be any homomorphism. Then Θ(ϑ⊼1η, q
∗) = Θ(ϑ, q∗)⩞1Θ(η, q∗),Θ(ϑ⊼2η, q

∗) =

Θ(ϑ, q∗) ⩞2 Θ(η, q∗), and Θ(ϑ ⊼3 η, q∗) = Θ(ϑ, q∗) ⩞3 Θ(η, q∗) for all ϑ, η ∈ M1. Let V̂ = Θ(Ẑ1),
where Ẑ1 is any (τ1, τ2)-IVQ1NSBS of M1. Let Θ(ϑ, q∗),Θ(η, q∗) ∈ M2. Let (ϑ, q∗) ∈ Θ−1(Θ(ϑ, q∗))

and (η, q∗) ∈ Θ−1(Θ(η, q∗)) be such that Λ̂T
Z1
(ϑ, q∗) = sup

(π,q∗)∈Θ−1(Θ(ϑ,q∗))

{Λ̂T
Z1
(π, q∗)} and Λ̂T

Z1
(η, q∗) =

sup
(π,q∗)∈Θ−1(Θ(η,q∗))

{Λ̂T
Z1
(π, q∗)}. Now,

max
{
Λ̂T
W (Θ(ϑ, q∗) ⩞1 Θ(η, q∗)), τ̂1

}
= max

{
sup

(π′ ,q∗)∈Θ−1(Θ(ϑ,q∗)⩞1Θ(η,q∗))

{Λ̂T
Z1
(π

′
, q∗)}, τ̂1

}

= max

{
sup

(π′ ,q∗)∈Θ−1(Θ(ϑ⊼1η,q∗))

{Λ̂T
Z1
(π

′
, q∗)}, τ̂1

}
= max

{
Λ̂T
Z1
(ϑ ⊼1 η, q

∗), τ̂1

}
≥ min

{
Λ̂T
Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2

}
= min

{
Λ̂T
WΘ(ϑ, q∗), Λ̂T

WΘ(η, q∗), τ̂2

}
.
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Thus, max
{
Λ̂T
W (Θ(ϑ, q∗) ⩞1 Θ(η, q∗)), τ̂1

}
≥ min

{
Λ̂T
WΘ(ϑ, q∗), Λ̂T

WΘ(η, q∗), τ̂2

}
. Similarly,

max
{
Λ̂T
W (Θ(ϑ, q∗) ⩞2 Θ(η, q∗)), τ̂1

}
≥ min

{
Λ̂T
WΘ(ϑ, q∗), Λ̂T

WΘ(η, q∗), τ̂2

}
and

max
{
Λ̂T
W (Θ(ϑ, q∗) ⩞3 Θ(η, q∗)), τ̂1

}
≥ min

{
Λ̂T
WΘ(ϑ, q∗), Λ̂T

WΘ(η, q∗), τ̂2

}
.

Let Θ(ϑ, q∗),Θ(η, q∗) ∈ M2. Let (ϑ, q∗) ∈ Θ−1(Θ(ϑ, q∗)) and (η, q∗) ∈ Θ−1(Θ(η, q∗)) be such that
Λ̂I
Z1
(ϑ, q∗) = sup

(π,q∗)∈Θ−1(Θ(ϑ,q∗))

{Λ̂I
Z1
(π, q∗)} and Λ̂I

Z1
(η, q∗) = sup

(π,q∗)∈Θ−1(Θ(η,q∗))

{Λ̂I
Z1
(π, q∗)}. Now,

max
{
Λ̂I
W (Θ(ϑ, q∗) ⩞1 Θ(η, q∗)), τ̂1

}
= max

{
sup

(π′ ,q∗)∈Θ−1(Θ(ϑ,q∗)⩞1Θ(η,q∗))

{Λ̂I
Z1
(π

′
, q∗)}, τ̂1

}

= max

{
sup

(π′ ,q∗)∈Θ−1(Θ(ϑ⊼1η,q∗))

{Λ̂I
Z1
(π

′
, q∗)}, τ̂1

}
= max

{
Λ̂I
Z1
(ϑ ⊼1 η, q

∗), τ̂1

}
≥ min

{ Λ̂I
Z1
(ϑ, q∗) + Λ̂I

Z1
(η, q∗)

2
, τ̂2

}
= min

{ Λ̂I
WΘ(ϑ, q∗) + Λ̂I

WΘ(η, q∗)

2
, τ̂2

}
.

Thus, max
{
Λ̂I
W (Θ(ϑ, q∗) ⩞1 Θ(η, q∗)), τ̂1

}
≥ min

{
Λ̂I

WΘ(ϑ,q∗)+Λ̂I
WΘ(η,q∗)

2 , τ̂2

}
. Similarly,

max
{
Λ̂I
W (Θ(ϑ, q∗) ⩞2 Θ(η, q∗)), τ̂1

}
≥ min

{ Λ̂I
WΘ(ϑ, q∗) + Λ̂I

WΘ(η, q∗)

2
, τ̂2

}
and

max
{
Λ̂I
W (Θ(ϑ, q∗) ⩞3 Θ(η, q∗)), τ̂1

}
≥ min

{ Λ̂I
WΘ(ϑ, q∗) + Λ̂I

WΘ(η, q∗)

2
, τ̂2

}
.

Let (ϑ, q∗) ∈ Θ−1(Θ(ϑ, q∗)) and (η, q∗) ∈ Θ−1(Θ(η, q∗)) be such that
Λ̂F
Z1
(ϑ, q∗) = inf

(π,q∗)∈Θ−1(Θ(ϑ,q∗))
{Λ̂F

Z1
(π, q∗)} and Λ̂F

Z1
(η, q∗) = inf

(π,q∗)∈Θ−1(Θ(η,q∗))
{Λ̂F

Z1
(π, q∗)}. Now,

min
{
Λ̂F
W (Θ(ϑ, q∗) ⩞1 Θ(η, q∗)), τ̂1

}
= min

{
inf

(π′ ,q∗)∈Θ−1(Θ(ϑ,q∗)⩞1Θ(η,q∗))
{Λ̂F

Z1
(π

′
, q∗)}, τ̂1

}

= min

{
inf

(π′ ,q∗)∈Θ−1(Θ(ϑ⊼1η,q∗))
{Λ̂F

Z1
(π

′
, q∗)}, τ̂1

}
= min

{
Λ̂F
Z1
(ϑ ⊼1 η, q

∗), τ̂1

}
≤ max

{
Λ̂F
Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2

}
= max

{
Λ̂F
WΘ(ϑ, q∗), Λ̂F

WΘ(η, q∗), τ̂2

}
.

Thus, min
{
Λ̂F
W (Θ(ϑ, q∗) ⩞1 Θ(η, q∗)), τ̂1

}
≤ max

{
Λ̂F
WΘ(ϑ, q∗), Λ̂F

WΘ(η, q∗), τ̂2

}
. Similarly,

min
{
Λ̂F
W (Θ(ϑ, q∗) ⩞2 Θ(η, q∗)), τ̂1

}
≤ max

{
Λ̂F
WΘ(ϑ, q∗), Λ̂F

WΘ(η, q∗), τ̂2

}
and

min
{
Λ̂F
W (Θ(ϑ, q∗) ⩞3 Θ(η, q∗)), τ̂1

}
≤ max

{
Λ̂F
WΘ(ϑ, q∗), Λ̂F

WΘ(η, q∗), τ̂2

}
.

Hence V̂ is a (τ1, τ2)-IVQ1NSBS of M2.
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Let (M1,⊼1,⊼2,⊼3) and (M2,⩞1,⩞2,⩞3) be any two bisemirings. The homomorphic pre-image of (τ1, τ2)-
IVQ1NSBS of M2 is a (τ1, τ2)-IVQ1NSBS of M1.

Proof. Let Θ : M1 → M2 be any homomorphism. Then Θ(ϑ⊼1η, q
∗) = Θ(ϑ, q∗)⩞1Θ(η, q∗),Θ(ϑ⊼2η, q

∗) =

Θ(ϑ, q∗) ⩞2 Θ(η, q∗), and Θ(ϑ ⊼3 η, q
∗) = Θ(ϑ, q∗) ⩞3 Θ(η, q∗) for all ϑ, η ∈ M1. Let V̂ = Θ(Ẑ1), where

V̂ is any (τ1, τ2)-IVQ1NSBS of M2. Let ϑ, η ∈ M1. Then max{Λ̂T
Z1
(ϑ ⊼1 η, q

∗), τ̂1} = max{Λ̂T
W (Θ(ϑ ⊼1

η, q∗)), τ̂1} = max{Λ̂T
W (Θ(ϑ, q∗)⩞1Θ(η, q∗)), τ̂1} ≥ min{Λ̂T

WΘ(ϑ, q∗), Λ̂T
WΘ(η, q∗), τ̂2} = min{Λ̂T

Z1
(ϑ, q∗),

Λ̂T
Z1
(η, q∗), τ̂2}. Thus,

max{Λ̂T
Z1
(ϑ ⊼1 η, q

∗), τ̂1} ≥ min{Λ̂T
Z1
(ϑ, q∗), Λ̂T

Z1
(η, q∗), τ̂2}.

Now, max{Λ̂I
Z1
(ϑ ⊼1 η, q

∗), τ̂1} = max{Λ̂I
W (Θ(ϑ ⊼1 η, q

∗)), τ̂1} = max{Λ̂I
W (Θ(ϑ, q∗) ⩞1 Θ(η, q∗)), τ̂1} ≥

min{Λ̂I
WΘ(ϑ, q∗), Λ̂I

WΘ(η, q∗), τ̂2} = min{Λ̂I
Z1
(ϑ, q∗), Λ̂I

Z1
(η, q∗), τ̂2}. Thus,

max{Λ̂I
Z1
(ϑ ⊼1 η, q

∗), τ̂1} ≥ min{Λ̂I
Z1
(ϑ, q∗), Λ̂I

Z1
(η, q∗), τ̂2}.

Now, min{Λ̂F
Z1
(ϑ ⊼1 η, q

∗), τ̂1} = min{Λ̂F
W (Θ(ϑ ⊼1 η, q

∗)), τ̂1} = min{Λ̂F
W (Θ(ϑ, q∗) ⩞1 Θ(η, q∗)), τ̂1} ≤

max{Λ̂F
WΘ(ϑ, q∗), Λ̂F

WΘ(η, q∗), τ̂2} = max{Λ̂F
Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2}. Thus,

min{Λ̂F
Z1
(ϑ ⊼1 η, q

∗), τ̂1} ≤ max{Λ̂F
Z1
(ϑ, q∗), Λ̂F

Z1
(η, q∗), τ̂2}.

Hence Ẑ1 is a (τ1, τ2)-IVQ1NSBS of M1.

4 (τ1, τ2)-IVQ1NNSBS

An IVN set Ẑ1 of M is said to be a IVQ1NNSBS of M if


Λ̂T
Z1
(ϑ▽1 η, q

∗) = Λ̂T
Z1
(η ▽1 ϑ, q

∗)

Λ̂T
Z1
(ϑ▽2 η, q

∗) = Λ̂T
Z1
(η ▽2 ϑ, q

∗)

Λ̂T
Z1
(ϑ▽3 η, q

∗) = Λ̂T
Z1
(η ▽3 ϑ, q

∗)





Λ̂I
Z1
(ϑ▽1 η, q

∗) = Λ̂I
Z1
(η ▽1 ϑ, q

∗)

OR

Λ̂I
Z1
(ϑ▽2 η, q

∗) = Λ̂I
Z1
(η ▽2 ϑ, q

∗)

OR

Λ̂I
Z1
(ϑ▽3 η, q

∗) = Λ̂I
Z1
(η ▽3 ϑ, q

∗)



Λ̂F
Z1
(ϑ▽1 η, q

∗) = Λ̂F
Z1
(η ▽1 ϑ, q

∗)

Λ̂F
Z1
(ϑ▽2 η, q

∗) = Λ̂F
Z1
(η ▽2 ϑ, q

∗)

Λ̂F
Z1
(ϑ▽3 η, q

∗) = Λ̂F
Z1
(η ▽3 ϑ, q

∗)


for all ϑ, η ∈ M and q∗ ∈ Q1 ⊆ Z1.

(1) The intersection of a family of IVQ1NNSBSs of M is a IVQ1NNSBS of M.

(2) The intersection of a family of (τ1, τ2)-IVQ1NNSBSs of M is a (τ1, τ2)-IVQ1NNSBS of M.

(1) If Ẑ1, Ẑ2, ..., Ẑn are IVQ1NNSBSs of M1,M2, ...,Mn respectively, then Ẑ1 ⋇ Z2 ⋇ ... ⋇ Zn is a
IVQ1NNSBS of M1 ⋇M2 ⋇ ...⋇Mn.

(2) If Ẑ1, Ẑ2, ..., Ẑn are (τ1, τ2)-IVQ1NNSBSs of M1,M2, ...,Mn respectively, then Ẑ1 ⋇Z2 ⋇ ...⋇Zn is
a (τ1, τ2)-IVQ1NNSBS of M1 ⋇M2 ⋇ ...⋇Mn.
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(1) Let Ẑ1 be any IVQ1NNSBS of M and V̂ be the strongest IVN relation of M. Then Ẑ1 is a IVQ1NNSBS
of M if and only if V̂ is a IVQ1NNSBS of M⋇M.

(2) Let Ẑ1 be any (τ1, τ2)-IVQ1NNSBS of M and V̂ be the strongest (τ1, τ2)-IVN relation of M. Then Ẑ1

is a (τ1, τ2)-IVQ1NNSBS of M if and only if V̂ is a (τ1, τ2)-IVQ1NNSBS of M⋇M.

Let (M1,⊼1,⊼2,⊼3) and (M2,⩞1,⩞2,⩞3) be any two bisemirings.

(1) The homomorphic image of IVQ1NNSBS of M1 is a IVQ1NNSBS of M2.

(2) The homomorphic image of (τ1, τ2)-IVQ1NNSBS of M1 is a (τ1, τ2)-IVQ1NNSBS of M2.

Let (M1,⊼1,⊼2,⊼3) and (M2,⩞1,⩞2,⩞3) be any two bisemirings.

(1) The homomorphic pre-image of IVQ1NNSBS of M2 is a IVQ1NNSBS of M1.

(2) The homomorphic pre-image of (τ1, τ2)-IVQ1NNSBS of M2 is a (τ1, τ2)-IVQ1NNSBS of M1.

5 Conclusion

We created the theories behind level sets of a (τ1, τ2)-IVQ1NSBS, a (τ1, τ2)-IVQ1NNSBS, and a (τ1, τ2)-
IVQ1NSBS. For(τ1, τ2)-IVQ1NSBS and (τ1, τ2)-IVQ1NNSBS of bisemiring. The main goal of this study
is to convert (τ1, τ2)-fuzzy SBS of SBS to (τ1, τ2)-interval valued neutrosophic SBS of SBS. We should thus
consider the applications of (τ1, τ2)-cubic SBS and (τ1, τ2)-interval valued soft neutrosophic SBS in the future.
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