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Abstract

This work is dedicated to study the equation of Schrodinger-Hermite on some well-known spaces as
L,(R™) by using Hermite operator H = —A + |x|?.
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1.Introduction
Schrodinger equation was defined for physical purposes as follows:

Ou A
la—— u
u(x,0) = f(x)

This equation was studied by many researchers [1,4,8]. Many works and results have been proved.

The function u = u(x, t) is defined an R™ x [0, o[, where A= 2?216?% denotes to Laplace operator.
l i u_ Hu
In [5,11,12], we find many results about Schrodinger-Hermite equation { ot .
u(x,0) = f(x)

The problem is to find u = u(x, t) which is defined on R™ x R, where H = —A + |x|?.
In this work, we try to give some novel results in this direction .

Main Discussion

Definition 1:

Hermite polynomial is defined as follow:

dk
Hy(t) = (_1)ketzﬁ(€_t2) ;k=01,.. ,tER

Definition 2:
We define Hermite orthogonal functions on R as follows:

-1 2
h,(t) = (zk.k!.ﬁ)Te‘%-”k(t) ;k=01,.. ,teR

Definition 3:

For t € R we put:

e”itH £ =y e itC@lal+n) (£ p Vh i f € L,(R™) where A, = 2|a| + n.

Theorem 4:

The operator e =" is unitary in L, (R™).

proof.

Forany f € L,(R™), we have:

e~ quny = D e E PRI = D UF B = 1FI, o
a a

So that D(e™®H) = L,(R™).
On the other hand, the inverse operator has the form:
(e—itH)—l — eitH:D(e—itH) N D(eitH) — LZ(Rn)
;but e"HeH = [ (the identity map), thus R(e %) = L,(R™).
Result 5:
The equation e ™# f = g has one solution f = et g = ¥, e!@lal+™t (5 b Vh, € L,(R™).
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On the other hand, for any complex number A # e~SiGlal*Mt then e~itH f — 3 f = ghas one solution in
L,(R™):

. -1
f=Xa(e7 ™ —2) " (g, ho)h,.
Theorem 6:
a(e—itH) — _iHe—itH
Proof.
F] ( —itH) i e—i(t+y)H _ e—itH
—\e = lim
ot -0
For f € D(e ") = L,(R™), we have:

||§[e—i(t+y)la _ e—itHf] + iHe—itHf

2

L(R™)
2

1 . . .
Z ; [e—l(t+y)la _ e‘l”‘a](f, hy)h, + iz Aae—ltAaOc, hy)hy
a

a
2

1 . . .
= HZ (; [e—l(t+y)la _ e—lt/la] + Mae—ztaa> (f, ha>ha
a

2

{f, hahe|?

_ Z E[e—i(ny)aa — e7itha] 4 iAgeitha
a

Now, we write:
2

1 . . . » R » . a2
SUP, |;[e—l(t+y)/1a — e—ztaa] + llae itAy ||f||2L2(Rn)y—>0—>Supa|(e Ltlu) + llae mla| ”f”LZ(R") =0

Theorem 7:
P &=
For f € L,(R™), the equation { ot
u(x,0) = f(x)

Hu .
has one solution.

On the other hand, for t € R:
lullz,zny = If I, zmy

Proof.
Consider u(x, t) = e~ f(x), then:
(;_1; — %(e—itHf) — _iHe—itHf
Hence i‘;—l: = He 1 f = fu.
Now, for fi, f, € L,(R™) with u, (x, t), u,(x, t) as the corresponding solutions, then we get:
llug C, 8) — ug (x, Ol &my = ”e_im(ﬁ - fZ)”Lz(Rn) = lfi — f2ll, &™)
Definition 8:
For a complex number z, with Re(z) = 0:

e7tH — Z e ?a(f h,)h, ; f € L,(R™)

a
Remark:e~? is a linear-bounded operator.
Ju

Remark: The equation { at —zHu has only one solution for any f € L,(R™) with the formula
u(x,0) = f(x)

u(x,t) = e 2?1 f(x).

Remark: The operator et is integral with k(x,y) as a kernel.

Theorem:

Forz=r+it;r>0and0 < |t] < m.

e—TLT
lk, (e, V)| < —=
|sin2t|z
Proof.
Consider w = e =20+ then:
1 — w? = 2e~20+i) gp(2r)
So that.
sh(2z) = cos(2t)sh(2r) + i sin(2t)ch(2r)
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And.
|sh(2z)| = |sin(2t)ch(2r)|
Thus.
-n e—TLT
[sh(2z)|2 < =
|sin2t|z
For w = e =2+t the kernel can be written as follows:
-n . -n -1 1+ W2 w
k,(x,y) =n2e 20+ (1 —w?)2 .exp [7 S (Ix1* + |y + T % y]

On the other hand, we have:

1 2 2
x.y cos2t. |x.y| < E(le + [y1%)

<1 +w2> 1—e 9"
Re

1—w2) 1+ e —2e- cosat
Hence:
-1 _ — —
R ZL IEW 2w _ (e —zer - e n)) (P + Iy
—. + + | <
12 1wzt Y T—w2 XY 1+ e~ 9" — 24" cos4t

= (x? +1y1H(A —e™r)

1+ e 8" — 2e~4" cos4t

[1 _ e—2‘r]2

This implies that:

-1 1+w? 5 w
Re[T.l_WZ(IxI + |yl )+1_W2 x.y| <0
Thus.
-1 14 w? 5 5 2w
exp[7.1_wz(|x| + |y| )+1_W2 x.y]sl
Remark:

Now, we can solve Schrodinger-Hermite equation as follows:
du
iEzHu;uzu(x.t),xER",0<tS7r
u(x,0) =e f(x); f € L,(R")
The solution is:

Uy G, £) = e (e () = ze—(r+it)(2|a|+n) (f hohe

If we put z = r + it, then we get:

U (x £) = f ky o f () dy
RTL

Conclusion

In this paper we have studied the Schrodinger — Hermite equation over the space L,(R™), where we have
presented some novel results about this equation by using Hermite operators.

As a future research direction, we aim to study more differential equations that have applications in
theoretical physics.
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