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Abstract

We introduce logarithmic summability in Neutrosophic Normed Spaces [NNS] and give some
Taubarian conditions for which logarithmic summability yields convergence in NNS. Besides we
define the concept of slow oscillation with respect to logarithmic summability in NNS, Investigate
its relation with the concept of g-boundedness and give Taubarian theorems by means of g-
boundedness and slow oscillation with respect to logarithmic summability. A comparison theorem
between CesaroSummability method and logarithmic summability method in NNS is also proved in
the paper.
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1. Introduction

Fuzzy Sets (FSs) put forward by Zadeh [19] has influenced deeply all the scientific fields since the
publication of the paper. It is seen that this concept, which is very important for real-life situations,
had not enough solution to some problems in time. New quests for such problems have been coming
up. Atanassov [1] initiated Intuitionistic fuzzy sets (IFSs) for such cases.

Recently Talo and Yavuz [17] introduced CesaroSummability of sequences in Intuitionistic fuzzy
normed set and gave Taubarian theorems for CesaroSummability theory and Taubarian theory
Intuitionistic fuzzy normed spaces. In their study they also defined the concept of slow oscillation
in intuitionistic fuzzy normed spaces and gave related theorems. Fuzzy metric spaces only deal with
membership functions. An intuitionistic fuzzy metric space was established by Park [10] that is used
to deal with both membership and nonmembership functions. Neutrosophic Set (NS) is a new
version of the idea of the classical set which is defined by Smarandache [14], Kirisci and Simsek
[15] introduced the notion of neutrosophic metric spaces that is used to deal with membership, non-
membership, and naturalness. Sowndrarajan et al. [16] proved some fixed-point results in the setting
of neutrosophic metric spaces. In 2022, Jeyaraman, Ramachandran and Shakila [3] proved
Approximate Fixed Point Theorems for Weak Contractions on NNS.

We define the notion of slow oscillation with respect to logarithmic summability in NNS and give
slowly oscillating type Tauberian conditions for which logarithmic summability yields convergence
in NNS. Besides we compare Cesarosummabiltiy and logarithmic summability in NNS. Before
continuing with main results, we now give some preliminaries.
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2. Preliminaries

Definition 2.1:
The (N, 1, v, w) is said to be an NNS if N is a real vector space, and y, v, w are fuzzy sets on N X R
satisfying the following conditions for every u.w and t,s € R.

a) 0<su(w,t)<1;, 0<svu,t)<1; 0<v(ut)<1;

b) u(w,t)+ vy, t) + w(u,t) <3,

c) uu,t)=0 for t <0,

d puw,t)=1forallt e R*if and onlyif u=0,

e) uleu,t) = u(u, %) forallt € RT and ¢ # 0,

f) u@+w,t+s)=min{u(y,t), p(w,s)},

g) lim,,,u(u,t) =1and lim.opu(u,t) =0,

h) v(u,t) =0 for t<0,

i) v(u,t)=1forallt e RYif and only if u =0,
i) vieu,t) =v (u,ﬁ) forallt e RY and ¢ # 0,

Ky viu+w,t+s) <max{v(u,t),viw,s)},

) limi,ev(u,t) =1and lim,,v(u,t) =0,

m) w(wt)=0 for t<0,

n w(u,t)=1forallt € RYif and only if u =0,
0) w(cu,t) =w (u,ﬁ) forallt € Rt and ¢ # 0,

p) wu+w,t+s)<max{w(,t), o(w,s)},
q) lim_ e, w(y,t) =1and lim,,w(u,t) =0,
We call (u, v, w)an Neutrosophic Norm on N.

Example 2.2:

Let (N, ||-[))be a normed space g, vy, wo and N X R be F-sets on defined by
0 t<o0 0 t<o0

Ho(u, t) = { t t> 0} , volu,t) = { llull £> O}and

£+ ||| e+ llull

0 t<o0

wo(u, t) = {M . 0}. Then (pg, Vo, wg) 1S NN on N.
t

Definition 2.3:

A sequence (u,) in (N, v,w) is said to be convergent to a € N and denoted by u,, — a if for
every € > 0 and t > 0 there exists ngy € Nsuch that p(u, —a,t) >1—¢, v(u, —a,t) < € and
w(u, —a,t) <e,foralln = n,.

Definition 2.4:

A sequence (u,)in (N, 1, v, w)is said to be Cauchy if for every € > 0 and t >0, there exists n, € N
such that p(u, — u, t) > 1 —¢,v(u, —u, t) < eand

w(u, — uy, t) < gforalln, k = n,.

Every convergent sequence is Cauchy in NNS.

Definition 2.5:
A sequence (u,) in (N,u,v,w)is called g-bounded if lim;_ inf,ey n(uy,, 1) =1,
lim;_, e SUpPLeny vV(u,, 1) = 0 and

lim sup w(u,, 1) = 0.
t-® peN

3. Main results:
Now, we introduce logarithmic summability in NNS and prove corresponding Tauberian theorems.

Definition 3.1:

Let sequence (u,) be in (N,uwv,w). Logarithmic mean 7, of (w,) is defined by
Tp =fi 221% and ¢, = Z£=1% .(u,) is said to be logarithmic summable to a € N if
lim,_, 7, = a.

Following theorem shows that convergence yields logarithmic summability in NNS.
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Theorem 3.2:

Let sequence (u,) be in (N,w,v,w). If (w,) is convergent to a € N, then (u,) is logarithmic
summable to a.

Proof:

Let sequence (u,) convergetoa € N.Fixt > 0. For ¢ >0

e  There exists n, € N such that u(u, —a,t) >1—¢,v(u, —a,t) < eand

w(u, —a,t) <eg for n=n,.

o There exists n; €N such that H( Z‘;lu"“‘,ﬂ) >1—¢ , v( Lo ke M) < eand

X 5 ko2
_a tnt i
( no Uk-a n)<g' for n > n,. Since, we have

k=1"p " 2
< ¢ = ¢
. Ug—q nt . Ug—q nt
lim , =1,limv ,— | =0 and
n—oo K k 2 n-co k 2
k=1 k=1
Mo {
U t
lim w Z k a,i =0
n—oo 2
k=1

k 2 k 2
k=1 =ngp+1
o
u,—a €yt (un0+1 —-a t )
n el PR U ’ ’
> min ] k 2 ng+1 2(nyg+1)
u,—a t)
\ ’ ( n '2n )
n
I( : u,—a €.t ( t \I
H v U Ung+1 — @, )
—min{ k=1 k 2 2 }>1—£,
t
k ,...u(un—a,%) J
1vu 1 nuk—a nuk—a
k
R ——qa,t | = —_ ,t = ,'g t
V(fn k¢ ) V(fnz k ) V(Z k ")
k=1 k=1 k=1
o n
< Zuk—a ‘.t Z U, —a .t
<max{v Pt A P
k=1 k=ng+1
no n
< u,—a f,t Z u —a (£ —py)t
< max{v Pt I P >
k=1 k=ng+1
o
uk —a ’gnt u'Tl0+1 —a t
v kK 2 ’V< +1 2 +1>’
< max = Mo (no +1)
U, —a t)
k ,..v( n ’'2n )
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n n n
1 Uy, 1zuk—at _ Zuk_aft
bl )TN, K )T on

u,—a ¥,t (un0+1—a t >\|
N +1 2o+ 1) ¥

L <un—a t) J
L) Gt
= max ) <e. .

t
) (un - a,5)

Whenever n > max{n,, n,}, which completes the proof.
Logarithmic summability does not imply convergence in NNS by the next example.

Example 3.3:

Take (u,) = ((=1™) in NNS (R, g, vy, wo) Where o, v, and w, are as in Example (2.2).
Sequence (u,)is logarithmic summable to 0 in view of theorem (3.13), but it is not convergent.
We now give some Tauberian condition for which logarithmic summability yields convergence in
NNS.

Theorem 3.4:
Let sequence (u,) bein (N, p,v, ®). If (u,) is logarithmic summable to a € N, then it converges
to ‘a’ if and only if for each t > 0

A _
SUpps1 limy oo (i[ %_fn A G ) t) =1, (3.4.1)
. . 1 "4 fug-uy
lnf}\>1 hmn—>oo A% [[ A]_fn Zk=n+1 (T) ) t)= O; (342)
. 1 [nl] Ug—Up _
il’lf)t>1 hmn—wo w ({’[nl]—{’n k=n+1 ( k )’ t) =0. (343)
Proof:

Necessity. Let (u,) convergetoa. Forall A > 1 and large enough n, that is when
[n*] > n,we can write

[ nt Ug—Un

Since (z,,) is Cauchy, for each t > 0 we have

lim,,_, 0 H(T[nl] - Ty t) =1,lim,_, Vv (T[nA] — Th, t) = Oand
lim,,_,0 @ (T[nl] - Tn, t) =0.

] _ 2

< == s satisfied, we have
f[nA]—{’n A-1

12 / t \ t
”(f’[na] —, (- T")'t> - kfwl I ) Z | Tt ~ T | L

p— -1
[»*]

Hence, for sufficiently large n such that
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: (
[n"] -
(W (T[nl] - Tn) ) t) =V |\T[n/1] —
<v <T[nA]
A /
("]
? (f’[nﬂ] —, (1 = %) ) I\
<w (T[nz] - ‘rn,i> - 0.(n — )
,1_

i

e[ ]e"

A

™ g=n+1

Revealing that

_un

lim p
n—-oo

O] = n

=1,

‘L'n,

(T[nz] rn) — 0.S0, by equation (3.4.3). We conclude

. 1 "4 fug-up _
lim, v (e[ A]—fn Kent1 (RT),t> =0 and

[n*]
lim w Z
e\ A~ o B

=0.

Which means that (3.4.1), (3.4.2) and (3.4.3) are satisfied.
Sufficiency. Let condition (3.4.1), (3.4.2) and (3.4.3) be satisfied.

Let ¢ > 0 be fixed. For £ > 0 we have:

e Thereexist A >1 and n, € N such that Ll(g[ } 7
‘I'Ll -

i Ug—up t
l[<n=r1+1( > ) §><£andw<

’ ("[na}""

forn > n,.

e There existn, € N such that (rn
co(‘rn - E) <eg, forn>n,.

e Thereexistn, € N such that (

ha(222)) > 10

1 [n4] (uk—un) t
e - ) . < 87
f[nll—fn k=n+1 k 3

t
a,§)>1—s,v(‘[n—

t
a,g) <e¢& and

a2 ¢ ) .
1 (f[ng]—]f’n (T[na] - Tn) ,§> < & andw (f[ng]—]fn (T[n/l] - Tn) ,§> <E€.

i

{’[nl]—{’n
Hence, by equation (3.4.4), we get

For n > n,, since

() =~ ) = 0.

- (*’[nal—fn (T["l] - T") e [nl]_fn 1[<n=lr1+1 (%) T, t)

Hrp —at) = plu, -t + 7 — a,t)
)
]
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£
[n}“] t
H (f[nA]—{’n (T[nl] - Tn) ! g) !
> min< 1 " fug-up) ¢ >1-—g,
u(qn)‘]_#n k=n+1 ( kk )’5)’

(e

vit, —a,t) =v(u, -1, + T, —a,t)

o (s (=) - B (222 4 7 )
(e[n:i]en (7puty = ) é) :

< max 1 v( 1 l[(n:lr]lJr1 (ukl—{un)'§>' <& and

t
v (Tn - a,g)

w(Tn - a,t) = w(un — T+ T, — a,t)
(1

— [n)L] 1 [n%] T

—w ({’[nl]—t’n (T[nl] - Tn) - g[na]_[n k=n+1( Kk~ ) +1,—a, t)
1
) t

’ (”w]-fn (v = 2) )
< max < 1 ] fueuny ) § <€
v <*[nﬂrf’n T (%5 )

t
w (Tn - a,g)

Forn > max{no, nyin, } which completes the proof.

Theorem 3.5:
Let sequence (u,) bein (N, yu, v, ®). If (u,) is logarithmic summable to a € N, then it converges
to aifand only if foreach t > 0

ot Sl (5 ““)'t> -

: = Ukg—Up _
11'1f0<}L<1 hmn—»oo\) n {,[ ]Zk [nl]+1( % ).t> =0 and

SUPo<a<1 limn—»oo [ (f —?

n

lim w # (uk;un),t =0.

oir/%£1 e\ I k=[nA]+1

Proof:
The proof is done similarly to that of theorem (3.4) by using equation

f[nl] ug—u
Up — Ty = {JW,TM(TTL - T[nal) [n_{,[ ]Zk [nl]+1( - “) (0 < 2 < 1)instead of (3.4.3)

Now, we introduce the concept of slow oscillation with respect to logarithmic summability in NNS.

Definition 3.6:
Let (u,) in(N, 1, v, ®) is said to be slowly oscillating with respect to logarithmic summability if
SUPg<i<t liminfy,_ Min,, <[] ulu, —u,, t) =1, (3.6.1)
infycj<q liminf,,, min_ v(u, —u,t) =0, (3.6.2)
n<ks[nt]
infycjq liminf,, min_w(u; —u,t) =0, (3.6.3)
n<k<[nl]
foreach t >0 .” P » n (3.6.1), inf in (3.6.2) and “ inf in (3.6.3) can be replaced by
/1 >1 A>1 A>1
lim .
A1t
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A sequence (u,,) in (N, u, v, ®) is slowly oscillating with respect to logarithmic summability if for
each &> 0and t > Othere exists ny € N such that p(u, —u,t) >1—¢ v(ugy —u,t) >
€ and w(uy —u, t) <& wheneverng <n <k < [n’l].

Theorem 3.7:
Let sequence (u,) be in (N, p, v, ®). For t > 0, condition (3.6.1), (3.6.2) and (3.6.3) are
equivalent to

SUPg<icy liminf, o MiN 2] <en u(u, —uy, t) =1,

(3.7.1)
infy.j<q liminf,_,, min v(u, —u,,t) =0, (3.7.2)
[n4]<ksn
infycj<q liminf, ., min w(u, —u,t) =0, (3.7.3)
[nl]<ksn
. » Sup » . « lnf » o 33 lnf ” o
respectively 0<il<i in (3.7.1), 0<i<q b (3.7.2) and 0<i<1 in (3.7.3) can be

replaced by ” 1 l—i>ml—"'

Example 3.8:
Consider NNS (R, o, vo, wg), Where g, vy and w, are as in Example (2.2).

Uy, =21 ﬁis slowly oscillating with respect to logarithmic summability by the calculations
below:

te
Fixt>0. For &> 0take 1 =ei-s. Thenfor n, <n <k < [n*], we have
t

Ho (U — Uy, t) = > =1-—g¢
" t+ lue —unl ~ o4 5
1-¢
| | te
Uy — U 1-e
Vo(Uyg — Up, t) = r =t _=¢ and
t+ |lup — uyl t 4+ —
1-¢
| | te
U — U 1-e
wo(Uy — Uy, t) =fn<1t—£=s.
. _on 1 k du (Ink) _ te
- =y — < e =
Since |uy — uy| Jens1 777 < o< —)<Ind=_—.
Theorem 3.9:

Let sequence (u,) be in (N, p, v, o). If (u,) is slowly oscillating with respect to logarithmic
summability then (3.4.1), (3.4.2) and (3.4.3) are satisfied.
Proof:
A sequence (u,) in (N,u, v, ®) is slowly oscillating with respect to logarithmic summability. Fix
t > 0.For & > 0 there exists A > 1 and n, € N such that
ulug — Uy, t) > 1 —¢, v(ug —uy t) > ¢, w(u, — uy t) < & when ever

np<n<k<[nt

[n*] [*]
I e B R N e NS
[n ] nk:n+1 k=n+1

2 minfp (et (WL )
= min {u(un+1 — Uy, t), ., 1 (u[nz] —u,, t)}

>1- ¢,
1 [n*] [n*]
Ux — Up _ Uy — Up
Y\ e — £ ( k )'t - Z ( k )'(f[nl]_f")t
[n?] k=n+1 k=n+1
Ur._a1—Un
dms—tn W]
Smax{v (T,m),...,v< [nl] 'W>}
= min {v(un+1 —uy,t),.,V (u[nz] —uy, t)}
< eand
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[n*]
@ {,M _ZH ““ - w k:ZnH (uk - u“),(e[na] — o)t

Ur_a1—Un
Up41—Up t [n ] t
< max {(U (T,m), e, @ (W,m)}
= min {w(un+1 —uy,t), ., w (u[na] —uy,, t)}
< eFor nz=n,.
In view of Theorem (3.4) and Theorem (3.9) we give the following Tauberian theorem.

Theorem 3.10:
Let sequence (u,) be in (N, u, v, ®). If (u,) is logarithmic summable to a € N and slowly
oscillating with respect to logarithmic summability, then (u,,) converges to a.

Theorem 3.11:
Let sequence (u,) bein (N, u, v, ®). If {nInn(u, —u,_,)} is g-bounded then (u,) is slowly
oscillating with respect to logarithmic summability.

Proof:
Let {nInn(u, —u,_,)} is g-bounded. In view of Definition (2.5), for given & > 0 there exist
M, > 0 such that t > M, = inf,ey u(n InnCu, —u,_4),t) > 1 —¢,

Sup\)(n Inn(u, —u,_4),t) <& and supw(nInn(u, —u,_,),t) <e.
nenN neN
For every t > 0, choose A < 1+ Mi thenn, < n < k < [n*] we have

k
t
u(uy = up, ) = Z (4 —u-r)t |2 min p <(“i = Ua), j(Pr — en)>

j=n+1
_ I tinj S I tinn
_nﬂlﬁlk“(’ nj(yy = uy-), tx —fn)> nf?lflk”(’ nj(u = uj-1), (b — ¢ ))
t t
R (TR )_— = 000 0)52)
Inn
> inf, ey u(n In n(un —u,_ 1) ) >1-
(e = Z (4 - o)t | < (4= )y
v(ug —upy, t) =v Ui —u_q),t]< max v|(u—u_,),———
o j=n+1 S ntisjsk T — )
tinj tinn
_nf}i‘,’ik"(’ In](u] uj_l) =t _nm%}ikv(] In](u] uj_ 1) W)
t
< v 1miCn - e )< e v (i - o) 7 =5)
Inn
< supneNv(n Inn(u, —uy_q), - 1) < gand
t
w(ug —up,t) = w Z (u] uj_ 1) t <n£r}§]>ikw - uj- 1) =2
j=n+1 ] n
tlnj tlnn
‘nir}i‘fik‘”(’ Inj(uy = wy-s), (b — 2 )) nir%‘i‘fik‘”o Inj(u; = uj-0), (e — ¢ ))
< 1 t < I t
< max o iy —uo) g | < max o (i - w) )

Inn
< SUppey W (n Inn(u, — un_l),rtl) <e.
Hence, (u,) is slowly oscillating with respect to logarithmic summability.
By theorem (3.10) and theorem (3.11), we conclude following Tauberian theorem.
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Theorem 3.12:

Let sequence (u,) bein (N, u, v, ). If (u,) is logarithmic summabletoa € N and {nInn(u, —
u,_;)} is g-bounded then (u,) converges to a.

Now, we prove a comparison theorem.

Theorem 3.13:
Let sequence (u,) be in (N, u, v, o). If (u,) is Cesarosummable to a € N, then (u,) is
logarithmic summable to a.

Proof:
Let (u,) be Cesaro summableto a € N.

Then, Cesaro means a,, = %Zﬁ:l u; converges to a and %ZE:l
n

Theorem (3.2) with the agreement ¢, = 0. Fixt > 0.Fore > 0

e Thereexistny, € N such that u (O'n —a, g) >1-—¢, V(O'n -a, %) <¢ and

m(an—a,g) <g, forn>n,

e Thereexistn; € N such that u(fi 1 ”’:1 g) >1-—g¢,
n

1gn k-1 n  Ok-1 t
V(Z k=1"p — )<sandw( k=1 —a,;)<s.Whenever n>ng.

e Thereexist n, € N such that H( (#"Z—m) >1—¢, v (a@) < g and
v (a @) < &. Whenever n > ny, since lim,,_,q, it (a @) =1, lim,,V (a ([”2;1”) = Oand
(En—Dt\ _

2 ) =0.

lim,,_,0 @ (a
Then, we have
On
Wz, —a,t) —u( to Zk 17— q, )

t
= min (22 0 (2 Bt %0 )
2 min{u (0 57). (G Bha "t - a3))

= minfuo ) n(a 520 (50 - )
>1-—g, "

_ =y Lyn Tk )
vtn—a,t) = v (P4 T T e
t 1 _ t
Smax{v(a—",—), v(— n 1—a,—)}
o’ 2 fn k 2
nt 1 t
< max{v (o2, v (-2 "2 - 0 g)}
t (bp—1)t 1 on Ok t
Smax{v(a —a,—),v(a ),v(— —a,—)}
n 2 2 enz" 1k 2
<e and
a,t) = ( to Zk 1 k ')
1 - t
e T
2n k 2
t
< maxfo (0, 2), o (L3 % - 0))

La—1)t 1 _ t
< max a)( ) a)(a(" )),w(— };zlgkl—a,—)}
2 ‘n K 2

<E&.

o(t, —

Whenever n > max{no, nin, } which completes the proof.

Example 3.14:
Consider sequence (u,) = ((—1)™) in NNS (R, yo, Vo, wg), Where pg, vy and w, are as in
Example (2.2). Then, since

1 t
lim po(Typ41,t) = lim yg (——, > =lim ———— =1,
n-—-oo n-co €2n+1 nowy 4 |_ 7
2n+1
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| 1
f2n+1
1

1
lim vy (Ton41,t) = lim v, (——, t) = lim =0 and
n-o n-o €2n+1

e
|_ 1

. fon+1
,t) = hmT=0.

n—-oo

fon+1

llm (1)0 (T2n+1t) = llm (1)0 <_
n-oo n—-oo

We have 7,,,41; = 0 and since,

2n+1

. 7 i —t
Jim po(gzn, £) = lim 1o (0, ) = lim -——5=1,

0
lim vy (05, t) = lim v4(0,t) = lim —— = 0 and
n—oo n—oo n-oo t + O

0
lim wq (05, t) = lim wy(0,t) = lim — = 0.
n—-oo n—-oo n

—oo t
We have a,, — 0, which implies that lim,,_,,,t,, = 0.
So, (uy)is logarithmic summable to 0. But sequence (u,,)is not Cesaro summable.
We note that converse of Theorem (3.13) is true under the condition Inn(t,, — a) — 0, which can be
seen by the following:

w(rt, —a,t) =p ({’n(‘rn —a)— %ZZ;} (T — a), t)
2 min{u (€a(tn — @),5), 1 (i} (e — @), )} 1asn - oo,
v(t, = a,t) = v (£u(z, — @) — 2N 4 (z — @) t)
< max {v ({’n(Tn - a),%),v (% itk —a) g)} - lasn — oo,
o(t, —a,t) =w ({’n(‘rn —a)— %ZZ;} (T — a), t)

< max {a) ({’n(‘rn - a),g),w (% (e —a) ,2)} - lasn — oo,
By Theorem (3.13) and Example (3.14), we see that logarithmic summability method is stronger
than Cesarosummability method in summing up sequences in NNS.
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