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Abstract

In this research paper, a new two classes of sets called fuzzy neutrosophic generalized A-closed sets and fuzzy
neutrosophic generalized C-Closed sets in fuzzy neutrosophic topology are introduced and some of their properties
have been investigated. We give some theorems, propositions and some necessary examples related to presented
definitions. Then, we discuss the relations among the new defined sets.
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1.Introduction

In 1965, L. Zadeh [1] was introducing the significant theory on fuzzy sets "FSs" where the membership of any
object having by the a unit interval [0,1]. Then, in 1986 K. Atanassov [2-4] generalization of the term of "FSs" and
introduced the concept of intuitionstic fuzzy sets "IFSs" whose the elements had the non-membership values in
addition to the membership ones with the same unit interval [0,1]. Later, in 1995 F. Smarsndache [5,6] introduced
neutrosophic logic , regarded as new logic differs from the last two logics (fuzzy logic and intuitionistic fuzzy logic)
and called it, neutrosophic theory "NSs", then in 2012, A.Salama et.al. [7] studied the term of neutrosophic
topological spae"NTS". As generalization of "NTS" and exactly before five years ago in 2017, Y.Veereswari [8]
gave an introduction of fuzzy neutrosophic topological spaces "FNTSs".

In this studied paper, some new classes of sets called, generalized A-closed and generalized C-closed sets via fuzzy
neutrosophic topological spaces were introduce and study as generalization of F. Mohammed [ 9-12], and T.M.
Nour et al. [13-16]. Finally, we discussed some relationships between them and we comparative them with the other
sets.

2. Preliminaries

Definition 2.1[8] "Let X be any non-empty fixed set. The fuzzy neutrosophic set (FNS, for short), Ary is an object
define as the form gy ={<X, e~ (X), oren (X), Vaen (X) >:XeX} where the functions wen, Gien, Vaen : X — [0, 1]
denote the degree of membership function (namely w,en(X)), also the degree of indeterminacy function (namely ey
(X)) and the degree of non-membership (namely v;gn (X ) ) respectively of each element xe X to the set Agy and 0
Sen (X) + oen (X) + vapn (X) < 3, for each xeX."
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Remark 2.2 [8] FNS Ay = {< X, ten (X), 0aen (X), Vipn (X)>: X € X} can be identified to an ordered triple <x, g,
OaN s Varn > 10 [0, 1] on X.

Definition 2.3 [8] "Let X be a non-empty set and the FNSs Ay and Bey be in the form:
Aen = {<X, tarn (X), oaen (X), vien (X)>: X € X} and

Ben = {<X, uprn (X), open (X), vgen (X)>: X EX} on X.

Then,
i Men E BFN iff [7BNoN (X) < U pEN (X), O)\FN (X) < OpFN (X) and V)\FEN (X) > VBEN (X) forall x € X,
ii. Aen = Ben i Aeny S Ben and Ben S Aen,
ii. (en)® = Len-hen = {<X, vaen (X), 1= 0up (X), taen (X)>1 X € X3,
iv. Aen U Ben = {<X, Max(pen (X), pgen (X)), MaxX(oaen (X), open (X)), Min (vigex (X), veen (X)) >1 X € X},
V. Aen N Ben = {<x, Min( ppx (X), ppen (X)), Min(asen (X), agen (X)), Max(vies (X), veen (X)) >1 X € X},
Vi. OFN = <X, O, 0, 1> and 1FN = <X, 1, 1, 0>."

Proposition 2.4 [13] ""Let Ary and Bey are FNSs in X. Then,

I 1en-(hen U Ben) = (Len —2en) N (Ten —Ben),
ii. Ien- (en N Ben) = (LenAen) U (Len-Pen),
ii. AenE Ben S 1en-BrenE (Len2en ),

iv. Ien- (LenAen) = Aens

V. (Len-1en) = Opn and (Len-Orn) = 1en”

Definition 2.5 [8]"Fuzzy neutrosophic topology (FNT, for short) on a non-empty set X is a family Ty 0f fuzzy
neutrosophic subsets in X satisfying the following axioms:

i. Orny 1en € T

ii. Aent N Aenz € Tpy for any Aeng, Aenz € Trw,s

iii. U)\FNjE:E'-‘NuV {)VFNj:j EJ}Q?}:N.

In this case, the pair (X, Try) is called fuzzy neutrosophic topological space (FNTS, for short). The
elements of Tryare called fuzzy neutrosophic-open sets (FN-OS, for short). The complement of FN-open set in the
FNTS (X, Try) is called fuzzy neutrosophic-closed set (FN-CS, for short)."

Definition 2.6 [8]" Let (X, Tgy) is FNTS and Aen= <X, Wen , Oxpn » Vi 18 ENS in X.Then, the fuzzy
neutrosophic-closure (FNcl, for short) and the fuzzy neutrosophic-interior (FNint, for short) of Apy are defined by:

FNcl (Aen) = N {Ben: Pen IS FN-CS in X and Aey S Bends
FNint (\en) = U{ Bt Pen i FN-OS in X and Pey S Aen 3
Now, the FNcl (Agy) is FN-CS and FNint (Agy) is FN-OS in X.
Further,
i Aen S FN-CS in X iff FNcl (Aen ) = Aen
i, Aen S FN-OS in X iff FNint(Aey ) = Aen "
Proposition 2.7 [9,10] "For any FNS Agy in FNTS (X, Ty ) We have,
i. FNcl (Len-Aen) = 1en-(FNint (Aen)),
ii. FNint (1en- Aen) =168 - (FNCI (Aen))"
Proposition 2.8 [8] "Let (X,Txy) is FNTS and Agy, Ben are FNSs in X. Then the following properties hold:
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i FNint (}VFN) C AN and AN E FNcl (XFN):

ii. AN € BFN = FNint (XFN) CFNint (BFN) and AN C BFN = FNCIO\,FN ) c FNCI(BFN ),

iii.  FNint(FNintOsn)) = FNint(imy) and FNCI(ENCI(en)) = FNeI(n ),

iv. FNInt(?»,:N N BFN ) = FN|nt()\.|:N ) n FNint(BFN ) and FNcl (kFN U BFN) = FNcl (}"FN) U FNcl (BFN)!
V. FNint (1FN) =1 and FNcl (OFN) =0N".

Definition 2.10 [9,10] " FNS Ay in FNTS (X, ) is called:

i. Fuzzy neutrosophic regular-open set (FNR-open set, for short) if Ary= FNint (FNcl (Aey ).

ii. Fuzzy neutrosophic regular-closed set (FNR-closed set, for short) if Ary= FNcl (FNint (Aey )).
iii. Fuzzy neutrosophic pre-open set (FNP-open set, for short) if Aey& FNint (FNcl (Agy)).

iv. Fuzzy neutrosophic pre-closed set (FNP-closed set, for short) if FNcl (FNint (Aen)) S Aen."

3. Generalized of A-Closed Set and C- Closed Set in Fuzzy Neutrosophic
Topological Spaces

In this part of our work has been presented new classes of sets in fuzzy neutrosophic topological spaces. As
well as, some of its relationships with defined sets and the other sets have been proposed in the same space.
Definition 3.1: A fuzzy neutrosophic set Agy in FNTS (X, Tgy) called:

i- Fuzzy neutrosophic A-closed set (briefly, FNA-CS) if Agy = apn A Brn Where ogy is FN-OS and Bgy is
FNR-closed set in X. The complement of FNA-CS is called fuzzy neutrosophic A-open set (briefly,
FNA-OS).

ii- Fuzzy neutrosophic C-closed set (briefly, FNC-CS) if Aey = apn A Pen Where ary is FN-OS and Bgy is
FNP-closed set in X. The complement of FN C-CS is called fuzzy neutrosophic C-open set (briefly,
FNC-0S).

Definition 3.2: Let (X, TFN) be FNTS and )\'FN: <X, HAENy OAFN Vy3EN" be a FNA-set (FNC‘Set) in X.Then, the ﬁlzzy
neutrosophic A-closure (FNA-cl, for short) (fuzzy neutrosophic C-closure (FNC-cl, for short)) of (Ary) is defined

by:

1- FNA-cl (}\'FN) =N {BFN: BFN is FNA-CS in X and )\'FN c BFN}!
2- FNC-cl (kFN) =N {BFN: BFN is FNC-CS in X and Agy € BFN}

Now, the FNA-cl (Asy) and FNC-cl (Ary) are FN-closed set in X.
Further,

i- AEN is FNA-CS in X iff FNA-cl (?LFN) = Aeny
ii- }\'FN is FNC"CS in X lffFNC'CI (}\'FN) = }\'FN-

Definition 3.3: A fuzzy neutrosophic set Ary in FNTS (X, Tgy) called:

i Fuzzy neutrosophic generalized closed set (FN-GCS) if FN-cl (Arny) © Wry Where Agy © Wey and Wey
is FN-OS in X.

ii. Fuzzy neutrosophic generalized A-closed set (FN-gA-CS) if FNA-cl (Aen) S Wey Where gy © Wiy
and Wgy is FN-OS in X.

iii. Fuzzy neutrosophic generalized C-closed set (FN-gC-CS) if FNC=cl (Arn) S Wey Where Aey © Wey
and Wgy is FN-OS in X.

Example 3.4:
i- Let X ={a,b} define FNSs ngy and oy in X as follows:
nen = <%, (G 05) (G o5) G o)™
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o= <, (5 55) (55 55) (5 55)>
The family Ten = {Orn, 1en, DN > OFn
Now, 7% = {Oen, 1en. N > ©%en}
Where, 1= <x, (3%3%) (5 02)» (% 55)>
And, o' =<, (35 55) (G5 as) Gz as
Now, FNcl (FNint (o) = FNcl (n°n) = ok that is 0%y = 0%,
Then, o’ FNR-closed set.
Now, let apy = ney and Ben = @ ey SO,
Aen =1 N 0% =<, (5.55), (55 3%) (75 55)> N<% (55 3%), (5 5%) G 95)>
=<x, (& 2), (& 2), (& 2)>. Therefore, o’y is FNA-CS.
ii- Let X = {a, b} define FNS Wy in X as follows:
Pen = <% (T905) (Go00) (Gois
Let the family Try = {Orn,1rn, Win } b FNT.
NoW, 0 = < 1, (55) (85 (i) > and et W = < 1, (25 2), (&5 ), (5 2) >0,
FNcl (FNint (ogy)) < FNcl (Pen) < (Poen) < o Then, ory is FNP-closed set.
Now, Agy = Wen N Bey that s,
hen = <% (5503 Gaas) Goon) > N <% (550%) (d5as) (o) > S0 we have,
v =< (&2) (& 2) (& L) >is FNC-CS.
iii. Take Aen =<x, (& 2), (& ), (& 2)> ini which is FNA-CS.
And put Wey = ey = <x, (3, 2), (& 2), (& Z)> where Wy is FN-open set so,

mFNCWFN such that <x, (03'05) (05' ) (02'05) &<x, (03'05) (05' ) (oz'os)

SO, FNA-cl ()\'FN) = (DCFN. Then, FNA-cl ()\'FN) c WFN.

Since, <x, (03'05) (05’05) (02’0 )>g< X (o(.13'0 ) (05' ) (oz’o )>' That is Aen FN-gA-CS.

iv. Take ii. So, we know Aey =< x, (&, 2), (& 2), (& Z) > is FNC=set.

0.5’ 0
Now, put Wey = 1y Where Wy is FN-open set such that 1y =< x, 1, 1, 0 >. Then
}\'FN c lFN and we have FNC"CI ()\'FN) = \PCFN

SO, FNC‘CI (}"FN) c WFN

Since, < x, (05'02) (05'05) (05’07 > € Ien
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Hence, Ary is FN-gC-CS.

Theorem 3.5: If (X, Ten) is FNTS with Agy and Bey €X. The FNA-cl (FNC-cl) satisfy the following statements:

1)
2)
3)
4)
5)
6)

i-

FNA-cl (OFN) = OFN and FNA-cl (1FN) = 1FN-

Men E FNA-cl (}LFN )

If Aey € BFN, then FNA-cl ()\/FN) c FNA-cl (BFN)-
MeN is FNA-CS iff FNA-cl (XFN) = Aen-

FNA-cl (FNA-cl (Ae)) = FNA-cl (Aey).

FNA-cl (Aen) U FNA-Cl (Ben) = FNA-Cl (hen U Ben)

1) FNC‘CI (OFN) = OFN and FNC"CI (1FN) :1FN-

2) Aen € FNC-cl (}"FN)

3) If Aen € Ben. Then, FNC-cl (Aen) € FNC-cl (Ben)

4) Aen 1S FNC-CS iff FNC-cl (;"FN) = Aen-

5) FNC‘CI (FNC‘CI (}\'FN)) = FNC"CI O\'FN)-

6) FNC‘CI O‘FN) U FNG‘CI (BFN) = FNC"CI ()\'FN U BFN)-

Proof: By def.3.2 we have,

1) FNA-cl (OFN) =N {BFN: BFN is FNA-CS in X and OFN c BFN} = OFN-

FNA-cl (1FN) =N {BFN . BFN is FNA-CS in X and lFN c BFN} = lFN.
2) )\'FN cn {BFN : BFN is FNA-CS in X and )\'FN c BFN}: FNA'CI(}\.FN).

3) we know FNA-cl (}\'FN) =N {BFN: BFN is FNA-CS in X and }"FN c BFN}

4) If}LFN is FNA-CS SO, N {BFN: BFN is FNA-CS in X and )\IFN c BFN} and

Since, }\'FN c BFN then, N {BFN: BFN is FNA-CS in X and )\'FN c BFN}

C N {vrn: Len IS FNA-closed set in X and By € Lpn}

= FNA-cl (}“FN) C FNA-cl (BFN)'

Aen € FNA-cl (Aen), but Aey necessarily to be the smallest set.

Conversely, let Bgy be any subset in X. Then,

FNA-cl (}LFN) =N {BFN . BFN is FNA-CS in X and KFN c BFN}'

But,

}\'FN cn {BFN . BFN is FNA-CS in X and )\'FN c BFN}-

Thus, >\'FN =N {BFN . BFN is FNA-CS in X and )\'FN c BFN}I SO, }\'FN = FNA-cl O\'FN)-

Since, the intersection of all FNA-CS is FNA-CS. It follows that FNA-cl (Ary) be FN-CS in X.

5) Suppose that, Ary = FNA-cl (Ary) and we have,

FNA-cl 0\,|:N) is FN-CS = AN is FN-CS.
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Since, Agy = FNA-cl (Agy) we take FNA-cl by two sides we get,

FNA-cl (Aen) = FNA-cl (FNA-cl (Aen)).
6) Let Ary and Bryare FNA-CS, then
FNA-cl (Aen) = N {Ukn : Ve IS FNA-CS in X and Ay € Uenl... (L)
FNA-cl (Ben) = N {Upn: VEn IS FNA-CS in X and Bry € Upn) ... (2)
Then, by (1) and (2) we get,
FNA-cl (Aen) U FNA-Cl (Bey) =
[N {Vpn: Ve IS FNA-CS in X and Aey S Len} U [N {Upn: UEn 1S FNA-CS in X and Bry € Uen}
= FNA-cl (Aen U Ben)--- (3)

ii- By the same way in i, we can proof ii.
Theorem 3.6: Let Apy be FNS in FNTS (X, Tky), then:

i- e is FN-gA-CS iff Ary FNA-CS.
i- e is FN-gC-CS iff Agy FNC-CS.

Proof:

i- = Let Aeny be FNA-CS and let BFN be any FN-OS in X such that Agy S BFN-
Then, from Definition 3.2 (1) we have FNA-cl (Aen) = Aen,

But, Aen S Ben. S0, FNA-Cl (Aen) S Pen.
Therefore, Ary is FN-gA-CS.

< Let Ay be FN-gA-CS, then FNA-cl (Aey) S Bry for any FN-open set Bey in X such that Agy S Br,
But, Aen S FNA-Cl (Aen) S PBen.

That is Agy is FNA-CS.

ii. By the same way in i, we can proof ii.

Corollary 3.7:
i- The FNS Agy is called FNA-clopen (briefly, FN-gA-clopen) iff Ary is FNA-OS and FNA-CS
(briefly, FN-gA-0S) and FN-gA-CS).
ii- The FNS Agy is called FNC-clopen (briefly, FN-gC-clopen) iff Ary FNC-OS and FNC-CS (briefly,
FN-gC-OS and FN-gC-CS).
Theorem 3.8:

i. Let (X, Ten) be FNTS. If Ary is FN-gA-clopen set, then Agy be FNA-CS.
ii. Let (X, Ten) be FNTS. If Ay is FN-gC-clopen set, then Agy be FNC-CS.
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Proof:

i) Suppose Apy and Bey FNS in X. By is FN-OS such that Ary S Ben. By corollary 3.7 (i) of

complement, we get Ary is FN-gA-CS, so
FNA-cl (Aen) = Aen EPen
However, Agy is FN-gA-clopen set by hypothesis that is FNA-CS.
i) We can proof that by the similar way in (i).
Theorem 3.9: Let (X, Try) be FNTS. Then:

i- If}"FN and BFN are FN'gA'CS then, )"FN U BFN is FN'gA'CS
ii- If Aey and By are FN-gC-CS then, Agy U By is FN-gC-CS.

Proof:
i- Suppose that Agy and ey are FN-gA-CS and vgy be any FN-OS such that
Aen U Ben € LN
Thus, either Aen € Upn
Or Ben € LVEN

But, Ary IS FN-gA-CS and vgy is FN-OS so,

FNA-cl (Aen) Sogn.... (1)
And, Bry is FN-gA-CS and vgy be FN-OS so,

FNA-cl (Ben) € Ugn.... (2).
Take the union of (1) and (2) we get,
FNA-cl (Aen) U FNA-cl (Ben) = FNA-Cl (Men U Ben) Soen
That is (Aen U Ben) is FN-gA-CS

ii. We can proof that by the same way in (i).

Theorem 3.10: Let (X, Ten) be FNTS and Aey With By are FN-gA-CS (FN-gC-CS). Then:

i.  The intersection of two FN-gA-CS is FN-gA-CS.
ii. The intersection of two FN-gC-CS is FN-gA-CS.

Proof:
i) Let Agy and Bey be FN-gA-CS and vgy be any FN-OS such that
FNA-cl (\en) € Vey ... (1)
FNA-cl (Ben) S Upn ... (2)
Since, FNA-cl (Ary) € vy and FNA-cl (Ben) S Len,
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Take the intersection of (1) and (2).
So we get, FNA-cl (Aen) N FNA-cl (Ben) S Uen
By theorem 3.5 (6), we have,
FNA-cl (Aen) N FNA-cl (Ben) = FNA-cl (Aen N Ben) S Ve
Then, the intersection of two FN-gA-CS is FN-gA-CS.

i) We can proof that by the same way in (i).

Theorem 3.11:

i- The union of FN-gA-CS and FN-gC-CS will be FN-gC-CS.

ii- The intersection of FN-gA-CS and FN-gC-CS will be FN-gA-CS.

Proof:
i- Let Aey be FN-gA-CS and Bgy be FN-gC-CS and vey be FN-OS,
such that Agy U By SEN
Now, FNA-cl (Aen) S Ven -.- (1)
And, FNC=cl (Ben) € Uiy ... (2)

Now, from (1) and (2) so we get,

FNA-cl (\en) € vy 0or FNC=cl (Ben) € Len

S0, FNA-cl (Ary) U FNC=cl (Brn) € vy
Since, Bry is the largest set and Ay S Bry then,
FNA-cl (hen) U FNC=cl (Ben) S FNC=cl (Ben)
S0, FNC-cl (Ben) € Lpn
Then, the union be FN-gC-CS.

ii- Let Ary be FN-gA-CS and By be FN-gC-CS with vy be FN-OS
such that 7\‘FN N BFN € LEN.

Now,  FNA-cl (Aen) S Ve ... (1)
And,  FNC-cl (Ben) S U ... (2)
Now, by (1) and (2) we have,
FNA-cl (\en) € vy and FNC-cl (Ben) € ven
Then we get, FNA-cl (Aen) N FNC-cl (Ben) S Len
Since, Agy is smallest and Agy N Py € Arn
Then, FNA-cl (Aen) N ENC=cl (Ben) S FNA-CI (Aen)

So, FNA-cl O\'FN) € LEN
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Then, the intersection be FN-gA-CS.
Remark 3.12:

i- The union of FN-gA-CS and FN-gC-CS be FN-gA-CS. We can show that by the next example.
ii- The intersection of FN-gA-CS and FN-gC-CS be FN-gA-CS and FN-gC-CS. We can show that by the
next example.

Example 3.13:Take Example 3.4 we have D%y = < x, (i i), (i b )( - L) > is FNA-CS such that

0.6’ 0.6 05’05/’ \0.5’0.5
FNcl (FNint (D%x) = FNcl (Dey) = Den. S0, D%y is FNR-closed set.
Aen =1en N D%y = D
Then, Aey = D%y is FNA-CS
Put Wey = 1y Where Wey is FN-OS such that D%y € 1g.
Now, FNA-cl (D) € D% € Wiy
Then, D%y is FN-gA-CS.
In addition, we have Bry is FNP-closed set. If we take ary = 1py Where ary is FN-open set. Then,
Aen =1en N By = B S0, Apn = By is FNC-CS.
Let Wgy = 1py Where Wiy is FN-open set such that By € 1.
Now, FNC=-cl (B%e) € Wen
BN € Wey
Then, B%y is FN-gC-CS.
i- DN U By = Ben. Since By is FN-gC-CS then, Dy U By is FN-gC-CS but not FN-gA-
CS because Bk not FNA-CS.

ii- D%n N Bk = D%n. Since D%y is FN-gA-CS then D%y N By also FN-gA-CS and FN-gC-
CS.

Theorem 3.14

i- Every FN-gA-CS is FNG-CS.
ii- Every FN-gC-CS is FNG-CS.

Proof:

i- If Ay is FN-gA-CS. Let Ay be FN-clopen set and vgy be FN-OS such that Apy € Ley
Since Agy is FN-gA-CS so, we have FNA-cl (Aen) S LEn,

But, FNA-cl (\en) € FNcl (Aen) € Aen.

Therefore, Ay IS FNG-CS.

ii- We can prove that by similar way in (i).

Remark 3.15: The convers of Theorem 3.14 is not true. We can show that by the next example.
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Example 3.16:
i- Let X = {a, b} define FNS Ay in X as follows:
hen = <X, (G2 25, (22, 22, (<=, =) >. And, the family, Tey = {0y, e, Aen}t be FNT.

Now if, ogy = <X, (

1FN.

) (— —) ( —) > and, Wey =1gy Where 1y =< X, 1, 1, 0 > is FN-OS such that, ogy S

0.5'0.4 0.5'0.5 0.6'0.5

Hence, wpy is FNG-CS where FNcl (opy) =1 € Wey

S0, gy is hot FN-gA-CS, not FNA-CS such that,

FNcl (FNlnt ((,OFN)) = FNcl (0) =0+ OEN

Therefore, mpy is not FNP-closed set and not FN-gA-CS set.

ii- Let X = {a, b} define FNS Agy in X as follows:

), (2=2), (2=, 2) >

Eos 05 0.7

a b

=<y (=2
Aen = <X, (0.5'0.2

The famlly, TFN = {OFNa 1FN9 ;\'FN} is FNT.

NOW if ON= < X, (

a b a b
—— ) >
0.5°0.5

0.1'0.6

2 (=29 (

0.9'0.3

And Wen = 1, where 1n=<1,1,0> is FN-OS such that oy € Wen.

Then, FNcl ((DFN) :1FN- SO, FNcl ((DFN) c WFN- Since, 1FN c 1FN-

Hence, wry is FNG-CS. But, not FN-gC-CS and is not FNC-CS such that,

FNcl (FNInt (O)FN)) = FNcl O“FN) c }‘FFN € ON-

Therefore, wgy is Not FNP-closed set and not FNC-CS also is not FN-gC-CS.

4.Conclusions

In this paper, we introduced the concept of new classess of closed sets which is including fuzzy neutrosophic
generalized A-closed set and fuzzy neutrosophic generalized C-closed set and some of their properties were
discussed via fuzzy neutrosophic topological spaces. This study can be extended and generalized to several
functions such as continuous and irresolute functions.
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