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Abstract

The objective of this paper is to estimate the value of [~ 11 (xf_(:))m dx ;m € N where f is convex from above and
(m-1)

fo‘sudx < o; fis bounded in ™D [-1,1].
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1. Introduction

The estimation of the value of on improper in integral is an interesting open problem in mathematical analysis
[1-3].

In the literature, there exists many ways to compute approximations of an improper integral [ 4-51].

For example, in [ 6 ], we find the formula:

—&

ff(x)dx—llm J fx)dx + ff(x)dx; -0

Where f isnited define in C[a, b].

The limitation of the right side is called Cauchy principal value [6], it is denoted by V.Pf; f(x)dx.
f(x)

In this work, we get to estimate the value of f_ll ™

dx ;m € N by using the modulus of continuityw with

some strict conditions.

Main discussion :

Definition:[1]

the integral I(f,t) = f1 f(f))m dx;—1<t < 1,m € N is called Caushy integral if m = 1.
Definition:[ 2]

The modulus of continuity of a bounded function f on [a, b]is defined as follows:

w(f,s) =sup(If(x) —fOID;x,y €lab],|x—y| <6

Definition: [5]
Let fbe a defined and conditions function an [a, b], it is called convex from above if:
F+n)-f () < F@-f@-h)

. )

h
Theorem 4:
Let f € C[-1,1], w(f, s) be the modulus of continuity, then if foa w(f(m‘l),x)i—x <

we get forevery 0 < § <% ,te]-1,1].

f&x) 1d d JAIO)
|f—1 (x- Jtc)m dx | s 2”f”c[—1,1]-f5 x:’cl (m- 1).f (f(m Y x) - +Xko ;| k! |
max(t — §,—1),b = min(t + 6, 1).

Proof.
Let ¢t € [0,1[, we expand fhy Taylor's series as follows:

m-—1 (k)
Fa =Y LB 0 4 Ry = P 4 Ra)

k!
k=0

b fx) L
fa (x—t)m_kdx ra =
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On the other hand, we have:
Ry(x) =f(x) = Pp_1(x) = 1),f (x—t)™ 1f(m)(t) dt = (x — )™ 1[f(m () - f(m 1)(t)] t<c<x.
Now, we consider § € ]O'E[' we have two cases:

Firstcase: ift <1 — &, we put'

1 fx) _ rt=6 fx) t4+6 f(x)—Pm—1(x)+Pm-1(x) fx)
f_1 (x—t)m dx = f_l (x—t)m +f (x—t)m dx + f+5( —-om '
Now, we estimate each term>

t=6 f(x) ) 5 d 1+t d
14 L+ [ L | < W f e + ([ 24 [ 22),
By substituting uwith —u, we get:
|15 L + [ L dx | < 21f @)l - [ 2

1 (x- r)m t+8 (x—t)™ & xm’
Hence:
| [P0 L0 Pmoa() |_ R Cal el el Oy Ml O) | < 1 ft+5f(m V@-rm e
(x-)m t=6  (m-1)! (x-t)m (m-1)! (x-t)m
2 t+6 m—
(m—1)!fr—5 w(fmD,x) < X
Also.
to (m-1) 0
fm-1(x) — f () i < | (t) f
(x—om x-0m t)"‘
t=68
From the previous discussion, we get:
1 5
fx) fdx 2 j f(")(t)l f f(x)
< (m- 1) .
f( t)md 2l f llep-1,17- J 7(m D W(f ) oo —dx ;a
=max(t —6,—1),b = min(t + 6, 1)
Second case: if t > 1 — §, then:
t-6 1
f(x) j f(x) et jf(X) Py (%) +Pm+1(x) dx
(x - t)m (x—om t)’” (x—o)m
By a similar dlscussmn to the first case
[ f@ f
< -
| Gmom | = 2O
f(X) Pm 1(x) _ f(x_t)m ! (m-1) (m-1) dx
f e e I e T AR A e
t_
) t+8 d
- (m-1) _x
=n-1 f w(Fmn )
min(t+68,1)

m—1(X) (k)() @ (¢) )
e e S

From the previous dlscussmn we get

1 f) tax (m-1) ym- 1|f(k)(t)| | mm(t+51) dx
| L dx | < 2071l [ 2+ s [ w(F 0,0 & ]
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