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Abstract

This paper is devoted to defining a new generalization of m-power closed groups by using some special mappings
defined on a group (power maps). Also, a new group will be presented according to these mappings which will be
related to other algebraic structures.
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1. Introduction

Since the concept of the abelian group has played a perfect role in the theory of groups (solvability, nilpotency,..etc)
and other algebraic structures, it was very important to study the generalizations of this concept. Many
generalizations came to light such as n-abelian groups [2], m-power closed groups [1,3], m-Abelian Solvable groups
[8], and other related concepts about solvability. See [6,7].

The concept of the (n-power closed) group had been introduced in [3] as a generalization of abelian groups, and (m-
abelian) groups [8] respectively.

(n-Power closed) groups were defined by the condition V x,y € G 3z € G such that x"y™ = z". By considering
a generalization of the mapping f(x) = x™ which we call (power map), we will be able to generalize those groups
into @ — groups.

In this paper, we define for the first time the concept of ¢ — group. Also, we study some basic group theoretical
properties of this concept, and we construct some interesting examples.

On the other hand, we will study the algebraic structure of power maps in some other algebraic structures such as
rings, vector spaces, and modules. They will form a group related to these structures.

This new group will lead to many interesting open questions in the theory of groups and the algebraic theory of
neutrosophic structures

2. ¢ — groups and power maps

We denote by map(G) to the set of all mappings ¢: G — G.
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Definition 1:

Let G be a group, we define d; = {¢p € map(G); p(x™1) = (p(x)) Tand po f = f o Vf € aut(G)}, we call
¢ the set of power maps of G.

-We denote by ¢, to the set of one-to-one power maps.

Example 2 :
Let G be a group and ¢: G — G such @ (x) = x™ with a fixed integer n then ¢ € ¢;.
The proof is obvious.

The previous example shows that the concept of power maps is considered a generalization of integer exponents in
groups.

.Lemma 3:

Let G be a group, then

(@) ¢, is a subgroup of S;.

(b)K; = Aut(G) N ¢;=Z(aut(G)).

(c) Aut(G) is abelian if and only if aut(G)» ¢;.
(d)If G=Z,, then aut(G)= ¢,.

©)(dr- aut(6))' = ¢, '[aut(6)]".

Proof :

(@) Let @, h € ¢, then for each x € G and f € aut(G) we have ¢ o h(x 1) = (p o h(x))"* and (poh)o f =
fo(poh) so poh€ed,. Sincepof=foe we find that p-lof=foep™! so ¢ e, and P, is a
subgroups of Sg.

(b) It is clear that Z(aut(G)) < K, now assume that f € K;, then f is an automorphismand fog =g o
f for each automorphism g so f € Z(aut(G)) and we get the desired proof.

(c) It is easy to show that if aut(G) is abelian then aut(G)< ¢,, we have to show the normality condition. For this
goal, we suppose that ¢ € ¢; and f € aut(G) then we have ¢ tofogp =fop to@ = f € aut(G) which
means that aut(G)» ¢;.

The converse is clear.
(d) If G=Z,, then aut(G)={f ; f(x) = x*; 1 < s < p}is abelian, hence aut(G)< ¢, .V € ¢;, we have

pOof=fo@sopx®)=(p))° . Now, let x,y be two arbitrary elements in G, then ¢(x + y) = p(1**Y) =
[e(D]™ = o(1%) + 9(17) = (x) + ¢(¥) 50 ¢ € aut(G) and aut(G)= ;.

€) Vx,y€draut(G)thenx=¢,0f;, y=¢,0f, 50 [x,yl=xy'xy=fi'op,tof, log, 1o
P10f10@,0f, = f1_lofz_10f10f20(P1_10(P2_10(P10‘!’2 = [fu, foll@1, @2] € &' [aut(G)]'.

The inverse inclusion can be proved in the same way.
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Definition 4 :

Let ¢ be a power map on the group G, we define G, = {¢(x),x € G}, and we say that G is a ¢ — group if and only
if G, is a subgroup of G.

By the previous definition and Example (2) we can see that the concept of ¢ — group is a generalization of the (m-
power closed ) group.

Theorem 5:

Let G be a group and ¢ be a power map G, then

(@) Gisa ¢ — group ifand only if @ (x)@(y) = ¢(z) foreach x,y € G and
some z€ G.

(b) G,Proof :

(@) @ is a power map so @(x~1) = [p(x)]"! then Gy, = {p(x),x € G} is a subgroup of G if and only if
o) (y) = ¢(z) for each x,y € G and some z€ G.

(b) Let f € aut(G) and ¢(x) € G, SO f((p(x)) = ¢(f(x)) € G, thus G, is a characteristic subgroup and then
normal.

is a normal subgroup.
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Theorem 6:

Let G be a group and ¢ be a power map on G, then

@ [p(e)]* =e.

(b) If G is finite with odd order then @(e) = e.

Proof :

(a) We have : gp(e™") = p(e) = [p(e)] ! s0 [p(e)]* =e.

(b)It holds directly from (a) and from the fact that the odd-order finite group has no nontrivial elements of order
two.

Definition 7 :

Let G be a ¢ — group, we say that G is a ¢, — group if G, is abelian, and
@c — group if G, is cyclic.

Theorem 8:

Let G be a ¢ —group and H be a normal subgroup of G, then G/H is a ¢y — group, where ¢; H:G/H —
G/H with @ ;(xH) = @(x)H.

Proof :

Since ¢ is a power map on G, then gy (xH)psy(YH) = @x)H @(y)H = ¢(x) o(y)H = ¢(2)H =
@cn(zH) for all x,y € G and for some z€ G, so that G/H is a ¢ y — group.

Theorem 9 :

Let G be a ¢, — group and be a normal subgroup of G then G/H is a
P61y, — gTOUp.

Proof:

It can be proved by a similar argument to the previous theorem.

Definition 10:

Let G be a group, and x, y £G, we define the ¢ — commutator [x,y], = e(x Do D)@ (). G, is the
subgroup of G generated by all ¢ — commutators.

Theorem 11:

Let G be a group and ¢ be a power map on G, then

(@) If Gisa ¢ —group then G, = {e} ifand only if Gisa ¢, — group.
(b) Gg, is normal.

(c) If H is a normal subgroup of G and G/H is a ¢¢ y — group, then G/H is a ¢ ), — group if and only if
G, <H.
0 <

Proof :

(@) Itis clear.

(b) Let f be an arbitrary automorphism on G and for any x, y €G, we have :

f(lxyly) = f (™)) (0™ (0())f (1)) = e(Fx™Ne(F™)e(f))e(fO)) =

[f (x), f ()], SO G, is characteristic subgroup and then normal.
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(c) Itis easy to check the proof.
Definition 12:

Let G be a group and ¢ be a power map on G, let H be a normal subgroup of G, and we say that H» ,,G if and
only if G/H is a ¢y — group.

Theorem 13:

Let H be a normal subgroup of G, then H» G if and only if for each x, y € G there is z € G such
P2 (y) € H.

Proof :

Suppose that H» ,G then for each x, y € G there is z € G such ¢ ()@ (Y)H = ¢(2)H s0 (z )e(x)e(y) € H.
The converse is similar.

Theorem 14:

Let G be a group and ¢ be a power map on G, then

(a) If H» ,G and K» G then HK P ,G.

(b) If G is a simple ¢ —group then ¢ is surjective or trivial.

Proof :

(a) Foreach x, y € G there is z € G such ¢(2)p(x)@(y) € H < HK so HK» ,G

(b) Since G,, is a normal subgroup, then G, = G or G, = {e}, thus ¢ is surjective or trivial.
Theorem 15 :

IfGisa¢@ — group andHisa o — group then G X H is (¢,0) — group.

Proof:

We define the map (¢,0):G X H — G X H; (¢,0)(x,y) = (¢(x),0(y)), it is easy to see that G X H(y 5 =
(G, X Hy), hence the proof holds.

Theorem 16 :
IfGisa¢@, — group and His a o, — group then G X H is (¢, 0)4 — group.
Proof :

It holds directly from the previous theorem and from the fact that the direct product of two abelian groups is an
abelian group.

Definition 17:

Let G be a group and ¢ be a power map on G and H is a subgroup of G, we say that H is a ¢ — characteristic
subgroup if o(H) = H.

Theorem 18:

If His a ¢ — characteristic subgroup then ¢(f (H)) = f(H) forany f € autG.
Proof :

We have o(f () = f(9(H)) = f(H).

Example 19:

The following example ensures that there are power maps that are different from the classical powers map
f(x) = x™ and different from homomorphisms.
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We define the map f : Z — Z with f(x) = 2 if x is positive integer, f(x) = —2 if x is negative integer , f(0)=0
, itis clear that f is not a homomorphism , and f(—x) = —f(x).

It is known that aut(Z) contains two automorphisms. The identity map | and the map g(x) = —x. Itis clear that
fol = Iof. Now, we must prove that fog = gof.

Let x be any positive integer, we have fog(x) = f(—x) = 2,gof (x) = g(—=2) = 2,thus fog(x) = gof (x). If
X is a negative integer, the proof will be the same.

On the other hand, fog(0) = f(0) = 0 = gof(0). This implies that fog(x) = gof(x) forall x € Z. So, f isa
power map on the additive group (Z, +).

Itis clear that (Z,+) is notan f — group, that is because f(Z) = {0,2,—2} is not a subgroup of Z.
3. Power Maps Structure
Definition :

Let (G,+) be an additive abelian group and F;; is the set of all power maps on G, we define an addition operation
on F; by :

+:F; XF; - Fowith (¢4 0)(x) = p(x) + o(x) for g, 0 € F;

Theorem :

(Fg, +) is abelian group

Proof :

The zero map f(x) = 0 is a power map and foreach g € F;then(f +g)=(g+f) =g

Also, we have —g: G = G such (—g)(x) = —g(x) is a power map and

(g+(—=9)) =(—g+g)= 0,and itis easy to see that the addition is associative and commutative

Now we prove that F; is closed under addition , let f be an automorphism of G and g , h be two power maps
then (g +h)(=x)=g(=x) +h(-x) = —(g+M)(x) and fo(g+h)(x) = flg(x) +h(x)] = f(g(x)) +
fh(x)) = g(f(x)) + h(f(x)) = (g + h)of (x) thus g + h € F;

Definition :

We call F; the MA-group of the abelian group G

Definition :

We denote by F¢ to the set of all bijective power maps on G, (F§, o) is a subgroup of S;.
Theorem :

(Fg, +,.) is a module over the ring of integers with (.): Z X F; = F;

Defined as (m. f)(x) = mf (x) for a power map f and integer m and arbitrary x in G
Proof :

It is easy to see that for a power map f and an integer m, (m. f) is a power map

The whole conditions of the module are easy to check

Definition :

We call the previous module by MA-module of G

Definition :

Let We={f, € F; ; fo (X) = a.x where a € Z } , we call W, the weak power maps set on G

Theorem :
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(Wg, +,.) a commutative submodule of (Fg, +,.)
Proof :

Itis clear.

Cyclic groups

We say that g is a P-homomorphism if g is a homomorphism and gof = fog for each automorphism f, we
denote the set of all P-homomorphisms by P-hom(G)

It is clear that P-hom(G)< F;

Theorem :

If G = Z,, then P-hom(G)= F;

Proof :

aut(G)={f;f(x) =x°;1<s<p}sopof =fopsoqp(x®) = (p(x))° foreach ¢ € F;

let x,y be two arbitrary elements in G, then ¢(x + y) = @(1*"Y) = [@(D)]**Y = (1) + ¢(17) = p(x) +
@(y) o @ is a homomorphism thus P-hom(G)= F;

Theorem :
If G = Z then hom(G)< F;
Proof :

Since aut(Z) contains two automorphisms, the identity map | and the map f(x) = —x then each
homomorphism g on Z has the following property fog = gof, gol = Iog so that

g€ F;
Remark: hom(Z) is a proper subgroup of F,, we give an example :

We define the map f : Z — Z with f(a) = 2 if ais positive integer, f(a) = —2 if a is negative integer , f(0)=0
, itis clear that f is not a homomorphism , and f(—a) = —f(a) ,thus f € F,

Theorem :
If G =Z,, then hom(G)< F;
Proof :

aut(G)={f ; f(x) = x*; gcd(m,s) = 1}, let g€ hom(G) then for each automorphism f we find that fog=gof thus
g€ Fg

it is easy to see that f(s.a)=s.f(a) if (s,m)=1 by the previous argument for each fe F
we give an example that shows that hom(G) is a proper subgroup of F;;

let G=Zg and f: Zg — Z, with f(0)=0 , f(2)=Ff(3)=f(4)=0, f(1)=5, f(5)=1

f is not a homomorphism and f(-2)=f(4)=-(2) , f(-4)=Ff(2)=-f(4) , f(3)=F(-3)=-f(3)
f(-1)=f(5)=-f(1) , f(-5)=f(1)=-(5)

now assume that gcd(s,6)=1 then s=1 or s=5 , it is easy to check that f(2s) = 2f(s),f(3s) =3f(s) ,
f(4s)=41(s) , f(s.1)=s.f(1) , f(s.5)=s.f(5) for each possible s, so f€ F; , thus the proof is complete.

Theorem :
If G=Z,,,; m=p;p,.. vk, p; are distinct primes for all i then
Fg = P-hom(Z,,)%...XP-hom(Z,, )
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Proof :

Since aut(G)= aut(Z,, ) X ... X aut(Z,,) then we get the proof

Open problems :

Describe MA- group F; for any cyclic group G
Describe MA- group F, for any abelian group G
Vector spaces :

Let (V,+, . ) be a vector space over the field K, then (F,,+) is the abelian group as we saw, we define the set F/'=
{p:V > V; p(=x) = —p(x),and pof = fop Vf € GL(V)}

We define the following operations :
(+): FA X Ff - FAwith (f + 9)(x) = f(x) + g(x) foreach f ,g €E Ffandx €V
(): K x FA > FA with (k. f)(x) = k. f(x) .
Theorem :
(F#,+,.) is a vector space over K
Proof :
Suppose that f,g € Ff,and h € GL(V),x € V, k € K we have that :
(f+9)(=x) = f(=x) + g(=x) = =(f + g)(x) and (k. f)(=x) = —(k.f)(x)
ho(f + 9)(x) = hlf (x) + g(x)] = hof (x) + hog(x) = foh(x) + goh(x) = (f + g)oh(x)
(k.f)oh(x) = k.(foh)(x) = k. (hof)(x) = ho(k. ) (x).
Sof+gkf €FA

It is easy to see that (F#, +) is the abelian group and the identity is the zero map 0:V— V such 0(x) = x for each
XeV

Leta,b €eKthen: (1.f)=f,(a+b).f=a.f+b.f,a(f+g)=af+ag
(a.b).f = a.(b. f) thus the proof is complete
Definition:

We call (F#, +,.) the MA-space of the vector space V.

Conclusion

In this work, we have generalized m-power closed groups by using a novel class of functions (power maps).
Also, we have studied some of their elementary properties in terms of theorems.

In the future, we aim to find more applications of these mappings in the study of group theory.
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