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Abstract

Interval-valued neutrosophic sets (IVNSs) are a notion that was initially developed by Wang et al.19 The idea
of IVNSs to deductive systems (DSs) in Hilbert algebras is presented in this study. It is shown how interval-
valued neutrosophic deductive systems (IVNDSs) relate to their level cuts. In addition, certain related features
are examined as well as the homomorphic inverse image of IVNDSs in Hilbert algebras.
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1 Introduction

Zadeh20 first developed the idea of fuzzy sets (FSs). Numerous academics have studied FS theory because
it has numerous practical applications. Numerous investigations were undertaken on the generalizations of
FSs after the idea of FSs was introduced. In,1, 3, 6 it is explained how FSs may be integrated with various
uncertainty-reduction strategies like soft sets and rough sets. The idea of intuitionistic fuzzy sets (IFSs),
as out by Atanassov,2 is one of the more beneficial extensions of FSs. Medical diagnostics, optimization
problems, and multi-criteria decision-making are just a few of the areas in which IFSs are applied.10–12 In
1999, Smarandache16 presented the idea of neutrosophic sets, which is a broader concept that encompasses the
ideas of classic sets, FSs, IFSs, and interval-valued (I)FSs (see16, 17).

For various examinations of implication in intuitionistic and other non-classical logics, Henkin and Skolem
proposed the idea of Hilbert algebras in the early 1950s. These algebras were researched in the 1960s from an
algebraic perspective, in particular by Horn and Diego. Diego established that Hilbert algebras form a variety
that is locally finite (cf.7). Busneag (cf.,45) and Jun (cf.13) both dealt with Hilbert algebras, and several of their
filters that create DSs were identified. The fuzzifications of subalgebras/ideals and DSs in Hilbert algebras
were taken into consideration by Dudek (cf.8). The intuitionistic fuzzification of the idea of DSs in Hilbert
algebras was examined by Zhan and Tan.21

This study introduces the idea of IVNSs to DSs in Hilbert algebras. There are presented correlations between
IVNDSs and their level cuts. Additionally, several features relating to the homomorphic inverse image of
IVNDSs in Hilbert algebras are examined.
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2 Preliminaries

Let’s examine the definition of Hilbert algebras, which was provided by Diego7 in 1966, before we start the
research.

Definition 2.1. 7 An algebra of the form H = (H,⊛, ι) of type (2, 0), where H ̸= ∅, ⊛ is a binary operation,
and ι is a fixed element of H, is referred to as a Hilbert algebra if the axioms listed below are true:

1. (∀ϱ, ϵ ∈ H)(ϱ⊛ (ϵ⊛ ϱ) = ι),

2. (∀ϱ, ϵ, ν ∈ H)((ϱ⊛ (ϵ⊛ ν))⊛ ((ϱ⊛ ϵ)⊛ (ϱ⊛ ν)) = ι),

3. (∀ϱ, ϵ ∈ H)(ϱ⊛ ϵ = ι, ϵ⊛ ϱ = ι ⇒ ϱ = ϵ).

From now on we define H = (H,⊛, ι) and K = (K,⊛, ι) as two Hilbert algebras.

In,8 the following conclusion was established.

Lemma 2.2. In H, we obtain

1. (∀ϱ ∈ H)(ϱ⊛ ϱ = ι),

2. (∀ϱ ∈ H)(ι⊛ ϱ = ϱ),

3. (∀ϱ ∈ H)(ϱ⊛ ι = ι),

4. (∀ϱ, ϵ, ν ∈ H)(ϱ⊛ (ϵ⊛ ν) = ϵ⊛ (ϱ⊛ ν)).

In H, the binary relation ≤ is defined by

(∀ϱ, ϵ ∈ H)(ϱ ≤ ϵ ⇔ ϱ⊛ ϵ = ι).

Definition 2.3. 9 A subset ∅ ≠ D ⊆ H is called a deductive system (DS) of H if

1. ι ∈ D,

2. (∀ϱ ∈ D,∀ϵ ∈ H)(ϱ⊛ ϵ ∈ D ⇒ ϵ ∈ D).

In addition, DSs were also studied in GE-algebras by Jun and Bandaru in 2022 (see14).

The definition of a fuzzy set (FS)20 is a function µ : H → [0, 1], where [0, 1] ⊆ R.

Definition 2.4. A FS µ in H is said to be a fuzzy deductive system (FDS) of H if

1. (∀ϱ ∈ H)(µ(ι) ≥ µ(ϱ)),

2. (∀ϱ, ϵ ∈ H)(µ(ϵ) ≥ min{µ(ϱ⊛ ϵ), µ(ϱ)})

and an anti fuzzy deductive system (AFDS) of H if

1. (∀ϱ ∈ H)(µ(ι) ≤ µ(ϱ)),

2. (∀ϱ, ϵ ∈ H)(µ(ϵ) ≤ max{µ(ϱ⊛ ϵ), µ(ϱ)}).
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An interval number we mean a close subinterval ŝ = [al, au] of [0, 1], where 0 ≤ al ≤ au ≤ 1. Denote
by [[0, 1]] the set of all interval numbers. If ŝ1, ŝ2 ∈ [[0, 1]], we define rmin{ŝ1, ŝ2} and rmax{ŝ1, ŝ2},
respectively, as follows:

rmin{ŝ1, ŝ2} = [min{sl1, sl2},min{su1 , su2}],

rmax{ŝ1, ŝ2} = [max{sl1, sl2},max{su1 , su2}].

Definition 2.5. 15 For the symbols ⪰,⪯, and = for ŝ1 and ŝ2 in [[0, 1]], respectively, we define them as follows:

ŝ1 ⪰ ŝ2 ⇔ sl1 ≥ sl2 and su1 ≥ su2 ,

additionally, we might have ŝ1 ⪯ ŝ2 and ŝ1 = ŝ2.

The following claims are true in [[0, 1]] (see18).

(∀ŝ ∈ [[0, 1]])

(
rmax{ŝ, ŝ} = ŝ
rmin{ŝ, ŝ} = ŝ

)
. (1)

(∀ŝ1, ŝ2 ∈ [[0, 1]])

(
rmax{ŝ1, ŝ2} ⪰ ŝ1
ŝ1 ⪰ rmin{ŝ1, ŝ2}

)
. (2)

(∀ŝ1, ŝ2, ŝ3 ∈ [[0, 1]])
(
ŝ1 ⪰ ŝ2, ŝ3 ⪰ ŝ2 ⇔ rmin{ŝ1, ŝ3} ⪰ ŝ2

)
. (3)

Definition 2.6. 19 An interval-valued neutrosophic set (IVNS) N in a set H ̸= ∅ is defined to be a structure

N = {(ϱ,TN(ϱ), IN(ϱ),FN(ϱ)) | ϱ ∈ H}, (4)

where TN : H → [[0, 1]], IN : H → [[0, 1]], and FN : H → [[0, 1]] such that TN(ϱ) = [Tl
N(ϱ),T

u
N(ϱ)], IN(ϱ) =

[IlN(ϱ), I
u
N(ϱ)], and FN(ϱ) = [Fl

N(ϱ),F
u
N(ϱ)] for all ϱ ∈ H. Also note that TN(ϱ) = 1−TN(ϱ) = [1−Tu

N(ϱ), 1−
Tl
N(ϱ)], IN(ϱ) = 1 − IN(ϱ) = [1− IuN(ϱ), 1− IlN(ϱ)], and FN(ϱ) = 1 − FN(ϱ) = [1− Fu

N(ϱ), 1− Fl
N(ϱ)] for

all ϱ ∈ H, where (ϱ,TN(ϱ), IN(ϱ),FN(ϱ)) represents the complement of ϱ in N. We define N = (TN, IN,FN)
as the complement of N = (TN, IN,FN). For the purpose of convenience, we will refer to the IVNS set
N = {(ϱ,TN(ϱ), IN(ϱ),FN(ϱ)) | ϱ ∈ H} using the notation N = (TN, IN,FN).

After this let N = (TN, IN,FN) and K = (TK, IK,FK) mean IVNSs.

3 Interval-valued neutrosophic deductive systems

We introduce the idea of IVNDSs of Hilbert algebras in this part and look at some related characteristics.

Definition 3.1. An IVNS N = (TN, IN,FN) in H is called an interval-valued neutrosophic deductive system
(IVNDS) of H if

(∀ϱ ∈ H)

 TN(ι) ⪰ TN(ϱ)
IN(ι) ⪯ IN(ϱ)
FN(ι) ⪰ FN(ϱ)

 , (5)

(∀ϱ, ϵ ∈ H)

 TN(ϵ) ⪰ rmin{TN(ϱ⊛ ϵ),TN(ϱ)}
IN(ϵ) ⪯ rmax{IN(ϱ⊛ ϵ), IN(ϱ)}
FN(ϵ) ⪰ rmin{FN(ϱ⊛ ϵ),FN(ϱ)}

 . (6)

Lemma 3.2. If N = (TN, IN,FN) is an IVNDS of H, then

(∀ϱ, ϵ, ν ∈ H)

 ν ≤ ϱ⊛ ϵ ⇒

 TN(ϵ) ⪰ rmin{TN(ϱ),TN(ν)}
IN(ϵ) ⪯ rmax{IN(ϱ), IN(ν)}
FN(ϵ) ⪰ rmin{FN(ϱ),FN(ν)}

 . (7)
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Proof. Let ϱ, ϵ, ν ∈ H be such that ν ≤ ϱ⊛ ϵ. Then ν ⊛ (ϱ⊛ ϵ) = ι and so

TN(ϵ) ⪰ rmin{TN(ϱ⊛ ϵ),TN(ϱ)}
⪰ rmin{rmin{TN(ν ⊛ (ϱ⊛ ϵ)),TN(ν)},TN(ϱ)}
= rmin{rmin{TN(ι),TN(ν)},TN(ϱ)}
= rmin{TN(ϱ),TN(ν)},

IN(ϵ) ⪯ rmax{IN(ϱ⊛ ϵ), IN(ϱ)}
⪯ rmax{rmax{IN(ν ⊛ (ϱ⊛ ϵ)), IN(ν)}, IN(ϱ)}
= rmax{rmax{IN(ι), IN(ν)}, IN(ϱ)}
= rmax{IN(ϱ), IN(ν)},

FN(ϵ) ⪰ rmin{FN(ϱ⊛ ϵ),FN(ϱ)}
⪰ rmin{rmin{FN(ν ⊛ (ϱ⊛ ϵ)),FN(ν)},FN(ϱ)}
= rmin{rmin{FN(ι),FN(ν)},FN(ϱ)}
= rmin{FN(ϱ),FN(ν)}.

Lemma 3.3. If N = (TN, IN,FN) is an IVNDS of H, then

(∀ϱ, ϵ ∈ H)

 ϱ ≤ ϵ ⇒

 TN(ϱ) ⪯ TN(ϵ)
IN(ϱ) ⪰ IN(ϵ)
FN(ϱ) ⪯ FN(ϵ)

 . (8)

Proof. Let ϱ, ϵ ∈ H be such that ϱ ≤ ϵ. Then ϱ⊛ ϵ = ι and so

TN(ϵ) ⪰ rmin{TN(ϱ⊛ ϵ),TN(ϱ)} = rmin{TN(ι),TN(ϱ)} = TN(ϱ),

IN(ϵ) ⪯ rmax{IN(ϱ⊛ ϵ), IN(ϱ)} = rmax{IN(ι), IN(ϱ)} = IN(ϱ),

FN(ϵ) ⪰ rmin{FN(ϱ⊛ ϵ),FN(ϱ)} = rmin{FN(ι),FN(ϱ)} = FN(ϱ).

Theorem 3.4. An IVNS N = (TN, IN,FN) in H is an IVNDS of H if and only if Tl
N,T

u
N,F

l
N, and Fu

N are FDSs
of H and IlN and IuN are AFDSs of H.

Proof. Since Tl
N(ι) ⪰ Tl

N(ϱ), T
u
N(ι) ⪰ Tu

N(ϱ), I
l
N(ι) ⪯ IlN(ϱ), I

u
N(ι) ⪯ IuN(ϱ), and Fl

N(ι) ⪰ Fl
N(ϱ), F

u
N(ι) ⪰

Fu
N(ϱ), we obtain TN(ι) ⪰ TN(ϱ), IN(ι) ⪯ IN(ϱ), and FN(ι) ⪰ FN(ϱ). Let Tl

N and Tu
N be FDSs of H and

ϱ, ϵ ∈ H. Then
TN(ϵ) = [Tl

N(ϵ),T
u
N(ϱ)]

⪰ [min{Tl
N(ϱ⊛ ϵ),Tl

N(ϱ)},min{Tu
N(ϱ⊛ ϵ),Tu

N(ϱ)}]
= rmin{[Tl

N(ϱ⊛ ϵ),Tu
N(ϱ⊛ ϵ)], [Tl

N(ϱ),T
u
N(ϱ)]}

= rmin{TN(ϱ⊛ ϵ),TN(ϱ)}.

Let IlN and IuN be AFDSs of H and ϱ, ϵ ∈ H. Then

IN(ϵ) = [IlN(ϵ), I
u
N(ϱ)]

⪯ [max{IlN(ϱ⊛ ϵ), IlN(ϱ)},max{IuN(ϱ⊛ ϵ), IuN(ϱ)}]
= rmax{[IlN(ϱ⊛ ϵ), IuN(ϱ⊛ ϵ)], [IlN(ϱ), I

u
N(ϱ)]}

= rmax{IN(ϱ⊛ ϵ), IN(ϱ)}.

Let Fl
N and Fu

N be FDSs of H and ϱ, ϵ ∈ H. Then

FN(ϵ) = [Fl
N(ϵ),F

u
N(ϱ)]

⪰ [min{Fl
N(ϱ⊛ ϵ),Fl

N(ϱ)},min{Fu
N(ϱ⊛ ϵ),Fu

N(ϱ)}]
= rmin{[Fl

N(ϱ⊛ ϵ),Fu
N(ϱ⊛ ϵ)], [Fl

N(ϱ),F
u
N(ϱ)]}

= rmin{FN(ϱ⊛ ϵ),FN(ϱ)}.

So we conclude that N is an IVNDS of H.
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Assume, on the other hand, that N is an IVNDS of H. Let ϱ ∈ H. Then

[Tl
N(ι),T

u
N(ι)] = TN(ι) ⪰ TN(ϱ) = [Tl

N(ϱ),T
u
N(ϱ)] ⇒ Tl

N(ι) ⪰ Tl
N(ϱ),T

u
N(ι) ⪰ Tu

N(ϱ),

[IlN(ι), I
u
N(ι)] = IN(ι) ⪯ IN(ϱ) = [IlN(ϱ), I

u
N(ϱ)] ⇒ IlN(ι) ⪯ IlN(ϱ), I

u
N(ι) ⪯ IuN(ϱ),

[Fl
N(ι),F

u
N(ι)] = FN(ι) ⪰ FN(ϱ) = [Fl

N(ϱ),F
u
N(ϱ)] ⇒ Fl

N(ι) ⪰ Fl
N(ϱ),F

u
N(ι) ⪰ Fu

N(ϱ).

Let ϱ, ϵ ∈ H. Then

[Tl
N(ϵ),T

u
N(ϵ)] = TN(ϵ)

⪰ rmin{TN(ϱ⊛ ϵ),TN(ϱ)}
= rmin{[Tl

N(ϱ⊛ ϵ),Tu
N(ϱ⊛ ϵ)], [Tl

N(ϱ),T
u
N(ϱ)]}

= [min{Tl
N(ϱ⊛ ϵ),Tl

N(ϱ)},min{Tu
N(ϱ⊛ ϵ),Tu

N(ϱ)}].

So we conclude that Tl
N(ϵ) ≥ min{Tl

N(ϱ⊛ ϵ),Tl
N(ϱ)} and Tu

N(ϵ) ≥ min{Tu
N(ϱ⊛ ϵ),Tu

N(ϱ)}. Now,

[IlN(ϵ), I
u
N(ϵ)] = IN(ϵ)

⪯ rmax{IN(ϱ⊛ ϵ), IN(ϱ)}
= rmax{[IlN(ϱ⊛ ϵ), IuN(ϱ⊛ ϵ)], [IlN(ϱ), I

u
N(ϱ)]}

= [max{IlN(ϱ⊛ ϵ), IlN(ϱ)},max{IuN(ϱ⊛ ϵ), IuN(ϱ)}].

So we conclude that IlN(ϵ) ≤ max{IlN(ϱ⊛ ϵ), IlN(ϱ)} and IuN(ϵ) ≤ max{IuN(ϱ⊛ ϵ), IuN(ϱ)}. Also,

[Fl
N(ϵ),F

u
N(ϵ)] = FN(ϵ)

⪰ rmin{FN(ϱ⊛ ϵ),FN(ϱ)}
= rmin{[Fl

N(ϱ⊛ ϵ),Fu
N(ϱ⊛ ϵ)], [Fl

N(ϱ),F
u
N(ϱ)]}

= [min{Fl
N(ϱ⊛ ϵ),Fl

N(ϱ)},min{Fu
N(ϱ⊛ ϵ),Fu

N(ϱ)}].

So we conclude that Fl
N(ϵ) ≥ min{Fl

N(ϱ ⊛ ϵ),Fl
N(ϱ)} and Fu

N(ϵ) ≥ min{Fu
N(ϱ ⊛ ϵ),Fu

N(ϱ)}. Therefore,
Tl
N,T

u
N,F

l
N, and Fu

N are FDSs of H and IlN and IuN are AFDSs of H.

Theorem 3.5. If N = (TN, IN,FN) and K = (TK, IK,FK) are two IVNDSs of H, then N∩K = (TN∩K, IN∩K,FN∩K)
is an IVNDS of H, where

(∀ϱ ∈ H)

 TN∩K(ϱ) = [min{Tl
N(ϱ),T

l
K(ϱ)},min{Tu

N(ϱ),T
u
K(ϱ)}]

IN∩K(ϱ) = [max{IlN(ϱ), IlK(ϱ)},max{IuN(ϱ), IuK(ϱ)}]
FN∩K(ϱ) = [min{Fl

N(ϱ),F
l
K(ϱ)},min{Fu

N(ϱ),F
u
K(ϱ)}]

 . (9)

Proof. Let ϱ ∈ H. Then

TN∩K(ι) = [Tl
N∩K(ι),T

u
N∩K(ι)]

= [min{Tl
N(ι),T

l
K(ι)},min{Tu

N(ι),T
u
K(ι)}]

⪰ [min{Tl
N(ϱ),T

l
K(ϱ)},min{Tu

N(ϱ),T
u
K(ϱ)}]

= [Tl
N∩K(ϱ),T

u
N∩K(ϱ)]

= TN∩K(ϱ),

IN∩K(ι) = [IlN∩K(ι), I
u
N∩K(ι)]

= [max{IlN(ι), IlK(ι)},max{IuN(ι), IuK(ι)}]
⪯ [max{IlN(ϱ), IlK(ϱ)},max{IuN(ϱ), IuK(ϱ)}]
= [IlN∩K(ϱ), I

u
N∩K(ϱ)]

= IN∩K(ϱ),

FN∩K(ι) = [Fl
N∩K(ι),F

u
N∩K(ι)]

= [min{Fl
N(ι),F

l
K(ι)},min{Fu

N(ι),F
u
K(ι)}]

⪰ [min{Fl
N(ϱ),F

l
K(ϱ)},min{Fu

N(ϱ),F
u
K(ϱ)}]

= [Fl
N∩K(ϱ),F

u
N∩K(ϱ)]

= FN∩K(ϱ).
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Let ϱ, ϵ ∈ H. Then

TN∩K(ϵ) = [Tl
N∩K(ϵ),T

u
N∩K(ϵ)]

= [min{Tl
N(ϵ),T

l
K(ϵ)},min{Tu

N(ϵ),T
u
K(ϵ)}]

⪰
[

min{min{Tl
N(ϱ⊛ ϵ),Tl

N(ϱ)},min{Tl
K(ϱ⊛ ϵ),Tl

K(ϱ)}},
min{min{Tu

N(ϱ⊛ ϵ),Tu
N(ϱ)},min{Tu

K(ϱ⊛ ϵ),Tu
K(ϱ)}}

]
=

[
min{min{Tl

N(ϱ⊛ ϵ),Tl
K(ϱ⊛ ϵ)},min{Tl

N(ϱ),T
l
K(ϱ)}},

min{min{Tu
N(ϱ⊛ ϵ),Tu

K(ϱ⊛ ϵ)},min{Tu
N(ϱ),T

u
K(ϱ)}}

]
=

[
min{Tl

N∩K(ϱ⊛ ϵ),Tu
N∩K(ϱ)},

min{Tu
N∩K(ϱ⊛ ϵ),Tu

N∩K(ϱ)}

]
,

IN∩K(ϵ) = [IlN∩K(ϵ), I
u
N∩K(ϵ)]

= [max{IlN(ϵ), IlK(ϵ)},max{IuN(ϵ), IuK(ϵ)}]

⪯
[

max{max{IlN(ϱ⊛ ϵ), IlN(ϱ)},max{IlK(ϱ⊛ ϵ), IlK(ϱ)}},
max{max{IuN(ϱ⊛ ϵ), IuN(ϱ)},max{IuK(ϱ⊛ ϵ), IuK(ϱ)}}

]
=

[
max{max{IlN(ϱ⊛ ϵ), IlK(ϱ⊛ ϵ)},max{IlN(ϱ), IlK(ϱ)}},
max{max{IuN(ϱ⊛ ϵ), IuK(ϱ⊛ ϵ)},max{IuN(ϱ), IuK(ϱ)}}

]
=

[
max{IlN∩K(ϱ⊛ ϵ), IuN∩K(ϱ)},
max{IuN∩K(ϱ⊛ ϵ), IuN∩K(ϱ)}

]
,

FN∩K(ϵ) = [Fl
N∩K(ϵ),F

u
N∩K(ϵ)]

= [min{Fl
N(ϵ),F

l
K(ϵ)},min{Fu

N(ϵ),F
u
K(ϵ)}]

⪰
[

min{min{Fl
N(ϱ⊛ ϵ),Fl

N(ϱ)},min{Fl
K(ϱ⊛ ϵ),Fl

K(ϱ)}},
min{min{Fu

N(ϱ⊛ ϵ),Fu
N(ϱ)},min{Fu

K(ϱ⊛ ϵ),Fu
K(ϱ)}}

]
=

[
min{min{Fl

N(ϱ⊛ ϵ),Fl
K(ϱ⊛ ϵ)},min{Fl

N(ϱ),F
l
K(ϱ)}},

min{min{Fu
N(ϱ⊛ ϵ),Fu

K(ϱ⊛ ϵ)},min{Fu
N(ϱ),F

u
K(ϱ)}}

]
=

[
min{Fl

N∩K(ϱ⊛ ϵ),Fu
N∩K(ϱ)},

min{Fu
N∩K(ϱ⊛ ϵ),Fu

N∩K(ϱ)}

]
.

So we conclude that N ∩K is an IVNDS of H.

Corollary 3.6. If {Ni | i ∈ ∆} is a nonempty family of IVNDSs of H, then
⋂
i∈∆

Ni is an IVNDS of H.

Corollary 3.7. If N = (TN, IN,FN) is an IVNDS of H, then N is also an IVNDS of H.

Definition 3.8. Let N = (TN, IN,FN) be an IVNS in H. The IVNSs ⊕N,⊗N, and ⊙N in H are defined as
follows: ⊕N = (TN,TN,FN),⊗N = (IN, IN,FN), and ⊙N = (IN, IN, IN).

Theorem 3.9. If N = (TN, IN,FN) is an IVNDS of H, then ⊕N,⊗N, and ⊙N are IVNDSs of H.

Proof. Let ϱ ∈ H. Then TN(ι) = 1 − TN(ι) ⪯ 1 − TN(ϱ) ⪯ TN(ϱ). Let ϱ, ϵ ∈ H. Then

TN(ϵ) = 1 − TN(ϵ)
⪯ 1 − rmin{TN(ϱ⊛ ϵ),TN(ϱ)}
= rmax{1 − TN(ϱ⊛ ϵ), 1 − TN(ϱ)}
= rmax{TN(ϱ⊛ ϵ),TN(ϱ)}.

So we conclude that ⊕N is an IVNDS of H.

Let ϱ ∈ H. Then IN(ι) = 1 − IN(ι) ⪰ 1 − IN(ϱ) ⪰ IN(ϱ). Let ϱ, ϵ ∈ H. Then

IN(ϵ) = 1 − IN(ϵ)
⪰ 1 − rmax{IN(ϱ⊛ ϵ), IN(ϵ)}
= rmin{1 − IN(ϱ⊛ ϵ), 1 − IN(ϵ)}
= rmin{IN(ϱ⊛ ϵ), IN(ϵ)}.

So we conclude that ⊗N is an IVNDS of H. Similar arguments may be made for ⊙N.

Theorem 3.10. An IVNS N = (TN, IN,FN) in H is an IVNDS of H if and only if for every [s1, s2], [t1, t2], [u1, u2] ∈
[[0, 1]], the sets U(TN : [t1, t2]), L(IN : [s1, s2]), and U(FN : [u1, u2]) are DSs of H if they are nonempty.
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Proof. Let N = (TN, IN,FN) be an IVNDS of H and let [s1, s2], [t1, t2], [u1, u2] ∈ [[0, 1]] be such that
U(TN : [t1, t2]), L(IN, [s1, s2]), and U(FN : [u1, u2]) are nonempty sets of H. Clearly, ι ∈ U(TN : [t1, t2]) ∩
L(IN : [s1, s2])∩U(FN : [u1, u2]) since TN(ι) ⪰ [t1, t2], IN(ι) ⪯ [s1, s2], and FN(ι) ⪰ [u1, u2]. Let ϱ, ϵ ∈ H
be such that ϱ, ϱ⊛ ϵ ∈ U(TN : [t1, t2]). Then TN(ϱ) ⪰ [t1, t2] and TN(ϱ⊛ ϵ) ⪰ [t1, t2]. So we conclude that
TN(ϵ) ⪰ min{TN(ϱ⊛ϵ),TN(ϱ)} ⪰ [t1, t2] so that ϵ ∈ U(TN : [t1, t2]). So we conclude that U(TN : [t1, t2]) is
a DS of H. Let ϱ, ϵ ∈ H be such that ϱ, ϱ⊛ϵ ∈ L(IN : [s1, s2]). Then IN(ϱ) ⪯ [s1, s2] and FN(ϱ⊛ϵ) ⪯ [s1, s2].
So we conclude that IN(ϵ) ⪯ max{IN(ϱ ⊛ ϵ), IN(ϱ)} ⪯ [s1, s2] so that ϵ ∈ L(IN : [s1, s2]). So we
conclude that L(IN : [s1, s2]) is a DS of H. Let ϱ, ϵ ∈ H be such that ϱ, ϱ ⊛ ϵ ∈ U(FN : [u1, u2]). Then
FN(ϱ) ⪰ [u1, u2] and FN(ϱ⊛ϵ) ⪰ [u1, u2]. So we conclude that FN(ϵ) ⪰ min{FN(x cot y),FN(ϱ)} ⪰ [u1, u2]
so that ϵ ∈ U(FN : [u1, u2]). So we conclude that U(FN : [u1, u2]) is a DS of H.

Assume now that every nonempty sets U(TN : [t1, t2]), L(IN, [s1, s2]), and U(FN : [u1, u2]) are DSs in H. If
TN(ι) ⪰ TN(ϱ) is not true for each ϱ ∈ H, then there is ϱ0 ∈ H such that TN(ι) ≺ TN(ϱ0). But in this case
for [s1, s2] = 1

2 (TN(ι) + TN(ϱ0)). Then ϱ0 ∈ U(TN : [s1, s2]), that is, U(TN : [s1, s2]) ̸= ∅. Because of
the assumption, U(TN : [s1, s2]) is a DS of H, then TN(ι) ⪰ [s1, s2], which is impossible. So we conclude
that TN(ι) ⪰ TN(ϱ) for all ϱ ∈ H. If IN(ι) ⪯ IN(ϱ) is not true for each ϱ ∈ H, then there is ϵ0 ∈ H such
that IN(ι) ≻ IN(ϵ0). But in this case for [s′0, s

′′
0 ] =

1
2 (IN(ι) + IN(ϵ0)). Then ϵ0 ∈ L(IN : [s′0, s

′′
0 ]), that

is, L(IN : [s′0, s
′′
0 ]) ̸= ∅. Because of the assumption, L(IN : [s′0, s

′′
0 ]) is a DS of H, then IN(ι) ⪯ [s′0, s

′′
0 ],

which is impossible. So we conclude that IN(ι) ⪯ IN(ϱ) for all ϱ ∈ H. If FN(ι) ⪰ FN(ϱ) is not true for each
ϱ ∈ H, then there is ϱ0 ∈ H such that FN(ι) ≺≺ FN(ϱ0). But in this case for [u1, u2] =

1
2 (FN(ι) + FN(ϱ0)).

Then ϱ0 ∈ U(FN : [u1, u2]), that is, U(FN : [u1, u2]) ̸= ∅. Because of the assumption, U(FN : [u1, u2]) is
a DS of H, then FN(ι) ⪰ [u1, u2], which is impossible. So we conclude that FN(ι) ⪰ FN(ϱ) for all ϱ ∈ H.
Suppose TN(ϵ) ⪰ rmin{TN(ϱ⊛ ϵ),TN(ϵ)} is not true for each ϱ, ϵ ∈ H. Then there are u0, v0 ∈ H such that
TN(v0) ≺ rmin{TN(u0 ⊛ v0),TN(u0)}. Taking [p′, p′′] = 1

2 (TN(v0) + rmin{TN(u0 ⊛ v0),TN(u0)}). Then
TN(u0) ≺ [p′, p′′] ≺ rmin{TN(u0 ⊛ v0),TN(u0)}, that is, u0, v0 ∈ U(TN : [p′, p′′]). Since U(TN : [p′, p′′]) is
a DS of H, u0 ∈ U(TN : [p′, p′′]), a contradiction. Thus TN(ϵ) ⪰ rmin{TN(ϱ⊛ ϵ),TN(ϱ)} is true for all ϱ, ϵ ∈
H. Suppose IN(ϵ) ⪯ rmax{IN(ϱ⊛ϵ), IN(ϱ)} is not true for each ϱ, ϵ ∈ H. Then there are u0, v0 ∈ H such that
IN(v0) ≻ rmax{IN(u0 ⊛ v0), IN(u0)}. Taking [p′0, p

′′
0 ] =

1
2 (IN(v0) + rmax{IN(u0 ⊛ v0), IN(u0)}). Then

IN(v0) ≻ [p′0, p
′′
0 ] ≻ rmax{IN(u0 ⊛ v0), IN(u0)}, that is, u0, v0 ∈ L(IN : [p′0, p

′′
0 ]). Since L(IN : [p′0, p

′′
0 ]) is

a DS of H, u0 ⊛ v0 ∈ L(IN : [p′0, p
′′
0 ]), a contradiction. Thus IN(ϵ) ⪯ rmax{IN(ϱ⊛ ϵ), IN(ϱ)} is true for all

ϱ, ϵ ∈ H. Suppose FN(ϵ) ⪰ rmin{FN(ϱ⊛ ϵ),FN(ϵ)} is not true for each ϱ, ϵ ∈ H. Then there are u0, v0 ∈ H
such that FN(v0) ≺ rmin{FN(u0⊛v0),FN(u0)}. Taking [q′, q′′] = 1

2 (FN(v0)+rmin{FN(u0⊛v0),FN(u0)}).
Then FN(u0) ≺ [q′, q′′] ≺ rmin{FN(u0 ⊛ v0),FN(u0)}, that is, u0, v0 ∈ U(FN : [q′, q′′]). Since U(FN :
[q′, q′′]) is a DS of H, u0 ∈ U(FN : [q′, q′′]), a contradiction. Thus FN(ϵ) ⪰ rmin{FN(ϱ ⊛ ϵ),FN(ϱ)} is true
for all ϱ, ϵ ∈ H. So we conclude that N is an IVNDS of H.

Theorem 3.11. Let ∅ ≠ B ⊆ H and N = (TN, IN,FN) be an IVNS in H defined by

TN(ϱ) =

{
α0 if ϱ ∈ B
α1 otherwise,

IN(ϱ) =

{
β0 if ϱ ∈ B
β1 otherwise,

FN(ϱ) =

{
θ0 if ϱ ∈ B
θ1 otherwise

for all ϱ ∈ H and α0, α1, β0, β1, θ0, θ1 ∈ [[0, 1]] with α0 ≻ α1, β0 ≺ β1, θ0 ≻ θ1. Then N is an IVNDS of H
if and only if B is a DS of H.

Proof. Let’s assume that N is an IVNDS of H. Since TN(ι) ⪰ TN(ϱ), IN(ι) ⪯ IN(ϱ), and FN(ι) ⪰ FN(ϱ)
for all ϱ ∈ H, we obtain TN(ι) = α1, IN(ι) = β1, and FN(ι) = θ1 and so ι ∈ B. Let ϱ, ϵ ∈ H be
such that ϱ, ϱ ⊛ ϵ ∈ B. Then TN(ϵ) ⪰ rmax{TN(ϱ ⊛ ϵ),TN(ϱ)} = α1 and then TN(ϵ) = α1. Also,
IN(ϵ) ⪯ rmin{IN(ϱ ⊛ ϵ), IN(ϱ)} = β1 and then IN(ϵ) = β1, and FN(ϵ) ⪰ rmax{FN(ϱ ⊛ ϵ),FN(ϱ)} = θ1;
hence FN(ϵ) = θ1. So we conclude that ϵ ∈ B. Therefore, B is a DS of H.

Assume, on the other hand, that B is a DS of H. Since ι ∈ B, we obtain TN(ι) = α1 ⪰ TN(ϱ), IN(ι) =
β1 ⪯ IN(ϱ), and FN(ι) = θ1 ⪰ FN(ϱ) for all ϱ ∈ H. Let ϱ, ϵ ∈ H. If ϵ ∈ B, then ϱ ⊛ ϵ ∈ B and so
TN(ϱ ⊛ ϵ) = α1 = TN(ϵ), IN(ϱ ⊛ ϵ) = β1 = IN(ϵ), and FN(ϱ ⊛ ϵ) = θ1 = FN(ϵ). If ϵ ∈ H\B, then
TN(ϵ) = α2, IN(ϵ) = β2, and FN(ϵ) = θ2, and hence TN(ϱ ⊛ ϵ) ⪰ α2 = TN(ϵ), IN(ϱ ⊛ ϵ) ⪯ β2 = IN(ϵ),
and FN(ϱ⊛ ϵ) ⪰ θ2 = FN(ϵ). So we conclude that N is an IVNDS of H.
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Definition 3.12. Let N = (TN, IN,FN) and K = (TK, IK,FK) be IVNSs in H and K, respectively. The
cartesian product N × K = {((ϱ, ϵ), (TN × TK)(ϱ, ϵ), (IN × IK)(ϱ, ϵ), (FN × FK)(ϱ, ϵ)) | ϱ ∈ H, ϵ ∈ K} is
defined by

(∀(ϱ, ϵ) ∈ H× K)

 (TN × TK)(ϱ, ϵ) = rmin{TN(ϱ),TK(ϵ)}
(IN × IK)(ϱ, ϵ) = rmax{IN(ϱ), IK(ϵ)}
(FN × FK)(ϱ, ϵ) = rmin{FN(ϱ),FK(ϵ)}

 ,

where TN × TK : H× K → [[0, 1]], IN × IK : H× K → [[0, 1]], and FN × FK : H× K → [[0, 1]].

Remark 3.13. We define the binary operation ⊛ on H× K for H and K as (ϱ, ϵ)⊛ (ς, ϑ) = (ϱ⊛ ς, ϵ⊛ ϑ) for
each (ϱ, ϵ), (ς, ϑ) ∈ H× K. Then clearly (H× K,⊛, (ι, ι)) is a Hilbert algebra.

Proposition 3.14. If N = (TN, IN,FN) and K = (TK, IK,FK) are IVNDSs of H and K, respectively, then
N×K is also an IVNDS of H× K.

Proof. Let (ϱ, ϵ) ∈ H× K. Then

(TN × TK)(ι, ι) = rmin{TN(ι),TK(ι)}
⪰ rmin{TN(ϱ),TK(ϵ)}
= (TN × TK)(ϱ, ϵ),

(IN × IK)(ι, ι) = rmax{IN(ι), IK(ι)}
⪯ rmax{IN(ϱ), IK(ϵ)}
= (IN × IK)(ϱ, ϵ),

(FN × FK)(ι, ι) = rmin{FN(ι),FK(ι)}
⪰ rmin{FN(ϱ),FK(ϵ)}
= (FN × FK)(ϱ, ϵ).

Let (ϱ1, ϱ2), (ϵ1, ϵ2) ∈ H× K. Then

(TN × TK)(ϵ1, ϵ2)
= rmin{TN(ϵ1),TK(ϵ2)}
⪰ rmin{rmin{TN(ϱ1 ⊛ ϵ1),TN(ϱ1)}, rmin{TK(ϱ2 ⊛ ϵ2),TK(ϱ2)}}
= rmin{rmin{TN(ϱ1 ⊛ ϵ1),TK(ϱ2 ⊛ ϵ2)}, rmin{TN(ϱ1),TK(ϱ2)}}
= rmin{(TN × TK)((ϱ1 ⊛ ϵ1), (ϱ2 ⊛ ϵ2)), (TN × TK)(ϱ1, ϱ2)}
= rmin{(TN × TK)((ϱ1, ϱ2)⊛ (ϵ1, ϵ2)), (TN × TK)(ϱ1, ϱ2)},

(IN × IK)(ϵ1, ϵ2)
= rmax{IN(ϵ1), IK(ϵ2)}
⪯ rmax{rmax{IN(ϱ1 ⊛ ϵ1), IN(ϱ1)}, rmax{IK(ϱ2 ⊛ ϵ2), IK(ϱ2)}}
= rmax{rmax{IN(ϱ1 ⊛ ϵ1), IK(ϱ2 ⊛ ϵ2)}, rmax{IN(ϱ1), IK(ϱ2)}}
= rmax{(IN × IK)((ϱ1 ⊛ ϵ1), (ϱ2 ⊛ ϵ2)), (IN × IK)(ϱ1, ϱ2)}
= rmax{(IN × IK)((ϱ1, ϱ2)⊛ (ϵ1, ϵ2)), (IN × IK)(ϱ1, ϱ2)},

(FN × FK)(ϵ1, ϵ2)
= rmin{FN(ϵ1),FK(ϵ2)}
⪰ rmin{rmin{FN(ϱ1 ⊛ ϵ1),FN(ϱ1)}, rmin{FK(ϱ2 ⊛ ϵ2),FK(ϱ2)}}
= rmin{rmin{FN(ϱ1 ⊛ ϵ1),FK(ϱ2 ⊛ ϵ2)}, rmin{FN(ϱ1),FK(ϱ2)}}
= rmin{(FN × FK)((ϱ1 ⊛ ϵ1), (ϱ2 ⊛ ϵ2)), (FN × FK)(ϱ1, ϱ2)}
= rmin{(FN × FK)((ϱ1, ϱ2)⊛ (ϵ1, ϵ2)), (FN × FK)(ϱ1, ϱ2)}.

So we conclude that N×K is an IVNDS of H× K.

The following theorem is derived from Theorem 3.9 and Proposition 3.14.

Theorem 3.15. If N = (TN, IN,FN) and K = (TK, IK,FK) are IVNDSs of H and K, respectively, then
⊕(N×K),⊗(N×K), and ⊙(N×K) are IVNDSs of H× K.

The following theorem can be derived from Theorem 3.10.
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Theorem 3.16. Let N = (TN, IN,FN) and K = (TK, IK,FK) be IVNSs in H and K, respectively. Then
N×K is an IVNDS of H× K if and only if for each [s1, s2], [t1, t2], [u1, u2] ∈ [[0, 1]], U(TN × TK : [s1, s2]),
L(IN × IK : [t1, t2]), and U(FN × FK : [u1, u2]) are DSs of H× K if they are nonempty.

For any ŝ+, ŝ−, t̂+, t̂−, q̂+, q̂− ∈ [[0, 1]] such that ŝ+ ≻ ŝ−, t̂+ ≻ t̂−, q̂+ ≻ q̂− and ∅ ≠ G ⊆ H, the IVNS

NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
=

(
TG
N

[
ŝ+

ŝ−

]
, IGN

[
t̂−

t̂+

]
,FG

N

[
q̂+

q̂−

])
in H is defined by for all ϱ ∈ H,

TG
N

[
ŝ+

ŝ−

]
(ϱ) =

{
ŝ+ if ϱ ∈ G
ŝ− otherwise,

IGN

[
t̂−

t̂+

]
(ϱ) =

{
t̂− if ϱ ∈ G

t̂+ otherwise,

FG
N

[
q̂+

q̂−

]
(ϱ) =

{
q̂+ if ϱ ∈ G
q̂− otherwise.

Lemma 3.17. If ι ∈ G ⊆ H, then NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
in H satisfies (5).

Proof. If ι ∈ G, then TG
N

[
ŝ+

ŝ−

]
(ι) = ŝ+, IGN

[
t̂−

t̂+

]
(ι) = t̂−, and FG

N

[
q̂+

q̂−

]
(ι) = q̂+. Thus

(∀ϱ ∈ H)


TG
N

[
ŝ+

ŝ−

]
(ι) = ŝ+ ⪰ TG

N

[
ŝ+

ŝ−

]
(ϱ)

IGN

[
t̂−

t̂+

]
(ι) = t̂− ⪯ IGN

[
t̂−

t̂+

]
(ϱ)

FG
N

[
q̂+

q̂−

]
(ι) = q̂+ ⪰ FG

N

[
q̂+

q̂−

]
(ϱ)

 .

So we conclude that NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
satisfies (5).

Lemma 3.18. If NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
in H satisfies (5), then ι ∈ G ⊆ H.

Proof. Let’s assume that NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
satisfies (5). Then TG

N

[
ŝ+

ŝ−

]
(ι) ⪰ TG

N

[
ŝ+

ŝ−

]
(ϱ) for all ϱ ∈ H.

Since G ̸=⊆, there is g ∈ G. Thus TG
N

[
ŝ+

ŝ−

]
(g) = ŝ+ and so TG

N

[
ŝ+

ŝ−

]
(ι) ⪰ TG

N

[
ŝ+

ŝ−

]
(g) = ŝ+ ⪰

TG
N

[
ŝ+

ŝ−

]
(ι), that is, TG

N

[
ŝ+

ŝ−

]
(ι) = ŝ+. So we conclude that ι ∈ G.

Theorem 3.19. NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
in H is an IVNDS of H if and only if ∅ ≠ G ⊆ H is a DS of H.

Proof. Let’s assume that NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
is an IVNDS of H. Since NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
satisfies (5) and

by Lemma 3.18, we get ι ∈ G. Suppose ϱ, ϵ ∈ H is such that ϱ, ϱ ⊛ ϵ ∈ G. Then TG
N

[
ŝ+

ŝ−

]
(ϱ) = ŝ+ =
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TG
N

[
ŝ+

ŝ−

]
(ϱ⊛ ϵ). So we conclude that

TG
N

[
ŝ+

ŝ−

]
(ϵ) ⪰ rmin

{
TG
N

[
ŝ+

ŝ−

]
(ϱ⊛ ϵ),TG

N

[
ŝ+

ŝ−

]
(ϱ)

}
= rmin{ŝ+, ŝ+}
= ŝ+

⪰ TG
N

[
ŝ+

ŝ−

]
(ϵ)

and so TG
N

[
ŝ+

ŝ−

]
(ϵ) = ŝ+. Thus ϵ ∈ G. So we conclude that G is a DS of H.

Assume, on the other hand, that G is a DS of H. Since ι ∈ G, it follows from Lemma 3.17 that NG

[
ŝ+, t̂−, q̂+

ŝ−, t̂+, q̂−

]
satisfies (5). Next, let ϱ, ϵ ∈ H.

Case 1: Suppose ϱ⊛ ϵ ∈ G and ϱ ∈ G. Then

TG
N

[
ŝ+

ŝ−

]
(ϱ⊛ ϵ) = ŝ+ = TG

N

[
ŝ+

ŝ−

]
(ϱ),

IGN

[
t̂−

t̂+

]
(ϱ⊛ ϵ) = t̂− = IGN

[
t̂−

t̂+

]
(ϱ),

FG
N

[
q̂+

q̂−

]
(ϱ⊛ ϵ) = q̂+ = FG

N

[
q̂+

q̂−

]
(ϱ).

Since G is a DS of H, we obtain ϵ ∈ G and so

TG
N

[
ŝ+

ŝ−

]
(ϵ) = ŝ+, IGN

[
t̂−

t̂+

]
(ϵ) = t̂−,FG

N

[
q̂+

q̂−

]
(ϵ) = q̂+.

It follows from (1) that

TG
N

[
ŝ+

ŝ−

]
(ϵ) = ŝ+ ⪰ ŝ+ = rmin{ŝ+, ŝ+} = rmin

{
TG
N

[
ŝ+

ŝ−

]
(ϱ⊛ ϵ),TG

N

[
ŝ+

ŝ−

]
(ϱ)

}
,

IGN

[
t̂−

t̂+

]
(ϵ) = t̂− ⪯ t̂− = rmax{t̂−, t̂−} = rmax

{
IGN

[
t̂−

t̂+

]
(ϱ⊛ ϵ), IGN

[
t̂−

t̂+

]
(ϱ)

}
,

FG
N

[
q̂+

q̂−

]
(ϵ) = q̂+ ⪰ q̂+ = rmin{q̂+, q̂+} = rmin

{
FG
N

[
q̂+

q̂−

]
(ϱ⊛ ϵ),FG

N

[
q̂+

q̂−

]
(ϱ)

}
.

Case 2: Suppose ϱ⊛ ϵ /∈ G or x /∈ G. Then

TG
N

[
ŝ+

ŝ−

]
(ϱ⊛ ϵ) = ŝ− or TG

N

[
ŝ+

ŝ−

]
(ϱ) = ŝ−,

IGN

[
t̂−

t̂+

]
(ϱ⊛ ϵ) = t̂+ or IGN

[
t̂−

t̂+

]
(ϱ) = t̂+,

FG
N

[
q̂+

q̂−

]
(ϱ⊛ ϵ) = q̂− or FG

N

[
q̂+

q̂−

]
(ϱ) = q̂−.

It follows from (1) that

rmin

{
TG
N

[
ŝ+

ŝ−

]
(ϱ⊛ ϵ),TG

N

[
ŝ+

ŝ−

]
(ϵ)

}
= rmin{ŝ−, ŝ−} = ŝ−,

rmax

{
IGN

[
t̂−

t̂+

]
(ϱ⊛ ϵ), IGN

[
t̂−

t̂+

]
(ϵ)

}
= rmax{t̂−, t̂−} = t̂−,
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rmin

{
FG
N

[
q̂+

q̂−

]
(ϱ⊛ ϵ),FG

N

[
q̂+

q̂−

]
(ϵ)

}
= rmin{q̂−, q̂−} = q̂−.

Therefore,

TG
N

[
ŝ+

ŝ−

]
(ϵ) ⪰ ŝ− = rmin

{
TG
N

[
ŝ+

ŝ−

]
(ϱ⊛ ϵ),TG

N

[
ŝ+

ŝ−

]
(ϱ)

}
,

IGN

[
t̂−

t̂+

]
(ϵ) ⪯ t̂− = rmax

{
IGN

[
t̂−

t̂+

]
(ϱ⊛ ϵ), IGN

[
t̂−

t̂+

]
(ϱ)

}
,

FG
N

[
q̂+

q̂−

]
(ϵ) ⪰ q̂− = rmin

{
FG
N

[
q̂+

q̂−

]
(ϱ⊛ ϵ),FG

N

[
q̂+

q̂−

]
(ϱ)

}
.

So we conclude that NG

[
ŝ+, t̂+, q̂+

ŝ−, t̂−, q̂−

]
is an IVNDS of H.

A function f : H → K of H and K is called a homomorphism if f(ϱ⊛ ϵ) = f(ϱ)⊛ f(ϵ) for all ϱ, ϵ ∈ H. Note
that if f : H → K is a homomorphism of H and K, then f(ι) = ι. Let f : H → K be a homomorphism of H
and K. For an IVNS N = (TN, IN,FN) in K, we define the IVNS f−1(N) = (Tf−1(N), If−1(N),Ff−1(N)) in H
by

(∀ϱ ∈ H)

 Tf−1(N)(ϱ) = TN(f(ϱ))
If−1(N)(ϱ) = IN(f(ϱ))
Ff−1(N)(ϱ) = FN(f(ϱ))

 .

Theorem 3.20. Give us a homomorphism f : H → K. If N = (TN, IN,FN) is an IVNDS of K, then f−1(N) of
N is an IVNDS of H.

Proof. Let ϱ ∈ H. Then

Tf−1(N)(ϱ) = TN(f(ϱ)) ⪯ TN(ι) = TN(f(ι)) = Tf−1(N)(ι),

If−1(N)(ϱ) = IN(f(ϱ)) ⪰ IN(ι) = IN(f(ι)) = If−1(N)(ι),

Ff−1(N)(ϱ) = FN(f(ϱ)) ⪯ FN(ι) = FN(f(ι)) = Ff−1(N)(ι).

Let ϱ, ϵ ∈ H. Then

rmin{Tf−1(N)(ϱ⊛ ϵ),Tf−1(N)(ϱ)} = rmin{TN(f(ϱ⊛ ϵ)),TN(f(ϱ))}
= rmin{TN(f(ϱ)⊛ f(ϵ)),TN(f(ϱ))}
⪯ TN(f(ϵ))
= Tf−1(N)(ϵ),

rmax{If−1(N)(ϱ⊛ ϵ), If−1(N)(ϱ)} = rmax{IN(f(ϱ⊛ ϵ)), IN(f(ϱ))}
= rmax{IN(f(ϱ)⊛ f(ϵ)), IN(f(ϱ))}
⪰ IN(f(ϵ))
= If−1(N)(ϵ),

rmin{Ff−1(N)(ϱ⊛ ϵ),Ff−1(N)(ϱ)} = rmin{FN(f(ϱ⊛ ϵ)),FN(f(ϱ))}
= rmin{FN(f(ϱ)⊛ f(ϵ)),FN(f(ϱ))}
⪯ FN(f(ϵ))
= Ff−1(N)(ϵ).

So we conclude that f−1(N) is an IVNDS of H.
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[7] A. Diego, Sur les algébres de Hilbert, Collection de Logique Math. Ser. A (Ed. Hermann, Paris), vol. 21,
pp. 1–52, 1966.

[8] W. A. Dudek, On fuzzification in Hilbert algebras, Contrib. Gen. Algebra, vol. 11, pp. 77–83, 1999.

[9] W. A. Dudek, On ideals in Hilbert algebras, Acta Universitatis Palackianae Olomuciensis Fac. rer. nat.
ser. Math., vol. 38, pp. 31–34, 1999.

[10] H. Garg, K. Kumar, An advanced study on the similarity measures of intuitionistic fuzzy sets based on
the set pair analysis theory and their application in decision making, Soft Comput., vol. 22, no. 15, pp.
4959–4970, 2018.

[11] H. Garg, K. Kumar, Distance measures for connection number sets based on set pair analysis and its
applications to decision-making process, Appl. Intell., vol. 48, no. 10, pp. 3346–3359, 2018.

[12] H. Garg, S. Singh, A novel triangular interval type-2 intuitionistic fuzzy set and their aggregation opera-
tors, Iran. J. Fuzzy Syst., vol. 15, no. 5, pp. 69–93, 2018.

[13] Y. B. Jun, Deductive systems of Hilbert algebras, Math. Japon., vol. 43, pp. 51–54, 1996.

[14] Y. B. Jun, R. Bandaru, Deductive systems of GE-algebras, Algebr. Struct. Appl., vol. 9, no. 1, pp. 53–67,
2022.

[15] Y. B. Jun, F. Smarandache, C. S. Kim, Neutrosophic cubic sets, New Math. Nat. Comput., vol. 13, no. 1,
pp. 41–54, 2017.

[16] F. Smarandache, A unifying field in logics: Neutrosophic logic, neutrosophy, neutrosophic set, neutro-
sophic probability, American Research Press, 1999.

[17] F. Smarandache, Neutrosophic set, a generalization of intuitionistic fuzzy sets, Int. J. Pure Appl. Math.,
vol. 24, no. 5, pp. 287–297, 2005.

[18] K. Taboon, P. Butsri, A. Iampan, A cubic set theory approach to UP-algebras, J. Interdiscip. Math., vol.
23, no. 8, pp. 1449–1486, 2020.

[19] H. Wang, F. Smarandache, Y. Q. Zhang, R. Sunderraman, Interval neutrosophic sets and logic: Theory
and applications in computing, Hexis, Phoenix, Ariz, USA, 2005.

[20] L. A. Zadeh, Fuzzy sets, Inf. Control, vol. 8, no. 3, pp. 338–353, 1965.

[21] J. Zhan, Z. Tan, Intuitionistic fuzzy deductive systems in Hibert algebra, Southeast Asian Bull. Math.,
vol. 29, no. 4, pp. 813–826, 2005.

https://doi.org/10.54216/IJNS.190133
Received: March 07, 2022 Accepted: September 13, 2022

274


	1 Introduction
	2 Preliminaries
	3 Interval-valued neutrosophic deductive systems

