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Abstract

Interval-valued neutrosophic sets (IVNSs) are a notion that was initially developed by Wang et al'® The idea
of IVNSs to deductive systems (DSs) in Hilbert algebras is presented in this study. It is shown how interval-
valued neutrosophic deductive systems (IVNDSs) relate to their level cuts. In addition, certain related features
are examined as well as the homomorphic inverse image of IVNDSs in Hilbert algebras.
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1 Introduction

Zadeh?" first developed the idea of fuzzy sets (FSs). Numerous academics have studied FS theory because
it has numerous practical applications. Numerous investigations were undertaken on the generalizations of
FSs after the idea of FSs was introduced. In/29 it is explained how FSs may be integrated with various
uncertainty-reduction strategies like soft sets and rough sets. The idea of intuitionistic fuzzy sets (IFSs),
as out by Atanassov,% is one of the more beneficial extensions of FSs. Medical diagnostics, optimization
problems, and multi-criteria decision-making are just a few of the areas in which IFSs are applied%"? In
1999, Smarandachel® presented the idea of neutrosophic sets, which is a broader concept that encompasses the
ideas of classic sets, FSs, IFSs, and interval-valued (I)FSs (see!®17),

For various examinations of implication in intuitionistic and other non-classical logics, Henkin and Skolem
proposed the idea of Hilbert algebras in the early 1950s. These algebras were researched in the 1960s from an
algebraic perspective, in particular by Horn and Diego. Diego established that Hilbert algebras form a variety
that is locally finite (cf7). Busneag (cf.,*) and Jun (cf.*¥) both dealt with Hilbert algebras, and several of their
filters that create DSs were identified. The fuzzifications of subalgebras/ideals and DSs in Hilbert algebras
were taken into consideration by Dudek (cf®). The intuitionistic fuzzification of the idea of DSs in Hilbert
algebras was examined by Zhan and Tan !

This study introduces the idea of IVNSs to DSs in Hilbert algebras. There are presented correlations between
IVNDSs and their level cuts. Additionally, several features relating to the homomorphic inverse image of
IVNDSs in Hilbert algebras are examined.
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2 Preliminaries

Let’s examine the definition of Hilbert algebras, which was provided by Diego” in 1966, before we start the
research.

Definition 2.1. ' An algebra of the form § = (£, ®, ¢) of type (2,0), where $) # ), ® is a binary operation,
and ¢ is a fixed element of $), is referred to as a Hilbert algebra if the axioms listed below are true:

1. (Vo,e€ 9H)(o® (e® ) =1),

2. (Voe,vefN)((e®@(e®r)) @ ((0®@e) ® (0®V)) =1),

3. (Vo,eeN)(o®e=1,e®p=1=p=c¢).

From now on we define $ = (£, ®,:) and R = (&, ®, ¢) as two Hilbert algebras.

In % the following conclusion was established.

Lemma 2.2. In $), we obtain

1. (Voen)(o®o=1)
2. (VoeN)(t®o= o)
3. VoeN) o®L=1),
4. (Vo,e,v€N(o® (e®@v) =e® (0 ®1)).

In $, the binary relation < is defined by
(\V/Q,E eﬁ)(@ S € & Q®€: L),

Definition 2.3. 2 A subset () #£ 9 C 9 is called a deductive system (DS) of §) if

1. 1€,
2. (VoeD,VeeN)(o®eeD=e€e€D).

In addition, DSs were also studied in GE-algebras by Jun and Bandaru in 2022 (see!%).

The definition of a fuzzy set (FS)?” is a function p1 : § — [0, 1], where [0, 1] C R.

Definition 2.4. A FS p in §) is said to be a fuzzy deductive system (FDS) of §) if

1. (Vo € 9)(u(t) = p(o)),
2. (Vo,e € H)(u(e) > min{u(o ® €), u(0)})

and an anti fuzzy deductive system (AFDS) of §) if

1. (Vo € 9)(u(t) < plo)),
2. (Vo,€ € 9)(u(e) < max{u(o®e), pu(0)}).
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An interval number we mean a close subinterval 5 = [a!, a"] of [0, 1], where 0 < a! < a* < 1. Denote
by [[0,1]] the set of all interval numbers. If $1,3 € [[0,1]], we define rmin{57, S5} and rmax{s1, $3},
respectively, as follows:

rmin{s3, 53} = [min{s}, s5}, min{s{, s§ },

rmax{5}, 5} = [max{s}, sL}, max{s¥, s4}].
Definition 2.5. >/ For the symbols =, <, and = for 57 and 53 in [[0, 1]], respectively, we define them as follows:

~

M
1Y
gﬂ>

sh > sb and s > sY,

-~ ~

additionally, we might have §; < 53 and §; = §

[ V)

The following claims are true in [[0, 1]] (seel®).

(vee| ( rmax(5, 3} = 3 ) . 0

rmin{s, s} =5

S al- o
(VSl,SQ € ( rmaX{Sl.7 52,}\ _A51 ) . (2)

$1 = rmin{sy, $2}

(V51,82,53 € [[0,1]]) ( 51 = 8,583 = & < mmin{s;,5} = & ). 3)

Definition 2.6. " An interval-valued neutrosophic set (IVNS) N in a set §) # () is defined to be a structure

N = {(o,Tn(0), In(0),3n(0)) | 0 € H}, “4)
where Ty : H — [[0, 1]],In : § — [[0,1]], and Fn :  — [[0, 1]] such that Tn(e) = [Th(0), TX(0)], In(0) =
[JN(Q) J%(0)], andSN(g) [ [ZN 0), %(),Q)] forall ¢ € $. Also note that Ty(g) = 1-Fn(0) = [1 i&%g))]

=11-=35 0)] for

Th(0)],In(e) =1 -3n(0)
all o € $, where (0, Tn(0), In(0), In(0)) represents the complement of ¢ in N. We define N = (T, I, In)
as the complement of N = (%, Jy, §n). For the purpose of convenience, we will refer to the IVN S set

) Hiu

N = {(0, Tn(0), In(0),Sn(0)) | 0 € sing the notation N = (T, I, ).

1—J4(0)], and Fn(o) = 1 —Fnlo) = [1 - Fii(o), 1 —
N

After this let N = (T, Iy, §n) and K = (Tk, Tk, §x ) mean IVNSs.

3 Interval-valued neutrosophic deductive systems

We introduce the idea of IVNDSs of Hilbert algebras in this part and look at some related characteristics.

Definition 3.1. An IVNS N = (T, Iy, §n) in ) is called an interval-valued neutrosophic deductive system
(IVNDS) of 9 if

Tn(w) = Enlo)
(Voe$H) | In() 2In(0) | &)
Sn(e) = Snlo)
Tn(e) = rmin{Tn(o ® €), Tn(o)}
(Vo,e€9) [ Tn(e) 2 rmax{In(o®€),In(0)} |- (6)
Sn(e) = rmin{Fn(o ® €), Sn(0)}

Lemma 3.2. IfN = (T, Iy, §n) is an IVNDS of 9, then

Tn(€) = rmin{%n(0), Tn(v)}
Vo,e,vef) | v<o®e =< In(e) 2 rmax{In(0), In(v)} . 7
Sn(e) = rmin{Fn(e), Fn(v)}

S

X
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Proof. Let g,e,v € Hbesuchthaty < o®e. Thenv ® (0 ® €) = ¢ and so

In(e) = rmin{Tn(o®e), Tn(o)}
= rmin{rmin{Tx(r ® (o ®¢€)),Tn(v)}, Tn(0)}
= rmm{rmln{‘ZN(L), N} En(o)}
= mmin{%n(0), Tn(¥)},
In(e) = rmax{In(e®e€),TIn(0)}
=< rmax{rmax{JIn(v ® (0 ®€)),In(v)}, In(0)}
= rmax{rmax{JIn(:), In(»)}, In(0)}
= rmax{Jn(e), In(v)},
Fn(e) rmin{Fn (o ® €), n(0)}
rmin{rmin{Fn(v ® (e ® €)), Fn ()}, Fn(0) }

Yy

rmin{rmin{Fn(¢), Fn(¥)}, Fn(o)}
rmin{Fn(0), n(v)}.

]
Lemma 3.3. IfN = (T, Iy, §n) is an IVNDS of 9, then
In(e) = Tnle)
(Vo,ee )| 0<e =< TIn(o) = Inle) . ®)
Sn(o) =< Snle)
Proof. Let g, ¢ € $ be such that ¢ < e. Then p ® € = ¢ and so
Tn(e) = rmin{Tn(o ® €), Tn(0)} = rmin{Tn(¢), Tn(o)} = Tn(o),
In(e) = rmax{JIn(o ® €),In(0)} = rmax{In(¢), In(0)} = In(0),
Sn(e) = rmin{Fn(o ® €), In(o) } = rmin{Fn(¢), Fn(o)} = Fn(o).
O

Theorem 3.4. An IVNS N = (T, Jn, 3n) in 9 is an IVNDS of § if and only if Tk, T%, §k, and F are FDSs
of $ and Jf\l and J§; are AFDSs of $.

Proof. Since T, (1)
(o), we obtain Ty(e
0,€ € $. Then

Y
= (,’Il
Z=
—~
S
~
A
=
=
Y
A
A
—
S
[
Z—~
A
=2
—~~
~

s AN )s = Jn(0), Ix(v) 23 ()andSN()>§N()3N()
= Tn(o), In(r) < Inlo), and Fn(r) = Fn(o). Let T, and T be FDSs of § and

[Th(e), Tii(0)]

(min{Tf (0 ® €), T ()}, min{%ii(e ® ), Ti(0)}]
rmin{[T} (0 ® ¢), T"@@Eﬂ [Th(e), T ()]}
rmin{%¥n(o ® €), Tn(0) }-

Let 3%\1 and J be AFDSs of §) and o, € € $. Then

I |

In(e) = [ﬂfw(e),ﬁﬁﬁ(@)]
= [max{J(0 ®€), I (0)}, max{I (o ® €), i (0) }]
= rmax{([Ji; (0 ® €), T (0 @ €)], [T (0), Tt ()]}

rmax{Jn(o ® €),J (9)}

Let §L and §¥ be FDSs of $ and o, € € ). Then

Fn(e) [Fh(e), Fi(o)]

min{F} (e ® €), Fk(0)}, min{FH (o ® €), F(0)}]
rmin{[Fk (e ® €), (0 ® )], [Fh(0), S ()]}
rmin{Fn(e ® €), §n (o)}

So we conclude that N is an IVNDS of §).

Iy
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Assume, on the other hand, that N is an IVNDS of . Let o € $. Then
[Th(1), TH()] = Tn(e) = Tnle) = [Th(e), Th(0)] = Tn(r) = Th(o), THi(r) = T (o),

[34(1), 35 (1)] = Tn(e) = In(e) = [Th(0), Ti(0)] = Th(v)
[F4(0), §4(0)] = En(e) = Fnlo) =[5}
Let o, e € $. Then

[Th(e), Tii(e)] Tn(e)

rm?n{iN(Q ®e),Tn(o)}

I |

(min{T} (0 ® €), T(0)}, min{ T (0 ® €), Tt (0)}].

So we conclude that T, (e) > min{T, (0 ® €), T (o)} and T(e) > min{T% (o ® €), T¥(0)}. Now,
[3h(e), Tii(e)] In(e)

rmax{JIn(o ® ¢),In(0)}

rmax{[Jjy(¢0 ® ¢), Tfi(0 ® €], [T (e), T ()]}

[max{J}(e ® €), I(0)}, max{Jf (o ® €), Tii(0)}].

So we conclude that 34 (¢€) < max{J% (o ® €), 34 (o)} and T¢(e) < max{I% (o ® €),T%(0)}. Also,

[Fh(e), T (e)] Sn(e)

rmin{Fn (o ® €),Fn(0)}

rmin{[F (0 ® €), Fii(0 ® €)], [Fh(0), T ()]}
min{F} (0 ® €), Fh(0)}, min{FH (0 ® €), Fi(0)}].

So we conclude that () > min{F (o ® €), T4 (0)} and F(e) > min{F(o ® €),T%(0)}. Therefore,
T, TU, B, and FY are FDSs of § and J%, and J% are AFDSs of §). O

A

1y

Theorem 3.5. IfN = (‘IN, jN, SN) and K = (QK, jK, SK) are two IVNDSs OffJ, then NNK = (‘INQK7 ijK, S’NQK)
is an IVNDS of §), where

Tnnk () = [min{Ty(e), Ty (o)}, min{T}i(0), Tk (o) }]
(Vo€ 9) | Innx(e) = [max{Ix(e), Tk (o)}, max{Jfi(e), it (0)}] | - ©
Srini(0) = [min{F (o), $k (o)}, min{Fii (o), §it(0)}]

Proof. Let o € $. Then

Tk (¢) [Tl (1)s Tz (1)
[mm{TN( )s T ()}, min{ T (2), Tt (1) }]
[mm{fN( ): T (0) }, min{ T (o), Tit (0) }]
[Tk () Think (0)]
Tk (0),

I | N |

Innk (2) [jf\mK(L)» T (0)]
[max{T}(¢), I () }, max{J(e), T (¢)}]
[max{jf\r(@),Jﬁg(@)},max{ﬁ“( ), Ik (0)}]
[jNﬁK( ), T (0)]

Innk (0),

[Fhinm (1) Bt (
[mln{gN() Bk (
[min{F} (o), Tk
[Fhinx (0); i
Snnk(0)-

[ | T

Snnk (¢) v)]
0) b, min{F (¢), S ()}
Eé’g] , min{Fx(0), Sk (0)}]
0

I
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Let o, ¢ € $. Then

Tnnk(e) = [E%VOK( ): TNQ]K(E”
= [min{T}(e), Tg (o)}, mm{TN( ): Ti(e)}]
[ min{min{T{ (e ® €), Ty (o)}, mm{Tl (e®e), Th(0)}},
- mm{mm{TN(Q €), Th(0)}, min{Tg (e ® €), T (o) }}
_ | min{min{T{ (0 ® ¢), Ty (0 ® )}, min{T{(0), Th(0) }},
mm{mm{TN(Q ®€), Tg (e ® )}, min{T(0), Ti (o) }}
_ | min{%x(e®e), Tig (o)},
min{Tjx (0 ® €), Tk (0)}

Innk(€)

[lemJK(E)v j%mK(e)]

[max{Tf(€), T (€)}, max{Ti(e), Tt (e)}]
max{max{2k (0 ® €), 34 ()}, max{JL (o ® €), I (o)
max{max{J{ (o ® €), Iy (o)}, max{Ji (o ® €), Tic(0) } }

( 3l ), Ik (0)
), Ik (o)

PN

max{max{2l (0 ® ), 2 (0 ® )}, max{ (o
max{max{j}{,(g ®@e€), Ik (0 ® €)}, max{JI (o),
max{J g (0 ® €), Tk (0)},
max{Jf k(0 ® €), Tk (0)}

Snrx(e) = [&\IOK( €), SNHK( e)]
€)}, min{gy (€), T (e)}]

3

= [min{F(e), F(
o mm{mm{SN(Q ®e€), 3&(9)} min{§i (0 ® €), Fic(0)}},
- mm{mm{SN(@ ®€), Tri(0)}, min{Fi (o ® €), T (0) }}
_ | min{min{F, (e ®¢), Fi (0 ® )}, min{F(0), Fic(0)}}.
| min{min{F} (0 ® €), T (0 ® €) }, min{F}(0), T (0) }}
— min{Fyqx (0 ® €), Sk (0)},
| min{Syx(e®€),Sxnk(0)} |
So we conclude that N N K is an IVNDS of §). O

Corollary 3.6. If {N; | i € A} is a nonempty family of IVNDSs of $), then (| N; is an IVNDS of ).
1€EA

Corollary 3.7. IfN = (T, Iy, Sn) is an IVNDS of $, then N is also an IVNDS of ).

Definition 3.8. Let N = (T, J JN, Sn) be an IVNS in §). The IVNSs ©N, ®N, and ©N in § are defined as
follows: &N = (TN, ‘IN, SN) (jN, In, SN) and ©N = (jN, In, SN)

Theorem 3.9. IfN = (T, Iy, §n) is an IVNDS of 9, then &N, ®N, and ©N are IVNDSs of $.

Proof. Let o € $. Then Ty(t) =1 — Tn(t) = 1 — Tn(o) < Tn(o). Let g, ¢ € $H. Then

Tn(e) 1— Tn(e)
1 —rmin{Tn(o ® €), Tn(o) }
rmax{l — Tn(e®¢€),1—Tn(0)}

rmax{Ty (0 ® €), Tn(0) }-

Al

So we conclude that BN is an IVNDS of §).
Let o € $. Then Jy(¢) =1 —JIn(¢) = 1 — TIn(0) = In(o). Let o, € € H. Then

e = 1-In(o
= 1—rmax{In(0o®€),Tn(e)}
= rmin{l —In(o®¢€),1—Tn(e)}

= rmin{JIn(o ® ¢), In(e)}.
So we conclude that ®N is an IVNDS of §). Similar arguments may be made for ©N. O
Theorem 3.10. An IVNSN = (T, In, Sn) in 9 is an IVNDS of §) if and only if for every [s1, sa], [t1, ta], [u1, us] €
[[0,1]], the sets U(Zy : [t1,1t2]), L(Ty : [s1,82]), and U (Fn : [u1, uz]) are DSs of $ if they are nonempty.
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Proof. Let N = (%, T, En) be an IVNDS of $ and let [s1, s2], [t1,t2], [u1,u2] € [[0,1]] be such that
U(Zn : [t1,t2]), L(Tn, [$1,82]), and U (Fn : [u1,uz]) are nonempty sets of . Clearly, ¢ € U(%y : [t1,t2]) N
L(Jy : [s1,82]) NU(Fn : [u1,uz]) since In(e) = [t1,t2], In(t) < [s1,52), and Fn(¢) = [u1,us]. Let o, e € H
be such that g, 0 ® € € U(%y : [t1,12]). Then Ty (o) = [t1,t2] and Ty(o ® €) = [t1,t2]. So we conclude that
Tn(e) = min{Tn(o®€), Tn(0)} = [t1,t2] sothate € U(Zy : [t1,£2]). So we conclude that U (T : [t1,t2]) is
aDS of ). Let g, € € $ be such that g, o®e € L(Jy : [s1, s2]). Then Jyn(0) =< [s1, s2] and Fn(o®e€) < [s1, s2].
So we conclude that Jy(e) = max{Jn(e ® €),In(0)} =< [s1,82] so that ¢ € L(Jy : [s1,s2]). So we
conclude that L(Jy : [s1, s2]) is a DS of §). Let g,e € $) be such that 9,0 ® € € U(Fy : [u1,uz]). Then
Sn(0) = [u1, uz] and Fn(o®€) = [u1, us). So we conclude that Fy(€) = min{Fn(x coty), Fn(o)} = [u1, uz]
so that € € U(Fn : [u1,uz]). So we conclude that U (§y : [u1, uz]) is a DS of .

Assume now that every nonempty sets U (T : [t1,t2]), L(Jn, [s1, s2]), and U (Fx : [u1, uz]) are DSs in $. If
In(t) = Tn(p) is not true for each ¢ € $, then there is gy € ) such that Ty (r) < Ty(0p). But in this case
for [51,82] = %(‘IN(L) + TN(Q())). Then gy € U(‘IN : [81,52]), that is, U(‘IN : [81,82]) 7é (). Because of
the assumption, U (% : [s1,52]) is a DS of 9, then Tn(¢) > [s1, s2], which is impossible. So we conclude
that Tn(e) = Tn(p) forall o € $. If In(¢) < Tn(o) is not true for each g € §, then there is ¢y € $ such
that I () = JTn(eo). But in this case for [sf, s§] = (In(¢) + In(eo)). Then ey € L(In : [sf, s§]), that
is, L(Jy : [sg,s0]) # 0. Because of the assumption, L(Jy : [sg, sg]) is a DS of $, then In(¢) < [s(, sG]
which is impossible. So we conclude that Ty (¢) < Tn(o) for all ¢ € $. If Fn(¢) = Fn(o) is not true for each
0 € 9, then there is gy € $ such that Fn(¢) << Fn(0o). But in this case for [u1, us] = %(SN(L) + 3n(00))-
Then oy € U(Fn : [u1, ug]), that is, U(Fy : [u1,us]) # 0. Because of the assumption, U(Fy : [u, us]) is
a DS of $, then §n(¢) > [u1,us], which is impossible. So we conclude that Fn(¢) = Fn(o) for all o € 9.
Suppose Tn(e) = rmin{Ty(o ® €), Tn(e)} is not true for each g, € € §. Then there are ug, vy € $ such that
Tn(vo) < rmin{Tn(ug ® vo), Twy(uo)}. Taking [p',p"] = 3(Tn(vo) + rmin{Tn(uo ® vo), Tn(uo)}). Then
In(ug) < [p,p"] < rmin{Tn(ug ® vg), Tn(uo)}, thatis, ug, v € U(Zy : [p’,p"]). Since U(Zy : [p', p"']) is
aDSof 9, ug € U(Zy : [p/,p"]), a contradiction. Thus Ty (€) = rmin{Tn(o®¢), Tn(0)} is true for all g, € €
$. Suppose Jn(€) < rmax{JIn(o®¢), In(0)} is not true for each g, € € §. Then there are ug, vg € 9 such that
In(vo) = rmax{JIn(uo ® vo), In(uo)}. Taking [pf, pf] = 5 (In(vo) + rmax{In(uo ® vo), In(uo)}). Then
In(vo) = [pg, po] = rmax{JIn(uo ® vo), In(uo)}, thatis, ug, vo € L(Iy : [pp, pg])- Since L(Ty : [py, po]) is
aDS of 9, ug ® vy € L(Jn : [py, pg]), a contradiction. Thus Jy(e) < rmax{In(o ® €), In(0)} is true for all
0,€ € 9. Suppose Fn(€) = rmin{Fn(o ® €), Fn(€)} is not true for each g, e € $H. Then there are ug, vy €
such that Fn(vo) < rmin{Fw(uo ®vo), Fn(uo)}. Taking [¢', ¢""] = & (Fn(vo) + rmin{Fn(uo ®vo), Fn(uo)}).
Then Fn(uo) < [¢',¢"] < rmin{Fn(uo ® vo), Fn(uo)}, that is, ug,vo € U(Fy : [¢',¢"]). Since U(Fy :
[q,q"])isaDS of 9, up € U(Fn : [¢,¢"]). a contradiction. Thus Fn(€) > rmin{Fn(o ® €), Fn(0)} is true
for all o, € € $. So we conclude that N is an IVNDS of ). O]

Theorem 3.11. Let ) # B C §H and N = (T, Iy, §n) be an IVNS in $) defined by

IN(Q)Z{ a ifeed

a1 otherwise,

_J Bo ifee®B
Inle) = { B1  otherwise,

| b ifoe®B
Snle) = { 01 otherwise

forall p € $ and ag, a1, Bo, 1, 00,01 € [[0,1]] with ag = a1, Bg < B1, 6o = 61. Then N is an IVNDS of $
if and only if B is a DS of ).

Proof. Let’s assume that N is an IVNDS of $. Since Tn(¢) = Tn(o), In(t) =< In(o), and Fn(e) = Fn(o)
for all p € 9, we obtain Ty(¢t) = i, In(t) = B1, and Fn(r) = 61 and so ¢ € B. Let g,e € § be
such that 9,0 ® € € B. Then Ty(e) = rmax{In(o ® €),Tn(0)} = aq and then Ty(e) = ay. Also,
Jn(e) = rmin{Jn(0 ® €),In(0)} = B1 and then Ty(e) = By, and Fn(e) = rmax{Fn(o ® €),Fn(0)} = 01
hence Fn(e) = 1. So we conclude that € € 9B. Therefore, ‘B is a DS of $).

Assume, on the other hand, that 95 is a DS of $). Since ¢ € B, we obtain Tn(¢) = a1 = Tn(o), In(t) =
B1 = In(p), and Fn(t) = 61 = Fn(o) forall p € §H. Let p,e € H. If e € B, then p ® e € B and so
In(o®e) = a1 = Tn(e), In(o®e€) = 1 = Tn(e), and Fn(o ® €) = 01 = Fn(e). If € € H\B, then
In(e) = ag, In(€) = Ba, and Fn(e) = O, and hence Ty(o ® €) = as = Tn(e€), In(o ® €) X B2 = TIn(e),
and Fn(o ® €) = 03 = Fn(e). So we conclude that N is an IVNDS of §). O
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Definition 3.12. Let N = (%, Ty, 3n) and K = (Tk, Ik, Fx) be IVNSs in § and R, respectively. The

cartesian product N x K = {((g,€), (Tny X Tx)(0,€), (In X Tx)(0,€), (Fn X §k)(0,€)) | 0 € H,e € R} is
defined by

(Tw x Tx)(0, €) = rmin{Tn(0), Tk (€)}
(V(0,€) € H x R) | (In x Tx)(0, €) = rmax{In(0), Tx(e)}
(§nv % Sx) (0, €) = rmin{n(e), Fx(e)}

where Ty X T : H x R — [[0,1]], Iy X Tg : $H x K — [[0,1]], and Fy X Fx : H x K — [[0,1]].

Remark 3.13. We define the binary operation ® on §) X £ for ) and £ as (9,¢) ® (¢,9) = (¢ ® <, e ® V) for
each (o, ¢€), (s,9) € $ x R Then clearly () x &, &, (¢,¢)) is a Hilbert algebra.

Proposition 3.14. If N = (T, Ty, §n) and K = (Tk, Tk, Fk) are IVNDSs of § and &, respectively, then
N x K is also an IVNDS of $ x K.
Proof. Let (p,¢) € $ x & Then

(T X Tx)(1y0) rmin{%n(¢), Tk (1)}

Iy
—
=
=

—_
A
2,
A
~
o
—

(jN X jK)(L, L)

[N
-
5
W
——
Q2
2,

(S x Fr) (¢, )

iyl
—
=
=
—~—
<R
Z
&
C:?
=~
=
—

Let (01, 02), (€1, €2) € $ x K. Then

(‘IN X (SK)(EM 62)

= rmin{%n(e1), Tr(e2)}

= rmin{rmin{%Tn(01 ® €1), Tn(01)}, rmin{Tk (02 ® €2), Tk (02)} }
= rmin{rmin{Tn(01 ® €1), Tk (02 ® €2) }, rmin{Tn(01), Tk (02)}}
= rmin{(Ty x Tg)((01 ® €1), (02 ® €2)), (T X Ti)(01,02)}

= rmin{(Ty x Tg)((01, 02) ® (€1, €2)), (Tnv X Ti) (01, 02)},

(jN X SK)(el, 62)

= rmax{Jy(e1), Tx(e2)}

= rmax{rmax{Jn(01 ® €1), In(01)}, rmax{Tx (02 ® €2), Tk (02) } }

= rmax{rmax{JIn(01 ® €1), Tk (02 ® €2)}, rmax{In(01), Ix(02)}}
rmax{(In x Jx)((01 ® €1), (02 ® €2)), (In x T)(01,02)}

= rmax{(In x Jx)((01, 02) ® (€1, ¢€2)), (In x T)(01,02)},

(& X §k)(€1,€2)

= rmin{&N(el),SK(eg)}

> rmin{rmin{Fn (01 ® €1), Fn(01)}, rmin{Fx (02 ® €2), §x (02)}}
= rmin{rmin{Fn(01 ® €1), Fr (02 ® €2)}, rmin{Fn(01), Sx(02)}}
= rmin{(Fy x §k)((01 ® €1), (02 ® €2)), (I x Fx) (01, 02)}

= rmin{(§n x Fx)((01,02) ® (€1, €2)), (Fn x Fx)(01, 02)}-

So we conclude that N x K is an IVNDS of ) x &. O

The following theorem is derived from Theorem [3.9]and Proposition [3.14}

Theorem 3.15. If N = (T, Ty, 3n) and K = (Tk, Tk, §k) are IVNDSs of $ and &, respectively, then
(N x K), ®(N x K), and ©(N x K) are IVNDSs of $ x &

The following theorem can be derived from Theorem 3.10]
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Theorem 3.16. Ler N = (T, I, Fn) and K = (Tk, Tk, Fk) be IVNSs in $) and R, respectively. Then
N x K is an IVNDS of $ x & if and only if for each [s1, 2], [t1, t2], [u1,uz] € [[0,1]], U(Zn X Tk : [s1, S2]),
L(On x Tk : [t1,t2]), and U(Fn X Sk : [u1, uz]) are DSs of $ x R if they are nonempty.

Forany §t,57,¢,t,¢",¢~ € [[0,1]] such that % = 5, ¢F = ¢, ¢t > ¢ and §) # & C ), the IVNS

o+ = gt o+ - ot
s |, 7, ¢ _ (ze|S"| ~& |t e |4
N [“ o a*}‘(gN M’JN E*]’SN E‘D

in $ is defined by for all p € 9,

o+ o
& |s | 5T ifpe®
n [? (o) = { 5§~ otherwise,
st ], [t ifoc®
N [?* () = { t+  otherwise,
T ~+
e |q | gt ifped
SN {? (0) = { g~ otherwise.
st gt
Lemma 3.17. If. € & C $, then N® §*7 tA+’ - in $) satisfies (3).
6 [5F e [ s o a7 oF
Proof. If . € &, then T - () =5",0§ o (¢) =t ,and §y i (¢) = qt. Thus
] .
Eg 5 (L):ﬁthej 5 (0)
PP
o [0] | v s e [0
SN g (1) =q" =3§ |~ | (0

5, T, Y]
So we conclude that N® |~ 7 7 | satisfies (). O
s q
® :9\+7 %\_ 5 a\i_ . .
Lemma 3.18. IfN - g in $) satisfies (3)), then . € & C §.

i )

) [G] /S\+a %\_7 ZJ\J’_ . & st (<) st
Proof. Let’s assume that N - B g satisfies (3). Then TR - (1) = TR - (o) forall o € §.
5

) 9

> ~ ~
Since ® #C, there is ¢ € &. Thus TG E] (9) = st and so TF E} (L) = 3L {g} (9) = st =
st st
T [Sx} (1), that is, TG {,S\_} (1) = 5. So we conclude that t € &. O

s+ = gt
Theorem 3.19. N® E\_’ %Jr’ ZA_} in $) is an IVNDS of $ if and only if ) # & C $) is a DS of $.

) )

~ ~ ~ ~

+ + %\
Proof. Let’s assume that N® [i_’ tA+7 %] is an IVNDS of §). Since N® [,;’ tA+7 %} satisfies (5) and

/\_'_
by Lemma [3.18} we get ¢« € &. Suppose g, e € § is such that o, 0 ® ¢ € &. Then TR {;} (o) =5t =
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T [S } (o ® €). So we conclude that
st st

T8 [?] (¢) rmin {‘S@ {&} (o® e),
rmin{s*,s"}

St

st 3|

Y

TN {?} (Q)}

/\_'_
and so TF [,z\_] () = §T. Thus € € &. So we conclude that & is a DS of §).

Assume, on the other hand, that & is a DS of ). Since ¢ € &, it follows

satisfies (3). Next, let g, € € .

Case 1: Suppose o ® € € & and p € &. Then

G
m?m

] o~
52 |2 | eso—sr g [T

Cn) c:i

from Lemma|3.17|that N® [

e [T ~ e[t
i B (e®e) =t =73 L@] (o),

] g
50 [; (0®) =" =58 [;

Since & is a DS of §), we obtain € € & and so

S

It follows from (T) that

g",q"} = rmin {Sf\?
Case 2: Suppose p ® € ¢ & or z ¢ &. Then

o o~
ig [;] (o®e)=5 orTY {i}

tt
3° H <g®e>—¢ors§?[

It follows from () that

rmin {sﬁ E:] (o®e€),TY [Zj] (e)} = rmin{5 ", 5"

I"maX{jNQS E;} (o®e), T2 E;} (e)} = rmax{f_,f—
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ot ot
rmin{ g BL] (Q®6)78'§ {ZA} (e)} =rmin{qg ,q }=q .
Therefore,
o+ Mo+ +
e F (e)t?:rmin{ig 5 (o®e), TR [i ] },

T ~ e [t t
ig o () Xt~ =rmax {Jg o (o®e),T% |:;+:| }
/\+ _/\+_ o~
53 [‘L O =7 :rmm{sg; T (@ e),52 [‘L} }
q | 19 | q
sH,ott, gt
So we conclude that N® §*7 fJ - is an IVNDS of §. O

A function f : $ — R of ) and R is called a homomorphism if f(o ® €) = f(0) ® f(e) for all g, e € §). Note
that if f : § — £ is a homomorphism of §) and &, then f(:) = ¢. Let f : 5 — £ be a homomorphism of §
and K. For an IVNS N = (T, I, §n) in &, we define the IVNS f~}(N) = (T, Tp1 (), S 5-1(y) in H
by

Tr-1av(0) = Tn(f(0))

(Vo€ ) | Tp—1av(e) =In(f(0))

Sr-1av(0) = In(f(0)

Theorem 3.20. Give us a homomorphism f :  — & IfN = (T, Iy, In) is an IVNDS of &, then f~1(N) of
N is an IVNDS of $.

Proof. Let o € $. Then

(=
T
2
—
S
S~—"
I
[
2,
—~
~
—~
s
=
=
Y
2
Z,
—~
=
~—
I
[
Z
~—
=
—
~
S~—"
=
\
(SR
iy
—
~
:_/

Let o,e € $. Then

min{Tr-1 (e ®e€), Ty (o)} = mmin{In(f(e®¢)), Tn(f(0))}
rmin{Tn(f(0) ® f(€)), Tn(f(0))}

< T(f(0)
= Tpamle),
rmax{J 1 (e®e€),Tp1my(0)} = rmanNE EQ)GB 6)){5;1?( (())(}))}
= TImax N €)), N
= In(f(e))

jf_l (N) (6) )

min{F -1 (e ®€),Fp-1my(0)} = mmin{In(fe®e€)),Sn(f(0))}
rmin{Fn(f(e) ® f(€)), n(f(0)}
In(f(e)

-1y (€).

So we conclude that f~!(N) is an IVNDS of $. O
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