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Abstract

This paper is dedicated to studying the neutrosophic formula of some famous matrix equations used in
theoretical data mining algorithms and control systems by using neutrosophic matrices and refined neutrosophic
matrices over neutrosophic real fields. On the other hand, we concentrate on the neutrosophic formula of the
Sylvester equation, and Lyapunov equation, where we study their formulas and properties in terms of theorems
in the neutrosophic real number field and refined real number field. Also, we illustrate many different examples
to clarify the validity of our work.

Keywords: Data mining; Control System; Matrix equation; Neutrosophic matrix; Refined neutrosophic
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Introduction

In the theory of data mining algorithms and control systems, we find many essential matrix equations that
describe the state of a system in real-life action[1,2]. For example, three famous matrix equations are used
in these two research fields Ricatti, Sylvester, and Lyapunov equations [11,12,13].

In the literature, neutrosophic matrices and refined neutrosophic matrices were defined as generalizations
of classical and fuzzy matrices [3]. Where these matrices were built by using the Smarandache idea about
indeterminacy |. Many results about neutrosophic matrices and their related spaces, representations, and
computations can be found in [4-10].

The motivation of this work is to find a novel application of neutrosophic algebraic structures in applied
mathematics fields such as control systems theory and data mining algorithms. We will present a
discussion of the neutrosophic formula and refined neutrosophic formula of some special and famous
matrix equations.
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Main Discussion

Definition (Sylvester Matrix Equation):

It is defined as follows:

AX +XB =W; A€ R™V™, B € R™™ W € R™™,
Definition (Lyapunov Matrix equation):

AX + XAT =W; A€ RV W = WT € RV™,
Definition (Sylvester neutrosophic matrix equation):
We define it as follows:

(Ao + A DXy + X1 D) + (Xo + X,1)(By + B,I) = W, + W41I; A; € R™™, B; € R™™ W, € R™™ and
X=X, + X,1.

Example:
1 2 -5 2 2 1
teta, = (5 )4 =( i),30=<7 7 0>,31=<13 2 13>,W0=(§ D)=
2 o s 67 1 0 16 —4 —6
(1 1 3).Weget:
1+31 6+3I L2l 2420 =5+1 5 o1 1 148

X +X(7+131 7+21 131 )=(

).
67+161 1—41 —61 O FTD 7D 5+3l

( 111 -2+ 41

Definition (Sylvester refined neutrosophic matrix equation):
We define it as follows:

(Ao + AL, + A1) Xy + X11y + Xo1) + (Xo + X11y + Xo1)(By + Byly + By1,) = Wy + Wy, + W, A; €
R™" B. € RMXMm . € RXm
g ) i "

Example:
1 2 -5 2 2 1
1 6 3 3 0 1
Letdo=(, ) A= 3)4=0(,, _3),Bo=<7 7 0>,Bl=<13 2 13>,B2:
67 1 0 16 -4 —6
10 2 2 1 1 —2 0 8 1 0 1
(—4 1 1>.W0=(9 ; 5),W1=(1 . 3),W2=(_5 3 g Weget
5 0 0
1+3l 6430 +1,
G1r, 4221, —2+45, -3,%XF
1+2L+1 242, =5+ +2
2— 20, +1 1 1+8L +1
X(7+13L—4l, 7+2h =1 13h+h )= e o e oaar gl
67 + 161, + 51, 1—-41 -6l 1 2 1 2 1 2
Theorem:

Let (Ag + A; DXy + X.1) + (Xo + X, 1)(By + B;I) = Wy + W, I be the neutrosophic Sylvester matrix equation,
then it is equivalent to the following two classical Sylvester equations:

(1)AgX, + XoBy = W,

)Ag+AD Xy + X)) + Xo + X)(By + By) = Wy + W,
Proof:

By computing the value of the multiplication, we get:

AoXo + XoBo + I(AoXy + Ay Xy + ArXy + XoB, + X1Bo + X1 B;) = W, + W41, thus
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AOX0 + XoBo = Wo, and ((AO + Al)(XU + Xl))((XU + Xl)(BO + Bl)) - (A()XO + X()Bo) = Wl’ SO tha.t
(Ao + ADXo + X1) + (Xo + X1)(By + By) = Wy + W,

Theorem:

W,1I,; A; € R™", B; € R™™, W, € R™™ be the refined neutrosophic Sylvester matrix equation, then it is
equivalent to the following classical system of three Sylvester equations:

(DAXy + XoBy = W,

QAg+ A +A)) X+ X1+ X))+ (Xog + X, + X,)(By + By + By) =Wy + W, + W,
(3)(Ag + A2)(Xo + X2) + (Xo + X3)(By + By) = Wy + Wa.

Proof:

By computing the value of the multiplication, we get:

The previous formula can be written as follows:

AOXO +XOBO = Wo, (AO +A1 +A2)(X0 +X1 +X2) + (XO +X1 +X2)(BO + Bl + Bz) = Wo + Wl +
Wy, (Ag + A3) (X + X3) + (Xo + X3)(By + B,) = Wy + W,.

Example:

Consider the following neutrosophic Sylvester equation:

143 6+3L+1, ¥+
111, + 221, -2+ 4l — 312)
1+2]1+12 2+211 _5+[1+212 _
X(7+13L, -4, 7+2L, -1, 13 +1, ):(cz) N ?11_+5§2 - 11+ 3l 51:38111_+81; ). It can be
67 + 161, + 51, 1—4I —61, 1 2 1 2 1 2
written by classical description as follows:
1 2 =5
(((1) _62)> (Xo) + (x0)< 7 7 0 ) = (g ; é)-
67 1 0
3 4 4
(2 No+x)+Ko+x)(20 9 13)=( L 0.
11 2 87 -3 —6 10 8 8

Definition (LyapunovNeutrosophic matrix equation):
We define the neutrosophic version of the Lyapunov matrix equation as follows:
(Ao + ADXo + X D) + (Xo + X D(A," + ATT) = Wy + WyI; A; € RV W, = W;T € RV,

Example :

2 1 1 4 -2 -4 2 3 5 6 -3 4
A0=<0 0 3>,A1=<0 3 1>,Wo=<3 1 7>,W1=<—3 8 2>.
6 -2 5 5 9 9 5 7 6 4 2 1

Thus, the neutrosophic Lyapunov equation is:

2441 1-21 1-4] 244 0 645
(0 31 3+1>(X0+X11)+(XO+X11)<1—21 31 —2+91>=

6+5I —-24+91 5+09I 1—41 3+1 5+09I
2461 3-31 5441

(3-31 1+8I 7+2I).
5+41 7+2] 6+1
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Definition (Lyapunov refined neutrosophic equation):
We define the refined neutrosophic version of the Lyapunov matrix equation as follows:

(Ao + A1l + A1) (Xo + X1 1 + Xo1) + (X + X1, + X, 1) (AL + ATL + ATL) = Wy + Wil + W1, A; €
Rnxn’ Wi — VVL'T c Rn><n_

Example:

2 1 4 1 0 7 0 0 O 1 1 1 2 5 2
A0=<3 3 2>,A1=<7 2 5>,A2=<1 6 1>,W0=<1 0 3>,W1=<5 1 4>,W2=
0 6 -1 8 8 2 7 3 -1 1 3 2 2 4 1

-4 3 —4
( 3 1 1 ) So, the corresponding refined neutrosophic Lyapunov equation is:
-4 1 0
2+1 1 4+ 71
<3+711+12 342, +6l, 2+50+1, )(X0+X111+X212)+
811 +712 6+811 +212 _1 +211 _12

241 3+7L+1, 8L +7L

(X0+X111+X212)< 1 3+2L+6l 6+811+212>=
4+7L, 2+5L+1L, —1+2I,—1,

142, —4L, 1+5L+3L, 1+2I, —4I,

<1+511+312 L+ 3+411+12>.

142, —4L, 3+4L+1, 2+1,

Theorem:

Let (Ag + A, DXy + XD + (Xo + X:D (A" + A7) = Wy + W, I; A; € RV W, = W;T € R™" be the
neutrosophic Lyapunov equation, hence it is equivalent to the following classical system of matrix equations:

(1) AOX0 + XoAOT = Wo.
(2)(Ag + ADXo + X)) + (X0 + X)) (A" + A7) = Wy + Wy,
Theorem:

Let (Ag + Al + A L) (Xo + X1 Iy + X, 1) + (Xo + Xq Iy + X, L) (AL + ATL + ATL) = Wy + Wi I, +
W,I,; A; € RV™ W, = W, € R™™ be the refined neutrosophic Lyapunov equation, hence it is equivalent to:

(D)AgXy + Xodo" = W,

(2)(Ag + Ay + A) KXo + X1 + X2) + Ko + X1 + X)) (A" + AT+AT) = Wy + Wy + W,
(B)(Ag + A2)(Xo + X2) + (Xo + X2) (A" + A,7) = Wy + W,

Example:

The neutrosophic Lyapunov equation

2441 1-21 1-4] 244 0 645
(0 31 3+I>(X0+X11)+(X0+X11)<1—21 31 —2+91>=

6+5] =249 5+09I 1—41 3+1 5+09I
<2+6I 3—-31 5+4]

3—-31 1481 7+ 21>is equivalent to:
5441 7421 6+1

2 1 1 2 0 6
1) (O 0 3) (Xo) + (Xo) (1 0 —2) =
6 -2 5 1 3 5

6 -1 -3
(2)(0 3 4>(X0+X1)+(X0 +X1)<—
11 7 14
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Conclusion

In this paper, we have presented the neutrosophic formula of some matrix equations derived from the theory of
control systems, where we have discussed the Lyapunov, and Sylvester matrix equation in the neutrosophic real
field and refined neutrosophic real field. On the other hand, we have illustrated many examples to clarify the
validity of this work.
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