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Abstract

In this paper we define a novel neutrosophic differential equation by using neutrosophic thick function. In
addition, we present the concept of Laplace transformation on neutrosophic thick function and apply this
transformation to solve some neutrosophic differential equations. Also, we illustrate many examples to clarify
the methods and algorithms.
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linear differential equation.

Introduction

Neutrosophic logic since it was released by Smarandache [1,7], has a huge effect in mathematical studies
and theorems. We find many great results about neutrosophic algebra, analysis, and number theory [2-
6,8-20, 24-35].

Differential equations play a basic role in many problems such as probability, optimization, and real
analysis [50-52]. From this point of view, we try to combine the theory of differential equations with
neutrosophic logic to study the solution of some problems that have uncertainty in its structure.

On the other hand, we discuss some different cases such as neutrosophic second order homogeneous and
non homogeneous differential equations with their Laplace Transformations and the applications of these
transformations in finding solutions. Also, we use the neutrosophic thick function to prove some related
novel results and algorithms.

2. A second order neutrosophic differential equation.

Definition 2.1.

A second order neutrosophic non-homogeneous differential equation with variable coefficients is defined as
follows:

[p1(x), P2 (D]Y" + [41(x), 42 O]y + [ (), 2 O]y = [f1 (), £ ()] ... ... (D)
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Definition 2.2.

A second order neutrosophic homogeneous differential equation with variable coefficients is defined as follows:
[p1 (), P2 ()]Y" + [q1(%), 2 O]V + [r1 (%), 2 () ]y =0 ... ... (2)

Definition 2.3.

A second order neutrosophic non-homogeneous differential equation with constant coefficients is defined as
follows:

ay" + a1y + agy = [f1(x), ()] ... ... 3)
Definition 2.4.
A second order neutrosophic homogeneous differential equation with constant coefficients is defined as follows:
Yy +ay+ay=0.... (4)

3. Eliminate the first derivative of a homogeneous differential equation with second order and variable
coefficients.

Consider the equation:
[p1 (), p2(]y" + [q1(x), g2 ()] + [ (), 12 ()]y = 0 ... .. (5)
Method of solution.
1-  We put the proverbs of y" equal to one, then we have.
v+ [y (), B2 (0)]Y + [ao (x), Bo(D)]y = 0 ... .. (6)

2- We make a change in the variable of the form:
y = [e%lfal(x)dle ,e_71f"‘2(")dxz2 ] ...... (7)

3-  We calculate the derivatives y « y" from the transformation (7), and substitute in (6), we get a non-
homogeneous differential equation with second order variable coefficients, where the first derivative
does not contain the function z = [z, , z, ], and the variable is x.

Example 3.1. Let the equation:

solution.

-1 -—4 -1 =2 1 1
Lt ¥ 2fa 1a 2
y= [e 215 %, ez I3y, ] = [e 8%, elx%z, ] = [e2"¥z, ,eM¥z, | = [e!"*"z, M7z, |

= [x%z; ,xz, ]
y = [x%z; ,xz, ] ...... 9
y =[xz ,xz, | = [(x%2,)", (x2, )'] = [2x21 + x%Z; , 2, + x7,]

y"' = [2xz, + x%2Z, ,z, + x7,]' = [(2xz, + x%2,)", (2, + x7,)']
= [2z; + 2x7Z, + 2xZ, + x%2," , Z, + Z, + x2",] = [x22"| + 4xZ, + 22, ,x2", + 27,]

6 x*+2

4 2
[x2z", + 4x7Z, + 2z, ,x2", + 274,] — [—,—] [2xz; + x%Z, ,2, + xZ,] + [—2 -1, —2] [x%z; ,xz, ] =0
x’x x x

—4 - -2 -2
= [x%2", + 4xZ; + 22, ,x2", + 27,] + [Zx (—) z, + (—) x2Z;, (—) zZ, + <—> xz'z]
x x x x
6\ , , 2
+ [(;)x Zi —X°Z1 ,XZp + (x—2>x22 ] =0
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-2 2
= [xz " + 4‘xZ’1 + 221 ,XZ"Z + 2Z’2] + 8Z1 + 4‘x Zl ) x ZZ + 222] [621 - xzzl ,x22 +;Zz ] = 0

2 2
= XZZ"l + 4‘le1 + 221 - 821 - 4‘x Z’l + 6Z1 _xZZ]_ ,xZ"2 + ZZZI_EZZ + _ZZIZ + XZZ + ;Zz ] = 0

[x%z"; — x%z;,x2", + x2, | =0

Example 3.2. Consider the equation:

2
y'+[32]y+ [—2,1 - ;] y=0.... (10)

solution.

-3

-1 -1
y= [e 2 [3dx, ez 2%y, ] = [eT"z1 ,e %z, ]

-3

y= [67le e %z, ] ...... 11)

-3 Y -3 4 —3 -3 -3
v=|e2%z, ,e %z, | =|le2%z,) ,(e7¥z,) | =|—e2%z, + 274, ,—e ¥z, +e7*%
1 2 1 2 5 1 1 2 2
! !
o [23 o S, —x ] (23 2 Ty -x X7y
y'=|5e 7y +ez2 7 ,—e ¥z, +e*7,| = 762 zy +e2"7 ) ,(—e*z, +e7*%,)
_3 3

3
= [—6‘3"2 —ez¥f ——e2 4 tez 21 ‘e ¥z, —e 4, —e ¥, + e"‘zz"]
4 2 2
3 =3 9 ,
= [e 277" —3e2"7; +Ze 3z ,e7¥2", — 2e ¥z + e‘xzz]
_—3x _—3x ; 9 3 . -3 __?’x __3x
[e 27z"  —3e2"4 + Ze‘ *z, ,e7%z", —2e %z, + e‘xzz] + [3,2] [76' 2%z, +e2"4,—e ¥z, + e‘xZZ]

+ —“ez Zi,€ Zz]=0

-3 -3 9
= [e 27", —3e2%Z, + Ze‘g‘le e Xz, — 2e %z, + e‘xzz]

-9 -3, -3, =3 2
+ 76 27z, +3ez2°4,,—2e %z, + 26"‘2’2] + [—Ze 2%z, ,e %z, —x—ze_"z2 ] =0

Sy Sy 9 3 9 -3, —p —p
—X_n =X,z - - Xz - - - ’ - -
=>[ez z" —3e 21+Ze *z, etz +3e2"4 —2e2"z; ,e 2", —2e ¥z, + e ¥z, —2e7 2z,

2
+ 2e7*Z,+e ¥z, —Pe"‘z2 ] =0

_—3X| 13 _3 —-X N 2
= |ez"z"  ——e2"z,¢€ 7'y ——e 7z, | =0
4 x?
Zxn 13 -3, —-x 0
ez'z"  ——e2"z,,e7 2", — —e =
4 ’ x2

4.The general solution to the homogeneous differential equation with second order and variable
coefficients.

The Lyovil-Ostrogradsky method.
Consider the equation:

y'+ [p1(x), p2()]Y + [q1(x), g2 (x)]y = 0.... ... (12)
Let y; = [y1(x), y,(x)] be a special solution to equation (12).

The general solution to equation(12) by using Lyovil-Ostrogradskyis is given by form:

c e~ I Piax c e~ I p2(0ax
7 = @10 | | 24— e

1 D2
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cre= I P1Cdx ¢ e~ P2ax
Yn = V1(x)fp—2dx .]/Z(X)J-p—zdx ...... (13)
1

2
Where L = aq + IbI’CZ = a, + [bz.
Example 4.1. Find the general solution for the equation:

y"+[x_——11'_2]5’+[ﬁ'_3]3’=° ...... (14)

Where y; = [x,e™*] is a special solution to it.

Solution.

Yn X2 o—2%

Cle_fx__—lldx (e 2
xf—dx,e "f—dx

Clefﬁdx B Czezfdx
Vi = xf—xz dx ,e "f o dx
Cleln(x—l) Czer
Yn = [xdex ,e_xfe_TdX]
Cleln(x—l) CZer
yh = [xdeX ,e_xf e_2x dx]
cx —1 [ 2™
Vp = xf = dx,e fﬁdx
— x—1 d -X 4xd
Yn = |C1X P X, Cpe e**dx

C1 1\ ¢
— 1 _) , -X 4x]
Yn [zx(nx+x 4e e

Vn = [Cz—l(xlnx +1) ,%e“]
Where ¢, = ay + 1b,,c;, = a, + Ib,.
Definition 4.1.(The second order neutrosophic complete differential equation).
Consider the equation:

[p1 (), p2(O]y" + [q1 (%), g2 )]y + [ (x), . ()]y = [f1 (), ()] ... ... (15)

The necessary and sufficient condition for equation (15) to be complete is that the following condition is
fulfilled:

[p"1 (), p"2(0)] = [41 (%), G2 ()] + [r1 (%), 7, (x)] = [0,0] ... ... (16)
Equation (17)is a primary integration of the equation (15):

[B1(x), B2 ()Y + [My(x), My (x)]y = [91(x), g2 (0] ... .. 17)

Where
[B1(x), By (x)] = [p1(x), p2(x)]
[M;(x), My(x)] = [q,(x) — p1(X), q2(x) — D, (x)]
[9:6, 9.1 = [ [ fiCdax, [ £ o]
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Example 4.2.Prove that the following equation is complete and find its general solution.

[x% + 2, sinx]y" + [4x, 3cosx]y + [2, —2sinx]y = [sinx, 5cosx] ... ... (18)

Solution.
We have.
pp=x24+2,q, =4x,my =2,f; = sinx
P, = sinx ,q, = 3cosx ,r, = =2sinx, f, = 5cosx
Now:

[p"1(x), p"2 ()] = [G1(x), G2 (O] + [r1(x), 12 (x)] = [2, —sinx] — [4, —3sinx] + [2, —2sinx]
= [2 — 4+ 2, —sinx + 3sinx — 2sinx] = [0,0]

The the condition (16) is correct.
Then.
[B,(x), By )]y + [My (%), M2 ()]y = [g1(x), g2 ()]
[B1(x), B2 ()] = [p1 (%), p2(0)] = [x? + 2, sinx]
[M; (), My ()] = [g1(x) — P1(x), 42 (x) — P2 (x)] = [2x, 2cosx]

(9000, 92001 = | f fi(0)dsx, f fo()dx| = [~cosx, Ssina]

[x2 + 2,sinx]y + [2x, 2cosx]y = [—cosx, 5sinx]

i [ 2x 2cosx] _ [—cosx SSinx]
YT v 2 sina 1Y T X2+ 2 sinx

[ 2cosx] [—cosx ]
v+ x2 + 2’ sinx y= x2+2’

It’s a neutrosophic homogeneous differential equation that we solve solution using the complement factor.

2cosx ]

RO = [y (), o ()] = |77, e
u(x) = [eln(x2+2)’ezln(sinx)] — [eln(x2+2)’eln(sin2x)]

uw(x) = [x% + 2, sin’x]
then.

( +bI+U( 242X g J( in2x) 22252 )
x2 + 2,sin%x] a X x2 42 S sinx X
= ! (+b1+U2df2' d])

y_[x2+2,sin2x] a xdx , | 2sinxcosxdx

1 .
v = g (0 + 01 + [ 2xdx, [ sinzxax])

-1
(a + bl + [xz ) cost])

_ 1
Y71

r= [x2 + 2, sin?x]

5- Laplace transformation of neutrosophic thick function.

Definition 5.1.Let [f4(x), f2(x)] be a neutrosophic thick function, the Laplace transformaition of the previous
function is defined as follows:
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Fp) = [F:(0), F, ()] = LIA®), f(0)] = f P

We now show the laplace transform table for some analytical functions.

= [J- e P*fi(x)dx,
0

—00

0

f e‘P"fz(x)dx] (19)
0

£, f(0)]dx = f [P £, (x), e P*f, (x)]dx
0

f) F(p) = LIf(x)]
a
. g
p
1
1 —
p
n!
x™ ;n=123, ...
pn+1
e
VE :
2p2
] a
sin ax P
p
cos ax P
: 2ap
X sin ax m
pZ _ a2
X cos ax —_—
(pZ + a2)2
1
eax
p—a
in(ax + b) psinb + acosbh
sin(ax o7 T a2
(ax +b) pcosb —asinb
cos(ax o7 ¥ o2
e sin bx #
(=) +b?
ax p —a
e cos bx & —a)? — 12
a
sinh ax 7@
p
cosh ax e

Properties laplace transform.

1- Lle™f()] =F(p—-a)

2 LI"f()] = (D" 7 F ()

3 LB = [ Fydp
4- L[y'] = pLly] — y(0)

5- Lly"] = p°Lly] — py(0) — y'(0)
6- L[y"] =p°Lly] — p*y(0) — y"(0) + py'(0)

7- Lly®™] =p LIyl = p" 'y(0) — p"2y'(0) — - py ™ 2 (0) — y ™1 (0)

Definition 5.2.Solving a neutrosophic differential equation by using the laplace transform.

Consider the equation.

DOI: https:

y(n) + [apaz]y(n_l) + o+ [by, byly" + [cq, c2]y = [f1(0), f()] ... ...

doi.org/10.54216/JNFS.040104
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Method of solution.

1-  We take the laplace transform of both sides of the equation (20).
2-  We substitute the initial conditions.
3-  We take the inverselaplace transform.

Example 5.1. find the solution of equation.
y" +[16,1]y = [2sindx, x] ... ... 21D
Where.

y'(0) = [_712] ,y(0) = [0,1] ...... (22)
Solution.
Lly"1+ L[[16,1]y] = L[[2sin4x, x]]
= L[y"] + [16,1]L[y] = [2L(sin4x), L(x)]

= [p% p?1Lly] — py(0) — y'(0) + [16,1]L[y] = [2L(sin4x), L(x)]

= [p%p?ILly] - py(0) —y'(0) + [16,1]L[y] = Lﬁ,%]

%, p21L0) - pl01 - [57.2] + 1610 = e )
-1 8 1

= % PPl —[0,p) = | 52| + (16110 = | e ]

-1 8 1
= [p? +16,p* + 1]L[y] - [T,P + 2] = [m. ]

p?
8 171 -1
= [p%+16,p% + 1]L =7,—] [—, 2]
[p? +16,p* + 1]L[y] _p2+16p2+ 5P+
-8 11
= [p?+16,p* +1]L[y] = |——=,— 2]
[p* +16,p° + 1]L[y] 7116 2p2+P+
[ 2 3 2
-p-—16 p°+2p“+1
= [p? + 16,p* + 1]L[y] = 22+ 16)’ e

3 -1 p>+2p*+1
" |2(p? +16) p2(p? + 16)

L[y]

p+2p%+1 A+B+Cp+D Ac0BeCeD=1

_— = - —_ —_— = = = =
p?(p*+16) p p? (p*>+16) '
p’+2p°+1 1 p 1

P2+ 16) p2 @E+16) (2 +16)

-1 1 . 1
I= [Z(pz 16 T2 +16) P 4 16)]

= L[y

1= [t B ) )
] s e o o R e ol B (|

-1
=y= [? sindx ,x + cosx + sinx]
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Example 5.2. find the solution of equation.
y" +[3,2]y" + [2,5]y = [0, e *sinx] ...... (23)
Where.
y'(0) = [-1,1],y(0) = [1,0] ... ... (24)
Solution.
Lly"1+ [3,2]L[y'] + [2,5]L[y] = [L(0), L(e *sinx)]
= [p? p*ILIy] — py(0) — y'(0) + [-3,2]pLly] - [3,2]y(0) + [2,5]L[y] = [L(0), L(e *sinx)]

1
= %, p?ILD] —py(©) ~ y'(©) + [-32lpLly] = [3.21y(0) + 251D = [0, 7o

1
= %P7~ [p,0] = [1,1] + [=3p,2p]Ly] ~ [320[10] + 2D = [0, 55

1
= [p% p?ILly] = [p,0] = [-1,1] + [-3p, 2p]Lly] = [3,0] + [2,5]L[y] = [Qm]

1

24+3p+2,p2+2p+5IL =[+2,1+—]
= [p*+3p+2,p*+2p+5]lLlyl =|p Y20 %3
p2+2p+4]

2 2,p% +2 Lly] = 2,
= [p* +3p +2,p* + 2p + 5]L[y] [p+ T ¥2p 13

Lly] = p+2 p*+2p+4
Cp24+3p+2" 2+ 2p+3)(P2+2p+5)

p+2 p:+2p+4
=Lyl =

@+2)p+1) (P*+2p+3)(p*+2p +5)
p*+2p+4
p+1 (p2+2p+3)(p2+2p+5)

=>L[y]=[

p*+2p+4 Ap+B Cp+D

= +
(P*+2p+3)(p*+2p+5) p>+2p+5 p?+2p+3

A=0,B 1C 0,D !
—1 = = — = = —
) 2! ) 2

p>+2p+4 1 1 +1 1
—3 = — —
(P*+2p+3)(P2+2p+5) 2p2+2p+5 2p%2+2p+3
L] [ 1 1 1 +1 1 ]
p—1 = - —
N +1'2p2+2p+5  2p2+2p +3

SOR SRR VAT O
=1 b+" Cpr+2p+s 2p2+2p+3
131 1 1 1
el = gt st sl
=171 p+1)'2 p?>+2p+5 +2 p?>+2p+3
1 1 1
-1 — -1 -1 -
=1L [”]_[L {p+1}'2L {(p+1)2+4}+2

1 1
=y= [sinx ,Ze‘xsian + —e"‘sin\/zx]

2V2

-+

ool
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6. Conclusion

In this paper, we have presented a new concept of neutrosophic differential equation by using a neutrosophic
thick function, such as the neutrosophic equation of the second order with its two types, fixed and variable
coefficients, and proposed methods for solving them. In addition, we have introduced the concept of the
neutrosophic thick function with Laplace transform of some neutrosophic functions, and used this
transformation to find solutions for neutrosophic differential equations.

In the future, other types of neutrosophic differential equations can be studied using the neutrosophic thick
function especially the equation of higher orders, and Turiyam differential equations, see [42,47,48].
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