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Abstract

In this paper, we introduce the concepts of neutrosophic nano §-open sets and some stronger and weaker forms
of neutrosophic nano open sets in neutrosophic nano topological spaces. And, show that the set of all neu-
trosophic nano d-open sets are also a neutrosophic nano topology, which is called the neutrosophic nano §
topology. Further, we dealt with the concepts of neutrosphic nano J-interior and neutrosophic nano J-closure
operators. Moreover, we define the product related neutrosophic nano topological spaces and proved some
theorems related to this.
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1 Introduction

In 1965, Zadeh®? made his significant theory on fuzzy sets. Later, fuzzy topology was introduced by Chang#
Generalization of fuzzy sets called as intuitionistic fuzzy sets introduced by Atanassov= in 1986 and its topo-
logical framework by Coker In 1995, Smarandache”!® introduced Neutrosophic logic and its topological
spaces by Salama et.al'® in 2012. The neutrosophic concept have wide range of real time applications for the
fields by many authors HHOPHI2

Pawlak! introduced Rough set theory by handling vagueness and uncertainty. This can be often defined
by means of topological operations, interior and closure, called approximations. In 2013, Lellis Thivagar’
introduced an extension of rough set theory called Nano topology and defined its topological spaces in terms
of approximations and boundary region of a subset of a universe using an equivalence relation on it.

S. Saha!¥ defined §-open sets in fuzzy topological spaces and nano topological space by Pankajam et al 1% In a
neutrosophic topological space by Vadivel et al1*2Z Recently, Lellis Thivagar et al® explored a new concept
of neutrosophic nano topology, intuitionistic nano topology and fuzzy nano topology.

In this paper, we introduce the concept of neutrosophic nano §-interior, neutrosophic nano é-closure operators
and show that the set of all NeuN o sets are also a neutrosophic nano topology, which is called the neu-
trosophic nano 4 topology. It also established NeuN o, NeuNdao, NeuNdSo, NeuN§Po, NeuNdvyo,
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NeuN§Bo sets and studied some of their properties. Also, we dealt with the concepts of neutrosophic nano
interior and neutrosophic nano closure operators in various nano open and closed sets. Finally, we define the
product related neutrosophic nano topological spaces and proved some theorems based on this.

2 Preliminaries

Definition 2.1. '>'Let U be a universe of discourse with a generic element in U denoted by s, the neutrosophic
set (briefly, Neut s)is an object having the form S = {(s, us(s),os(s),vs(s)) : « € U}, where g, 05, vs :
U — [0,1] denote the degree of membership, indeterminacy and non-membership functions respectively of
each element s € U to the set S and 0 < pg(s) + og(s) + vg(s) < 3foreach s € U.

Definition 2.2. ® Let U be a non-empty set and Re be an equivalence relation on U.

1. Let F'bea Neut sin U with pur, o and vr. The neutrosophic nano lower (resp. upper) approximations
and neutrosophic nano boundary of F' in the approximation (U, Re) denoted by NeuN (F), NeuN (F)
& BNeuN(F) are

(i) Neul'(F) = {{5, e (), 02e(1) (), Vie) (D) € [s]er s € U
(i) Neul'(F) = { (s, 117z (), 0z () Vi) ()t € [sles s € U }

(iii) Byeun(F) = NeuN (F) — NeuN (F)

where fige(7)(8) = Niejs)p. # (1), ORe(1) (8) = Nigfs)n. 07 (8)s VRe(1) (5) = Vigg) . v (B)-

MR@(] s) = VtE[S]RE NJ@)aUE(J)(S) = \/te[s]Rﬁ a;(t), Ve VRe()\S (s) = /\tE[S]Rc v (t).

The collection 7 (F) = {ON, 1y, NeuN (F), NeuN( )y Bneun (F' } forms a topology called as
neutrosophic nano topology and (U, 7y (F)) as neutrosophic nano topological space (briefly, Neut
Nts). The elements of 7y (F') are called neutrosophic nano open (briefly, NeuNo) sets. Elements
of [T (F)]¢ are called neutrosophic nano closed (briefly, NeuN c) sets.

2. Let F be an intuitionistic set (briefly, Int s) in U with ur and vp. The intuitionistic nano lower (resp.
upper) approximations and intuitionistic nano boundary of F’ in the approximation (U, Re) denoted by

IntN(F), TntN (F) & Bruc(F) are
() IntN(F) = {(s, tre()(5); VRe()(5))/t € [s]Re,s €U}
(i) TnEN (F) = { (5, ey (5): Vo) (9)) /1 € sl mes s € U}
(iii) Bren(F) = IntN(F) — IntN(F)
where fige(7)(8) = Niejsp. 71 VRe(1)(8) = Viglg)p. VI (1)

Mﬁu)(s) = Vte[s]Re p(t), VE(J)( s) = /\tG[S]Re vy (t).

The collection 77(F) = {07, 17, IntN'(F), IntN (F), Brnin(F)} forms a topology called as an in-
tuitionistic nano topology and (U, 77 (F')) as an intuitionistic nano topological space (briefly, IntNts).
The elements of 77(F) are called intuitionistic nano open (briefly, IntN\ o) sets. Elements of [r;(F)]¢
are called intuitionistic nano closed (briefly, NeuN c) sets.

3. Let F' be a fuzzy set (briefly, F s) in U with pr. The fuzzy nano lower (resp. upper) approximations
and fuzzy nano boundary of F in the approximation (U, Re) denoted by FN (F'), FN (F) & Bzn(F)
are

(i) FN(F) = {(s, ttge(s)(5))/t € [s]re,s € U}
(i) FN(F { 8, Wze(g) (8))/t € [s]Re, s € U}
(i) Bry(F) = FN(F) — FN(F)
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where ppe(7) () = Aiefs)n. #7()- Bre() () = Vigls)n, 1 (1)

The collection 7x(F) = {0, 17, FN(F),FN(F), Bra(F)} forms a topology called as fuzzy nano
topology and (U, 7£(F)) as fuzzy nano topological space (briefly, FA'ts). The elements of 7= (F') are
called fuzzy nano open (briefly, F A o) sets. Elements of [7=(F')]¢ are called fuzzy nano closed (briefly,
NeuNc) sets.

Definition 2.3. ® Let U be a nonempty set and the neutrosophic subsets (briefly, Neut subs’s) S and T in the
form S = {(s: us(s),0s(s),vs(s)),s € UL T = {(s: ur(s),or(s),vr(s)),s € U}. Then the statements

are hold:

(i) On = {(5,0,0,1) : s € U}.

Gi) 1y = {(s,1,1,0): s € U}

(i) S C Tiff ps(s) < pr(s),os(s) < or(s),vs(s) 2 vr(s) Vs e U}
(v) S=Tiff SCTand T C S

() S¢={(s,vs(s),1 —0s(s), us(s)) : s € U}

vi) SNT ={s,pus(s) A pr(s),os(s) ANor(s),vs(s) Vvr(s) Vs e Ut
(vi)) SUT = {s, us(s) V pur(s),0s(s) Vor(s),vs(s) Nvr(s) Vs € U}

Definition 2.4. Let (U, 75 (F')) be a NeuNts. Let S be a Neut subs of U. Then neutrosophic nano

(i) interior of S (briefly, NeuNint(S)) is described as NeuNint(S) = |J{C : C C S & Cisa Neut
No}.

(ii) closure of S® (briefly, NeuNcl(S)) is described as NeuNcl(S) = N{C : S C C & Cis a Neut Nc}.
(iii) regular open'! (briefly, NeuNro) setif S = NeuNint(NeuNcl(S)).
(iv) regular closed (briefly, NeuNrc) setif S = NeuN cl(NeuNint(S)).

3 More on neutrosophic nano open sets via nano §-open sets

Definition 3.1. Let (U, 75 (F)) be a NeuNts. Let S be a Neut subs of U. The neutrosophic nano
(i) ¢ interior of S (briefly, NeuNdint(S)) is described as NeuN§int(S) = |J{C : C C S & Cisa
NeuNro}.

(i) & closure of S (briefly, NeuNdcl(S)) is described as NeuNdcl(S) = ({C : S C C & Cisa
NeuNrc}.

(iii) d-open (briefly, NeuNdo) setif S = NeuNdint(S).

(iv) a-open (or) § a-open (briefly, NeuNao (or) NeuNdao) set if S € NeuNint(NeuNcl(NeutN§
int(9))).

(v) d-semi open (briefly, NeuNd§So) set if S C NeuNcl(NeuNdint(S)).
(vi) &-pre open (briefly, NeuNdPo) set if S C NeuNint(NeuNdcl(S)).

(vii) e-open (or) § y-open (briefly, NeuNeo (or) NeuNdvo) set if S C NeuNcl(NeuN§ int(S)) U

NeuNint(NeuNdcl(S)).

(viii) e*-open (or) § S-open (briefly, NeuNe*o (or) NeuN§Bo) setif S C NeuNcl(NeuNint(NeuN
3cl(9))).
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The complement of an NeuNdo (resp. NeuNéao, NeuN3So, NeuN§Po, NeuNdvyo & NeuN§Bo) set
is called a neutrosophic nano ¢ (resp. neutrosophic nano d-c, neutrosophic nano §-semi, neutrosophic nano ¢-
pre, neutrosophic nano §-y & neutrosophic nano 4-3) closed (briefly, NeuNdc (resp. NeuNdac, NeuNdSc,
NeuNdéPc, NeuNdvye & NeuNéBc))in U.

Remark 3.2. (i) Since the union of NeuNdo sets in U is also NeuNdo set in U, NeuNdint(S) is
NeuNédosetinU.

(i) Since the intersection of NeuNdc sets in U is also NeuNdc setin U, NeuNdcl(S) is NeuNdc set in
U.

Definition 3.3. Let (U, 7;(F')) be a IntNts. Let S be an intuitionistic subset of U. An intuitionistic nano

(i) interior of S (briefly, IntNint(S)) is defined by IntNint(S) = |J{C : C C S & Cis a IntNo}.
(ii) closure of S (briefly, IntA cl(S)) is defined by IntNcl(S) =N{C : S C C & Cisa IntNc}.
(iii) regular open (briefly, IntNro) set if S = IntNint(IntN<cl(S)).
(iv) regular closed (briefly, IntNre) setif S = IntNel(IntNint(S)).

(v) ¢ interior of S (briefly, IntN §int(S)) is described as IntNdint(S) = | J{C : C C S & Cis a IntN
ro}.

(vi) 4 closure of S (briefly, IntNdcl(S)) is described as IntN6cl(S) = ({C : S C C & C isa IntNrc}.
(vii) §-open (briefly, IntA do) set if S = IntN§int(S).
(viii) a-open (or) § a-open (briefly, IntN ao (or) IntNdao) setif S C IntNint(IntNcl (IntNint(S))).
(ix) &-semi open (briefly, IntN6So) setif S C IntNel(IntNdint(S)).
(x) d-pre open (briefly, IntNdPo) setif S C IntNint(IntNdcl(S)).

(xi) e-open (or) § y-open (briefly, IntNeo (or) IntN o) setif S C IntNcl(IntN§int(S)) U IntNint(
IntNécl(S)).

(xii) e*-open (or) & B-open (briefly, IntNe*o (or) IntNdBo) setif S C IntNcl(IntNint (IntNcl(S))).

The complement of an IntAN do (resp. IntN dao, IntN§So, IntN §Po, IntNdvo & IntN§Bo) set is called
a intuitionistic nano ¢ (resp. intuitionistic nano §-cv, intuitionistic nano é-semi, intuitionistic nano d-pre, intu-
itionistic nano - & intuitionistic nano d-03) closed (briefly, IntNdc (resp. IntNdac, INtN6Sc, IntN6Pec,
IntNye & IntNfBce))in U.

Definition 3.4. Let (U, 72(F')) be a FAts. Let S be a fuzzy subset of U. The fuzzy nano

(i) interior of S (briefly, FNint(S)) is defined by FNint(S) = \V{C : C < S & Cisa FNo}.

(i) closure of S (briefly, FN¢l(S)) is defined by FN¢cl(S) = A{C : S < C & Cisa FNc}.
(iii) regular open (briefly, FANro) setif S = FNint(FNcl(S)).

(iv) regular closed (briefly, FNrc) setif S = FNcl(FNint(S)).

(v) ¢ interior of S (briefly, FN §int(S)) is described as FN §int(S) = \/{C : C < S & Cisa FNro}.
(vi) 4 closure of S (briefly, FA§cl(S)) is described as FNécl(S) = AN{C : S < C & C isa FNrc}.
(vii) §-open (briefly, FNdo) setif S = FNdint(S).

(viii) a-open (or) & c-open (briefly, FA ao (or) FN o) setif S < FNint(FNcl (FN§int(S))).
(ix) &-semi open (briefly, FN'0So) setif S < FNcl(FNdint(S)).
(x) &-pre open (briefly, FA§Po) setif S < FNint(FNcl(S)).
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(xi) e-open (or) § y-open (briefly, FNeo (or) FNdvo) set if S < FNCl(FNG int(S)) vV FNint(FN
5cl(9)).

(xii) e*-open (or) § B-open (briefly, FAe*o (or) FN§B0) set if S < FNcl(FNint (FN§cl(S))).
The complement of an FA o (resp. FNdao, FNSo, FNPo, FNvo & FNPo) set is called a fuzzy

nano 0 (resp. fuzzy nano J-c, fuzzy nano §-semi, fuzzy nano é-pre, fuzzy nano d-y & fuzzy nano J-3) closed
(briefly, FNéc (resp. FNdac, FN6Sc, FNPc, FNévc & FNGBc))in U.

Definition 3.5. The set of all NeuNdo (resp. IntNdo and FN o) sets of (U, 75 (F)) (resp. (U, 7/(F)) and
(U, 7#(F))) is also a neutrosophic (resp. intuitionistic and fuzzy) nano topology on U. We denote it by 73, (F)
(resp. 79 (F) and 7%(F)) and it is called a neutrosophic (resp. intuitionistic and fuzzy) nano é-topology on U.
An ordered pair (U, 78 (F)) (resp. 72 (F) and 75-(F)) is called a neutrosophic (resp. intuitionistic and fuzzy)
nano J-topological space.

Example 3.6. Assume U = {ll, ZQ, lg, l4, l5} and U/R€ = {{ll, 14}, {lg, l5}, {13}}

_ l l 1 l 1
Let L = {<(0.20,0.é0,0.80)> ) <(0.30,0.§0,0.70)> ) < (0.40,0.20,0.60)> ) < (0.10,0.%0,0.90)> ) <(0.10,0§0,0.80)>} be a
Neut subs of U.

li, 1y la, 15 I3
N L) =
NeuN(L) {< (0.20,0.50, 0.80) > ! < (0.30,0.50, 0.70) > ’ < (0.40, 0.50, 0.60) > } ’

-7 _ l17 l4 l23 l5 l3
NeuN(L) = {< (0.10,0.50, 0.90) > ’ < (0.10,0.50, 0.80) > ’ < (0.40,0.50, 0.60) >} ’

B (L) = l1,ly la, l5 l3
NewN' ) =1\ (0.10,0.50,0.90) /* \ (0.10,0.50,0.80) / * \ (0.40,0.50,0.60) / | *

Thus 7 (L) = {On, 1n, NeuN (L), NeuN'(L) = Byeun(L)}.

Il Iy, 1.l Io,l !
ThenNeuNdosetsare{{<(01041)> <(020"i)> <(001 >} {< : 4> <(1f1,%)>,<(1,13,0)>}7
l1,lg la,ls
{< (0.20,0.50,0.80) > ’ < (0.30,0.50,0.70) > < (0.40, 0 50.0.60) }

j
Hence, 78 (L) = {{ (% ) - <001 <(001>>} {}<} iy ) (i) - (o) )

li,la la,ls
(().20,0.50,0.80) ? ((] 30,0.50,0. 70 0 40 0 50 0. 60

Thus 77(L) = {07, 17, IntN (L), IntN (L) = Brnn (L)}

Thenfnwéosetsare{{< i) (35) - ()b () - (66 ) - (o) - { (oot ) -

(0,1)
< (0.58:370) > <(o 10.0.60) >}}
Hence. (1) = {{ ({5 >§ B (e )b { (et () - (o) - { (ot )

l2,ls
< (0.30,0.70) > < o T “0760) >}

Thus 77(L) = {07, 17, FN (L), FN(L) = Bra(L)}. Then]—"j\f&osetsare{{<l1 l4>7<12(’)15>, <%>},{<%>,<%>7

e, ) = {{(3). (55 ) (5] 05 () (00} () () (i -

Remark 3.7. Thus from the definitions of intuitionistic and fuzzy nano § topologies we can assure that
throughout this paper all the properties and examples also holds good when it is possible for neutrosophic
nano ¢ topology.

Hereafter throughout this section, let (U, 7 (F)) be a NeuN'ts with respect to F' where F' is a Neut subs of
U.
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Proposition 3.8. In NeuM ts, the statements are hold.

(i) Every NeuMNdo set (resp. NeuNde set) is a NeuN o set (resp. NeuN ¢ set).
(ii) Every NeuNo set (resp. NeuN e set) is a NeuN §So set (resp. NeuN dSc set).
(iii) Every NeuNo set (resp. NeuNc set) is a NeuN §Po set (resp. NeuN§Pc set).
(iv) Every NeuNdSo set (resp. NeuNdSc set) is a NeuN dvo set (resp. NeuN d~yc set).
(v) Every NeuN§Po set (resp. NeuN §Pc set) is a NeuN §vo set (resp. NeuN dvc set).
(vi) Every NeuN évo set (resp. NeuN dyc set) is a NeuN§fBo set (resp. NeuNdSc set).

But not converse.

Proof. (i) Let S, is a NeuN do, then S, = NeuNdint(S,) C NeuNint(S,). Therefore S, is a NeuNo.

(i) Let S, is a NeuNo, then S, = NeuNint(S,) C NeuNcl(NeuN§int(S,)). Therefore S, is a
NeuNdS,o0.

(iii) Let S, is a NeuNo, then S, = NeuNint(S,)
NeuNéPo.

N

NeuNint(NeuNdcl(S,)). Therefore S, is a
(iv) Let S, is a NeuN§S,0, then S, € NeuN cl(NeuNdint(S,)) € NeuNint(NeuNdcl(S,))UNeuNcl(NeuN§
int(S,)). Therefore S, is a NeuNdvo.

(v)Let S, isa NeuNdPos, then S, C NeuNint(NeuNdcl(S,)) C NeuNint(NeuNdcl(S,))UNeuNcl(NeuN§
int(S,)). Therefore S, is a NeuN §vo.

(vi) Let S, is a NeuNdvo, then S, C NeuNint(NeuNdcl(S,))UNeuNcl(NeuNdint(S,)) € NeuNcl(NeuNint(NeuN
dcl(S,))). Therefore S, is a NeuNdSo.

Proof of the closed sets are also in a similar way. O

[arrows] | NeuNdSo |[dr]

’ NeuNdo ‘ [r] ’ NeuNo ‘ [ur] [dr] ’ NeuNédvo ‘ [r] ’ N(?’u,./\f(?/))o‘

[ur]

Figure 1: NeuNdos’s in NeuNts.

Example 3.9. In Example, [3.6] the sets

N4 1.l I, L .
(i) A= {<(0.10,01‘561,0.90)> ) <(0.10702.58,0.80)> ; <(0.40,0.?)0,0.60) >} is a NeuNo set but not NeuNdo set.

(i) B = {< (0.20,8”‘,’%}0.80) > , < (0'30)102'1518’0‘70) > , < (0'60’0%0’0.40) >} is a NeuN6So set but not NeuNo set.

(iii) B isa NeuNdo set but not NeuNdPo set.

. _ L.l lo,ls ! .
(iv) C = {<(0.10,0.53,0.90)> ) < (0.10,02.50,0.90)> ) < (O.60,0.?>0,0.40)>} is a NeuN'fo set but not NeuNdyo
set.
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Example 3.10. Assume U = {l1,ls,1l3} and U/Re = {{l1}, {l2,13}}.

Let L = {<(0.30,0g0,0.50)> ) <(0.40,0%§0,0.60)> ) <(0,4o,0%o$o,60) >} be a Neut subs of U.
NeuN(L) = { < (0.30, oféo, 0.50) > ’ < (o.4o,l02.’2[§, 0.60) > } ’
NeuN(L) = { < (0.30, 0%20, 0.50) > ’ < (o.4o,l()2.%lg, 0.60) > } ’
Byeun(L) = { < (0.30, o.léo, 0.50) > ’ < (0.40,%.’518, 0.60) > } '

Let 7y (L) = {On, 1n, NeuN (L), NeuN (L) = Byeun'(L)}. Then

(i) A= {< (0_3070%0’0_60) > , < (0407102"513’0_60) >} is a NeuN'6Po set but not NeuN o set.

(ii) Ais a NeuN§vo set but not NeuN6So set.
Theorem 3.11. Let S be a Neut subs of U. Then

() 1y — NeuNdint(S) = NeuNdcl(1y — S) (or) (NeuNdint(S))¢ = NeuNdcl(S¢).

(i) 1y — NeuNécl(S) = NeuNdint(1y — S) (or) (NeuNdcl(S))¢ = NeuNdint(S¢).
Proof. (i) By Definition 3.1} NeuNéint(S) = [J{D : Disa NeuNdosetinU & D C S}. Taking com-
plement on both sides, (NeuNd§int(S))¢ = (U{D : Disa NeuNdosetinU & D C S})¢ = ({D° :
D¢isa NeuNdcsetinU & S¢ C C°}. Replacing D¢ by L, we get (NeuNd§int(S))¢ = ({L : Lisa
NeuNécsetinU & S¢ C L}. By Definition[3.1} (NeuNdint(S))¢ = NeuNdcl(S¢). This proves (i).

(i) By using (i), (NeuNdint(S€))¢ = NeuNdcl((S5¢)¢) = NeuNdcl(S). Taking complement on both
sides, we get NeuNd int(S¢) = (NeuNdcl(S))¢. Hence proved (ii). O

Remark 3.12. Taking complements on either side of (i) and (ii) of Theorem [3.11] we get NeuN §int(S) =
1y — NeuNdcl(1y — S) & NeuNdcl(S) = 1y — NeuNdint(1y — S).

_ 1.1 lo.ls !
Example 3.13. In Example let L = {< (0.20,01.58,0‘80)> ’ <(0.30,02.50,0.70)> , <(o.10,0§0,0.90)>}

(i) NeuNéint(L) =1n — NeuNdcl(1ny — L),
. l1,14 l2, 5 l3
NeuN§int(L) =
euNdint(L) {< (0.20, 0.50, 0.80) > ’ < (0.3070.50,0.70)> ’ < (0.40,0.50,0.60)>}

11,1 la, 1 l
lN7NeuNécl(1N7L):1N7Neu/\/'5cl<{< L4 >< 2,75 >,< 3 >})
(0.80, 0.50, 0.20) (0.70,0.50, 0.30) (0.60, 0.50, 0.40)
TN (0.80,0.50,0.20) / * \ (0.70, 0.50, 0.30) / * \ (0.60, 0.50, 0.40)

-{(Gmosom) (@womom) (Fmosnom))
a (0.20,0.50,0.80) / * \ (0.30,0.50,0.70) / "\ (0.40, 0.50, 0.60) '

(il) NeuNdcl(L) = 1y — NeuNdint(1y — L),
1,14 la, 15 I3
NeuNsel(L) =
euNdcl(L) {<(0.80,0.50,0.20)> ’<(0.70,0.50,0.30)> ’<(o.60,0.50,0.40)>}

l,1 la, 1 l
lN7Neu/\/'5int(1N7L):1N7Neu./\/’5int<{< L4 >,< 2,75 >,< 3 >}>
(0.80, 0.50, 0.20) (0.70, 0.50, 0.30) (0.60,0.50, 0.40)
TN (0.20,0.50,0.80) / * \ (0.30,0.50,0.70) / * \ (0.40, 0.50, 0.60)

- @momom) (@momom) (@wotoom )
o (0.80,0.50,0.20) / * \ (0.70,0.50,0.30) / "\ (0.60, 0.50, 0.40) '
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Remark 3.14. By Definition of NeuNdcl(S,), itis clear that for any New s S,, NeuNcl(NeuN cl(S,)) =
NeuNécl(S,) and we have the following equality:

NeuN§int(S,) = 1y — NeuNdcl(1n — S,)
=1y — (Do :1nx — S, € Do, D, = NeuNcl(NeuNint(F))}
= J{in = Do : 1y = Dy € So, 15 — Dy = 1y — NeuNcl(NeuNint(F))}
= {Lo : Lo € So, Lo = NeuNint(NeuNcl(L,))}

That is, NeuN §int(S,) is the union of all NeuNro subsets of S,. Since any NeuNdo set is the complement
of a NeuNdc set, G, is a NeuNdo set iff G, = NeuN dint(G,).

Proposition 3.15. If S and T are two NeuNdo (resp. NeuN6So, NeuN6Po, NeuNévo & NeuN§ o)
sets, then S U T is NeuNdo (resp. NeuN6So, NeuNdPo, NeuNdvo & NeuNBo) set.

Proof. If S & T are two NeuNdo sets. Then by definition S = NeuNdint(S) and T = NeuNdint(T).
Now SUT = NeuN§int(S) U NeuNdint(T) C NeuNdint(SUT). Since, NeuNdint(SUT) C SUT.
So SUT = NeuNdint(SUT). Hence, S U T is NeuNdo set.

The others are similar. O

Proposition 3.16. Arbitrary union of NeuNdo (resp. NeuN6So, NeuNdPo, NeuNdyo & NeuN§ o)
sets is a NeuNdo (resp. NeuN5So, NeuN§Po, NeuN dvyo & NeuN6Bo) set.

Proof. Let {S;} be a collection of NeuNdo sets of a NeuNts (U,7x(F)). Then by definition S, =
NeuN§int(Sy) for each k. Now | Sy, = | NeuNdint(S) € NeuNdint(|J Sk).

Since, NeuNdint(|J Sx) C U Sk. So U Sk = NeuNdint(|J Sk). Hence, | Sk, is NeuNdo set.

The others are similar. O
Proposition 3.17. Finite intersection of NeuN do sets is a NeuN o set.

Remark 3.18. Intersection of any two NeuN §So (resp. NeuN§Po, NeuNdyo & NeuN §30) sets need not
be NeuNéSo (resp. NeuN§Po, NeuNdvyo & NeuN§Po) set as shown by the following example.

Example 3.19. Assume U = {l1,l2,l3} and U/Re = {{l1,13}, {l2}}. Let

. ! L.
@ L= {<(0.20,0.é0,0.70)> ) <(0A10,0.§0,0.5o)> <(0 20, o £0,0770) } be a Neut subs of U.

)
NeuN(L){<(ozo ZS’JS 0.70 > < 0.10, 050 050)>}
NeuJ\/(L):{<(020 lo15l3 0.70 > < 0.10, 050 050)>}
Bneun(L) = {<(0 20, lo15l§ 0.70 > < 0.10, 050 050)>}

Let 73 (L) = {On,1n, NeuN (L) = NeuN (L) = Byeun(L)}. Then let

_ 1.1 ! _ Iyl !
A= {< (0.3,0.1503,0.70)> ’ <(0.50,0.§0,0.20)>} and B = {<(0.10,0.53,0.10)> ’ <(0.20,0.§0,0.10)>} are Neu

Néyosetsbut AN B = {< (0'10’101':,)[8#0'70)> , < o500 ) >} is not NeuN évo set.
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ST ! ! !
(i) L= {<(0.4,0.%0,0.6)> ’ <(0.50,0.§0,0.50)> ’ <(O.4,0.g(),0.6)>} be a Neut subs of U.

NeuN(L) = { < (0.4,15.Sl3, O.6)> ’ < (0.50, ogo, 0.50) >} ’
NeuN (L) = {< (0.4,18.%l§, 0.6)> ’ < (0.50, 0%;0, 0.50) >} ’
Byeun (L) = {< (0.47101.513, 0.6) > ’ < (0.50, 0?;0, 0.50) >} '

Let 7y (L) = {On, 1n, NeuN (L) = NeuN (L) = Byeun (L) }. Then let

1.1 Iy _ 1.l Iy
A= {< (0.50,01.5870.50)> g <(o.6,0.50,0.4)>} and B = {<(0.70,(1J.536,0.3)> ’ <(o.10,0‘50,0.9)>} are NeuN

dPosetsbut AN B = {< (0_50,%1.’58’0_50) > , < (0‘1075?5070_9) >} is not NeuN §Po set.

Definition 3.20. A space with the property that every pair of disjoint NeuN o sets have disjoint boundaries is
said to be a neutrosophic nano extremal space (briefly, NeuN ES). The neutrosophic nano extremal Hausdorf
space is said to be neutrosophic nano extremally disconnected space (briefly, NeuN ED.S).

Theorem 3.21. The following statements of F' are equivalent:

(i) Fis NeuN'ES;

(i) NeuNcl(F) of any NeuNo setis NeuNo;

(iti) NeuNint(F) of any NeuNc setis NeuNc;

(iv) every pair of disjoint NeuN o sets are contained in disjoint NeuN ¢ sets;
(v) the NeuNcl(F) of disjoint NeuA o sets are disjoint.

Proposition 3.22. Finite intersection of NeuN6So (resp. NeuN§Po, NeuNdvo & NeuNdSo) sets in a
NeuNEDS is a NeuN§So (resp. NeuNdPo, NeuNdvo & NeuN§B0) set.

Example 3.23. Assume U = {l1,ls,l3} and U/Re = {{l1, 13}, {l2}}.

_ ! 1 !
Let L = {<(0.30,0.§>0,0.70)> ) <(0.50,o.§0,0.50)> ’ <(0.70,0.%0,0,30) >} be a Neut subs of U.

B l1, 13 b
veu(1) = {(Garg070r,) - wnoseosm) |
N by ly fe
NewV (L) = {< (0.70,0.50, 0.30>> ’ < (0.50,0.50,0.50) >} 7
B li,ls b2
Bneun(L) = {< (0.70, 0.50, 0.30)> ’ < (0.50,0.50, 0-50)>} '

Let v (L) = {On,1n, NeuN (L), NeuN (L) = Bneun(L)}. It’s an example of NeuN EDS and also an
example of Proposition

Proposition 3.24. Arbitrary intersection of NeuNdc (resp. NeuNdSc, NeuNd§Pc, NeuNdvyec & Neut
NéBc) setsis a NeuNdc (resp. NeuN6Sc, NeuN§Pc, NeuNdve & NeuNdBc) set.

Proposition 3.25. Finite union of NeuNdc (resp. NeuNdSc, NeuNdPec, NeuNdvye & NeuNfBc) sets is
a NeuNédc (resp. NeuNdSc, NeuNdPe, NeuNdye & NeuNdSBe) set.

Remark 3.26. Union of any two NeuNdc (resp. NeuNdSc, NeuN§Pc, NeuNdyc & NeuNdfSc) sets
need not be NeuNdc (resp. NeuNdSc, NeuN§Pc, NeuNdvye & NeuN§Bc) set as shown by the following
example.

Example 3.27. Assume U = {l1,12,13} and U/Re = {{l1,13}, {l2}}. Let
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N ! !
) L= {< (0.20,0.50,0.70) > ’ < (0.10,0.50,0.50) > < (020, 0205 70) } be a Neut subs of U.

)
NeuN(L)={<(ozo 1015z§ 0.70 > < 0.10, 050 050)>}
NeuN(L)—{<(020 ZS’JS’ 0.70 > < 0.10, 050 050)>}
Beun(L) = {<(0 20, 101,5l3 0.70 > < 0.10, 050 050)>}

Let 75 (L) = {On, 1, NeuN (L) = NeuN (L) = Byeun(L)}. Then let

_ 1.1 ! _ .l !
A= {<(0.70,0.53,0.30)> ’ <(0.20,0.§0,0.50) >} and B = {<(0.10,0.53,0.10)> ’ <(o.1o,0.§0,0.20)>} are Neu
Noéycsetsbut AU B = {< L > , < Lz >} is not NeuN é~c set.

(0.70,0.50,0.10) (0.20,0.50,0.20)

ST L ! L
(i) L= {<(0.4,0.%0,0.6)> ’ <(0.50,0.§0,0.50)> ’ <(0.4,0.§0,0.6)>} be a Neut subs of U.

NeuN (L) = {< (0.47101.75%, 0.6)> ’ < (0.50, o?go, 0.50) >} ’
NeuN(L) = {< (0,4,101,75%, O.6)> ’ < (0.50, oﬁo, 0.50) >} ’
Byeun(L) = {< (0.4,2.})%, 0.6)> ’ < (0.50, oﬁo, 0.50) >} '

Let 75 (L) = {On,1n, NeuN (L) = NeuN (L) = Byeun(L)}. Then let

— byl l _ ly,l l
A= {<(0.50,01.58,0.50)> ’ < (0.4,0.50,06) >} and B = {< (0.30,01.58,0.70)> ’ < (0.9,0.520,0.1o)>} are NeuN

0Pcsetsbut AU B = {< (0_507101_’5%70.50) > ; < (0_9’0_152070_10) >} is not NeuN dPc set.

Proposition 3.28. Finite union of NeuN§Sc (resp. NeuNdPc, NeuN§vyc & NeuNdBc) sets in a NeuN
EDS isa NeuNdSc (resp. NeuNdPc, NeuNdve & NeuNdBc) set.

Example 3.29. Assume U = {l,l2,l3} and U/Re = {{l1, 13}, {l2}}.

— Iy o 1
Let L = {<(0.4o,0.50,0.60)> ) <(0.5070.50,o.50)> ; <(0.60,0.?)0,0.40) >} be a Neut subs of U.

B l1,13 2
NewN(L) = { < (0.40,0.50, 0.60) > ’ < (0.50,0.50,0.50) > } 7
— li,13 ly
Vel )= {{ o tmam) { maoasonm) |
~ byl e
Bneun(L) = {< (0.60, 0.50, 0,40)> ’ < (0.50,0.50, 0.50)>} '

Let 7 (L) = {On, 1n, NeuN (L), NeuN (L) = Byeun(L)}. It's an NeuN EDS and also an example of

Proposition [3.28]

4 More on neutrosophic nano interior and closure operators

Throughout this section, let (U, 7y (F)) be a NeuN'ts with respect to ' where F is a Neut subs of U.

Definition 4.1. A set S is said to be a neutrosophic nano J-semi (resp. neutrosophic nano §-pre, neutro-
sophic nano §-y & neutrosophic nano §-4) interior of S (briefly, NeuN§Sint(S) (resp. NeuN§Pint(S),
NeuN§vyint(S) & NeuNdBint(S))) is the union of all NeuN §So (resp. NeuN§Po, NeuN§yo & NeuN
00) set contained in S.
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Definition 4.2. A set S is said to be a neutrosophic nano J-semi (resp. neutrosophic nano §-pre, neutro-
sophic nano d-y & neutrosophic nano §-3) closure of S (briefly, NeuNdScl(S) (resp. NeuNdPcl(S),
NeuNd§vycl(S) & NeuNdBcl(S))) is the intersection of all NeuNdSc (resp. NeuNd§Pc, NeuNdvye &
NeuN§fc) set containing S.

Theorem 4.3. Let S and T be Neut subs’s of U, then the statements are hold.

(i) NeuNdint(S,) C S,.

(i) S, is NeuNdo iff NeuNdint(S,) = S,.
(iii) NeuNdint(NeuNdint(S,)) = NeuNdint(S,).

(iv) S, C T, = NeuNdint(S,) C NeuNdint(T,).

(v) NeuNdint(S, NT,) = NeuNdint(S,) N NeuNdint(T,).
(vi) NeuNdint(S,UT,) 2 NeuNdint(S,) U NeuNdint(T,).
(vii) NeuNdint(Oy) = Oy & NeuNdint(1y) = 1n.

Proof. (i) Follows from definition, N euN §int(S,).

(ii) S, is NeuNdoiff 15— S, is NeuNdc, iff NeuNdcl(1y—S,) = 1ny—S,, iff 1y —NeuNdcl(1y—S,) =
S, iff NeuNéint(S,) = S, by Remark

(iii) By using (ii) and Rema.rk NeuNdint(NeuNdint(S,)) = NeuNdint(S,). This proves (iii).

ivy S, €T, = 15y — T, C 1y — S,. Therefore, NeuNdcl(1y — T,) € NeuNdcl(1y — S,). That is,
1y — NeuNdcl(1y — S,) € 1y — NeuNédcl(1y — T,). That is, NeuN §int(S,) C NeuNdint(T,).

(v) Since S, N T, C S, and S, N T, C T,, by using (iv), NeuNdint(S, N T,) € NeuNdint(S,) and
NeuNé§int(S, N'T,) C NeuNdint(T,). This implies that NeuNdint(S, N T,) C NeuNdint(S,) N
NeuN§int(T,). Now NeuNdint(S,) C S, and NeuNdint(T,) C T,, we get, NeuN dint(S,) N NeuN§
int(T,) C S, N T.

= NeuNdint(NeuN §int(S,)NNeuNdint(T,)) C NeuNdint(S,NT,), which implies NeuN'§ int(NeuNdint(S,))N
NeuNédint(NeuNd int(T,)) € NeuNdint(S, NT,).

= NeuNdint(S,) N NeuNdint(T,) C NeuNdint(S, NT,). Hence, NeuNdint(S,) N NeuNdint(T,)
= NeuNédint(S, N T,).

(vi) Since S, C S, UT, and T, C S, U Ty, by using (iv), NeuNdint(S,) C NeuNdint(S, UT,) and
NeuNéint(T,) C NeuNdint(S, UT,). This implies that, NeuNdint(S,) U NeuNdint(T,) C NeuN§
nt(S, UT,).

(vii) Since O and 1 are NeuNdo, NeuN§int(On) = On and NeuNdint(1y) = 1n. O

Theorem 4.4. Let .S and T be Neut subs’s of U, then the following statements hold.

(i) S C NeuNscl(S).
(i) S is NeuNéc iff NeuNdel(S) = S.
(iii) NeuNdcl(NeuNscl(S)) = NeuNdcl(S).
(iv) S C T = NeuNscl(S) C NeuNscl(T).
(v) NeuNscl(SNT) C NeuNdel(S) N NeuNdel(T).
(vi) NeuN3cl(SUT) = NeuNdcl(S) U NeuNdcl(T).
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(vii) NeuNdcl(On) = 0n & NeuNdcl(1y) = 1n.

Proof. (i) Follows from definition, NeuNdcl(S).

(ii) Let S be NeuNdc set in U. By using Definition S¢is a NeuNédo set in U. By Theorem [4.3] and
Proposition[3.11} NeuNdint(S¢) = S¢ & (NeuNdcl(S))¢ = 5S¢ < NeuNdcl(S) = S. This proved (ii).

(iii) By using (ii) and Remark [3.2] NeuNdcl(NeuNdcl(S)) = NeuNdcl(S). This proves (iii).

(iv) S C T, T® C S°. By using Theorem (iv), NeuN§int(T¢) C NeuNdin(S¢). Taking comple-
ment on both sides, (NeuNdint(T¢))¢ 2 (NeuNdint(S¢))¢. By proposition (i), NeuNdcl(S) C
NeuNécl(T). This proves (iv).

(v) Since SNT C Sand SNT C T, by using (iv), NeuNcl(SNT) C NeuNdcl(S) and NeuNdcl(SNT) C
NeuNécl(T). This implies that NeuNdcl(SNT) C NeuNdcl(S) N NeuNdcl(T). This proves (v).

(vi) Since S € SUT and T' C S UT, by using (iv), NeuNdcl(S) C NeuNdcl(SUT) and NeuNdcl(T)
C NeuNécl(S UT). This implies that, NeuNdcl(S) U NeuN§cl(T) € NeuNdcl(SUT).

Now S C NeuNécl(S) and T C NeuNdcl(T), we get, S UT C NeuNdcl(S) U NeuNdcl(T).

= NeuNdcl(SUT) C NeuNdcl(NeuNdcl(S) U NeuNédcl(T)), which implies NeuNdcl(S UT) C
NeuNdcl(NeuNd cl(S)) U NeuNdcl (NeuNdcl(T)).

= NeuNdcl(SUT) C NeuNédcl(S)UNeuNdcl(T). Hence, NeuNdcl(S)UNeuNdcl(T) = NeuNdcl(SU
T).

(vii) Since O and 1 are NeuNdc, NeuNdcl(On) = On and NeuNdcl(1y) = 1y. O

The operators NeuNdSint(.) (resp. NeuNdPint(.), NeuNdyint(.), NeuNdBint(.)) and their respective
closure operators are also satisfy the Proposition [3.11] Theorem[4.3|& Theorem 4.4

Proposition 4.5. For any Neut subs S, of U,

(i) NeuNédint(S,) C NeuNint(S,) C NeuNd§Pint(S,) C NeuNdvyint(S,) C NeuN§Bint(S,).
(i) NeuNint(S,) C NeuNdSint(S,) C NeuNdvint(S,) C NeuNdGint(S,).
(iii) NeuNdcl(S,) 2 NeuNel(S,) 2 NeuNdPcl(S,) 2 NeuNdvcl(S,) 2 NeuN§Bcl(S,).
(iv) NeuNcl(S,) 2 NeuNdScl(S,) 2 NeuNdycl(S,) 2 NeuNdBcl(S,).
Lemma 4.6. If S is NeuN o, then NeuNcl(S) is NeuNre.

Proof. We know that S C NeuN<cl(S). Thus S = NeuNint(S) C NeuNint(NeuNcl(S)) and hence
NeuNecl(S) C NeuNcl(NeuN int(NeuNcl(S))). Conversely, we know that NeuNint(NeuN cl(S)) C
NeuNcl(S). Thus NeuNcl(NeuN int(NeuNcl(S))) € NeuNecl (NeuNcl(S)) = NeuNcl(S). Hence
NeuNcl(S) = NeuNcl(NeuNint(NeuNcl(S))). O

Lemma 4.7. The {NeuNcl(S)|S € 7n(F)} = {T : T is NeuNrcin U}.

Proof. We know that for any NeuNo set S in U, NeuNcl(S) is NeuNrc. Conversely, take any NeuNrc
set T in U. Then T = NeuNcl(NeuNint(T)) = NeuNcl(J{S|S C T,S € 75(F)}) € {NeuN
c(S)|S € Tn(F)}. O

We may have a difficulty in finding the NeuNdcl of any Neutrosophic set. But by the above lemmas we have
the clue to find it.
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Theorem 4.8. For any Neut sub S ina NeuNts (U, 7y (F)), then

NeuNécl(S) = ﬂ{NeuNcl(G)|S C NeuNd(G),G € v (F)}.

Proof. The proof is straightforward. O

Proposition 4.9. For every NeuNts (U, 7y (F)), if S is a NeuN§Pos and T is a NeuNd6Sos, then S U T
is a NeuN§~os. But converse not true in Examples[3.6|and [3.10]

Proof. Follows from the Proposition [3.8](v) and (vi). O

Proposition 4.10. (i) if S is NeuNdo and T is NeuN§So, NeuN6Po, NeuNdBo, then S N T is
NeuN§So, NeuNdPo, NeuN§Bo.

(ii) Sis NeuN dvo, iff S is the union of a NeuNdSo and NeuN §Po.

Proof. Sis NeuNdo = S = NeuNdint(9).
Tis NeuNdSo = T C NeuNcl(NeuN§int(T)).

SNT = NeuN§int(S)NNeuNcl(NeuN§int(T)) € NeuNcl(NeuNdint(S)NNeuN cl(Neut N§int(T))) C
NeuNcl(NeuNédint(S) N NeuNdint(T)) € NeuNcl(NeuNdint(S N T)). Similarly other results also
proved.

(i) If S is NeuNdvo iff S C NeuNint(NeuNdcl(S)) U NeuNcl(NeuN dint(S)) iff S is the union of a
NeuN§Po and NeuNd§So. O

Proposition 4.11. The intersection of a NeuNdPo & NeuNdao is NeuNdPo.

Proof. Let S, be NeuN§Po and T, be NeuNdao, then S, C NeuNint(NeuNdcl(S,)), T, C NeuNint(
NeuNcl(NeuN§ int(Ty,))). So,

So N Ty CNeuNint(NeuNdcl(S,)) N NeuNint(NeuNcl(NeuNdint(T,)))

CNeuNint(NeuNint(NeuNdcl(S,)) N NeuNel(NeuN§int(T,)))
CNeuNint(NeuNcl(NeuNdcl(S,)) N NeuNcl(NeuNdint(T,)))
CNeuNint(NeuNcl(NeuNdcl(S,)) N NeuNdint(T,))
CNeuNint(NeuNcl(NeuNdcl(S, NT,)))
=NeuNint(NeuNdcl(S, NT,)).

Hence, S, N T, is NeuN§Po set. O
Corollary 4.12. The union of a NeuN §Pc set and a NeuNdac set is NeuNdPe.
Proposition 4.13. Each NeuN S0 and NeuNdSc is NeuN§So.

Proof. Let S be NeuNdBo set and NeuNdSe, then S C NeuNcl(NeuNint(NeuNdcl(S))) and NeuN
int(NeuNd cl(S)) C S. Therefore, NeuNint(NeuNdcl(S)) € NeuNdint(S) and so, Neut N'cl(Neu
Nint(NeuNdcl(S))) C NeuNcl(NeuNdint(S)). Hence, S C NeuNcl(NeuNint(Neut Nocl(S))) C
NeuNcl(NeuNdint(S)). Hence S is NeuNd§So. O

Proposition 4.14. If S is NeuN 5S¢ and NeuN§So, then it is NeuNdSe.

Proof. Since S is NeuNdSc and NeuN §So. Then S¢ is NeuN§Bo and NeuN§Sc and so by Proposition
[4.13] S¢is NeuNdSo. Therefore S is NeuNdSc. O

Proposition 4.15. Each NeuN§50 set and NeuNdac set is NeuNdre.
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Proof. Let S be NeuN§Bo set and NeuNdac set. Then S C NeuNcl(NeuNint(NeuNdcl(S))) and
NeuNcl(NeuNint (NeuNdcl(S))) C S, which implies that NeuN cl(NeuNint(NeuNdcl(S))) C S C
NeuNcl(NeuNint(NeuNdcl(S))). So, S = NeuNcl(NeuNint(NeuN§ cl(S))). Hence S is NeuNdc,
and so it is NeuNdrc. O

Corollary 4.16. Each NeuNd3c set and NeuN dao set is NeuNdre.
Proposition 4.17. If S is a NeuNdos & T is a NeuN§Bos, then S NT is a NeuN§Bos.

Proof. SNT C SN NeuNcl(NeuNint(NeuNdcl(T))) C NeuNcl(S N NeuNint(NeuNdcl(T))) C
NeuNcl(NeuNint (NeuNdcl(S NT))). Therefore, SN T is a NeuNdBos. O

Remark 4.18. The Proposition[d.17]is also true if T is a NeuNdSos, NeuNdPos and NeuN daos.
Proposition 4.19. If S, is a NeuN §Pos & T, is a NeuN éaos, then S, N'T, is a NeuN §Pos.

Proof.

So N Ty CNeuNint(NeuNdcl(S,)) N NeuNint(NeuNcl(NeuNdint(T,)))
CNeuNint(NeuNint(NeuNdcl(S,))) N NeuNcl(NeuNdint(T,))
CNeuNint(NeuNcl(NeuNdcl(S,))) N NeuN cl(NeuNdint(T,))
CNeuNint(NeuNcl(NeuNdcl(S,))) N NeuN dint(T,)
CNeuNint(NeuNcl(NeuNédcl(S, NT,)))
=NeuNint(NeuNdcl(S, NT,)).

Therefore, S, N T, is a NeuNéPos. O

Corollary 4.20. If Sis a NeuNdPcs and T is a NeuN daos, then S UT is a NeuN dPcs.

Proposition 4.21. T is a Neut subs of a NeuNts (U, 75 (F)) and S is a NeuNdPos such that S C T' C
NeuNcl(NeuNdint(S)). Then T is a NeuNdS0s.

Proof. Since S is a NeuNdPos, S C NeuNint(NeuNdcl(S)). Now T C NeuNcl(NeuNdint(S))
C NeuNc(NeuN dint(NeuNint(NeuNdcl (S)))) = NeuNcl(NeuNint(NeuNdcl(T))).

Hence T' C NeuNcl(NeuNint(NeuNécl(T))). Therefore, T is a NeuN§Bos. O
Proposition 4.22. If each S is a NeuN §B0s which is a NeuN §Scs is also a NeuN §Sos.

Proof. Let S be a NeuN§Bos & NeuN§Scs. Then, S C NeuNcl(NeuNint(NeuNdcl(S))) & NeuN
int(NeuNdcl(S)) C S. Therefore, NeuNint(NeuNdcl(S)) C S and so, NeuNcl(NeuNint(NeuNd
cl(S))) € NeuNcl(NeuN§ int(S)). Hence, S C NeuNcl(NeuNint(NeuNdcl(S))) C NeuNcl(Neu
Ndint(S)). Therefore, S is a NeuN §Sos. O

Proposition 4.23. If S is a NeuN§Bcs & NeuNdSos, then it is a NeuNdScs.

Proof. Similar to Proposition [#.22] O
Proposition 4.24. If each S, is a NeuNdBos which is a NeuN dacs is also a NeuNdcs.

Proof. Let S, be a NeuNdBos & NeuNdacs. Then, S, C NeuNcl(NeuNint(NeuNdcl(S,))) & Neu
Necl(NeuNint(NeuNdcl(S,))) € S,. Thus, NeuNcl(NeuNint(NeuNdcl(S,))) C S, € NeuNecl(
NeuNint(NeuNdcl(S,))). So, S, = NeuNcl(NeuNint(NeuNdcl(S,))). Thus, S, is a NeuNdcs. O

Corollary 4.25. If each T' is a NeuNdScs which is NeuNdaos is also a NeuN dos.
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5 Product related neutrosophic nano topological spaces

Definition 5.1. Let (U1, 7n5(F1)) and (Us, v (F2)) be a NeuN'ts’s with respect to Fy and Fy, where F; and
F5 are a Neut subs’s of Uy and Us. Let S = {(s, us(s),05(s),vs(s)) : s € Uy} and T = {{t, ur(t), or(t),
vr(t)) : t € Us} be Neut subs’s of Uy and Us respectively. Then S x T is a Neut subs of Uy x U, is defined
by

(Py) (S xT)(s,t) ={(s,t), min(us(s), ur(t)), min(cg(s),or(t)), max(vs(s), vr(t))).
(P2) (S xT)(s,t) ={((s,t), min(us(s), ur(t)), max(cg(s), or(t)), max(vs(s), vr(t))).

(P1%) (S xT)(s,1)° = ((s,1), max(ps(s), pr(t)), max(os(s), or(t)), min(vs(s), vr(t))).
(P2) (S xT)(s,)° = ((s,1), max(ps(s), pr(t)), min(os(s), or(t)), min(vs(s), vr(t)))-

Lemma 5.2. Let (Uy, 75 (F1)) and (Us, 7y (F»)) be a NeuNts’s with respect to Fy and Fy, where F} and
F5 are a Neut subs’s of Uy and Us. If S and T be Neut subs’s of Uy and Us, then

@) (Sx1Iy)N(AnxT)=85xT,
() (Sx1y)U(Iny xT)=(5°xT°)C,
(i) (SxT)=(S°x1y)U(1y x T°).

Proof. Let S = {(s,us(s),05(8),vs(s)) : s € U1} & T = {{t, ur(t),or(t),vr(t)) : t € Us}.

(i) Since S x 1y = (s, min(pg(s), 1x), min(os(s), 1x), max(rs(s),0n)) = (s, us(s),os(s)
and similarly 1y x 7' = (¢, min(1y, pr(t)), min(1y, or(t)), max(On, vr(t) t
T, wehave (Sx1n)N(1nxT) = S(s)NT(t) = ((s,t), us(s)Apr(t), os(s)A

(i) Similarly to (i).

(iii) Obvious by putting S, T instead of S¢, T in (ii). O

Definition 5.3. Let (U1, 75 (F})) and (Us, 7v (F»)) be a NeuN'ts’s with respect to F and Fs, where F} and
Fy are a Neut subs’s of Uy and Us and let f : (U, 7n(F1)) — (Us, 7n (F2)) be a neutrosophic function.

() T = {(t, ur
by [~1(T) =

(i) If S = {(s, pus
by f(5) ={(t,

),or(t),vr(t)) : t € Us}isa Neut s in Us, then the pre image of 7" under f is defined
s, S (ur)(s), f=Hor)(s), f7H (vr)(s)) = s € Ur}.

s € Uy} is a Neut s in Uy, then the image of S under f is defined

(s)) :
ps)(t), f(os)(t), f-(vs)(t)) : t € U} where f_(vs) = (f(5%))°.

In (i), (ii), since ug, s, vs, u, or and v are neutrosophic sets, we explain that f~*(uz)(s) = ur(f(s))
and

flps)(t) = { supus(s) ifse fﬁl(t).

0 Otherwise

Definition 5.4. let (U1, 7nv(F1)) and (Ua, 7iv(F2)) be a NeuN'ts’s. The neutrosophic nano product topo-
logical space [NeuN Pts for short] of (U1, 7n(F1)) and (Us, T (F2)) is the cartesian product Uy x Us of
neutrosophic sets Uy and Us together with the neutrosophic nano topology 7 (£) of Uy x Uy which is gener-
ated by the family { P *(S;), Py *(T}) : S; € 75 (F1), Tj € 7n(F») and Py, P are projections of Uy x Us
onto U; and U, respectively } (i.e. the family {P; ' (S;), Py ' (T}) : Si € 75 (F1),T; € 75 (F»)} is a subbase
for neutrosophic nano topology 7 (£) of Uy x Us).
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Remark 5.5. In the Definition|5.4} since P; '(S;) = Six 1y and Py '(T}) = 1nx xTjand S; x IyN1y x T =
Si x Tj, the family x = {S; xT} : S; € Tn(F1), Tj € Tn(F>)} forms a base for NeuN Pts 7y (§) of Uy x Us.

Lemma 5.6. Let (U, 7y (F)) be a NeuNts. If Sy, So, T} and Ty be Neut subs’s of U, then S; C Tj,
Sy C Ty =81 xSy CTy xTs.

Proof. Let 51 = <Svu51(5)’051(5)7’/51(3)>’ Sy = <57/L52(5)7US2(3)’V52(5)>’ T = <SHU‘T1(S)’UT1(S)’
vr, (s)) and To = (s, ur, (8), o1, (8), vr, (s)) be neutrosophic sets. Since S; C Th = pg, < pr,0s, <
or,vs, < vp and also So C Ty = ps, < pn,0s, < on,vs, < vr,, we have min(ug,, ps,) <
min(ur, , fr, ), min(os, , 0s,) < min(or,, o, ) and max(vs, , vs,) > max(vr,, vz, ). Hence the result. [

Lemma 5.7. Let (U, 7n(F}1)) and (Us, v (F2)) be a NeuN'ts’s with respect to F; and F5, where F; and
F5 are a Neut subs’s of Uy and Us such that U; is neutrosophic product relative to Us. Let S and T be
NeuNécs’s of Uy and U, respectively. Then S x T is the NeuNdcs in the NeuN Pts of U x Us.

Proof. Let S = (s, us(s),05(s),vs(s)), T = (t, ur(t),or(t), vr(t)).

From Lemmal5.2] ((SxT)(s,t))¢ = (Sx 15)U(1x xT¢)(s,t). Since S¢ x 1,y and 1y x T are NeuNdos’s
in U; and Us respectively. Hence S¢ x 1y U1y x T¢ is NeuN dos of Uy x Us. Hence (S x T)¢is a NeuNdos
of U; x U, and consequently S x T is the NeuNcs of Uy x Us. O

Theorem 5.8. If S and T are Neut set’s of NeuNts’s (Ur, 7 (F1)) and (Us, Ty (F»)) respectively, then

(i) NeuNdcl(S) x NeuNocl(T) 2 NeuNédcl(S x T),
(ii) NeuNdint(S) x NeuNdint(T) C NeuN§int(S x T).

Proof. (i) Since S C NeuNdcl(S) and T C NeuNdcl(T), hence S x T C NeuNdcl(S) x NeuNd cl(T).
This implies that NeuNdcl(S x T) C NeuN§cl(NeuNscl(S) x NeuNécl(T)) and from Lemma [5.7}
NeuNdcl(S x T) C NeuNdcl(S) x NeuNocl(T).

(ii) Follows from (i) and the fact that NeuN §int(S¢) = (NeuNdcl(S))e. O

Definition 5.9. Let (U1, 7n(F}1)) and (Us, 7v (F>)) be NeuNts’s and S € 7n(F1), T € 7n(Fz). We say
that (Uy, 7y (F1)) is neutrosophic nano product related to (Us, 7y (F)) if for any neutrosophic sets P of Uy
and @ of Uy, whenever S¢ 2 Pand T 2 Q = S X Iy Uly x T° D P x @, there exist S1 € 7n(F1),
Ty € 75 (F») such that S¢ O Por P(Ty) 2 Qand P(S1) x Iy U1y x P(Ty) = P(S) x Iy U1y x P(T).

Lemma 5.10. For NS’s S;’s and T};’s of NeuN'ts’s Uy and U, respectively, we have

1) ﬂ{Si, TJ} = min(ﬂSi, ﬁTj); @] {S“ Tj} = max(US’i, UTJ)
(i) ﬂ{Si, 1N} = (ﬂSz) X 1y; U {Si, 1N} = (USZ‘) X 1pn.
(iii) ﬁ{lNXTj}:lNX(ﬂTj); U{lN XTj}:lNX (UTJ)

Proof. Obvious. O

Theorem 5.11. Let (U, 7y (F1)) and (Us, v (F2)) be NeuNts’s such that U; is neutrosophic product related
to Us. Then for Neut subs’s S of Uy and T of Us, we have

(1) NeuNdcl(S x T) = NeuNdcl(S) x NeuNdcl(T),
(ii) NeuNdint(S x T) = NeuNdint(S) x NeuNdint(T).

https://doi.org/10.54216/IJNS. 180419 219
Received: March 18, 2022 Accepted: June 28, 2022



International Journal of Neutrosophic Science (IJNS) Vol. 18, No. 04, PP. 204-222, 2022

Proof. (i) Since NeuNdcl(S x T) € NeuNdcl(S) x NeuNdcl(T) (By Theorem [5.8)), it is sufficient to
show that NeuNdcl(S x T) DO NeuNdcl(S) x NeuNdcl(T). Let S; € 7n(F1) and T; € 7n(F3). Then
NGUN(SCZ(S X T) = <(s,t),ﬂ({Sl X Tj})c : ({Sl X Tj})c D) S X T,U{Si X TJ} : {Sz X T]} - S x T> =
<(S,t),ﬂ((5i)CX1NU1NX (T)c) : (S) XlNUlNX( ) D8 xT, U(S XlelNXT) S; x 1y N
].NXT CSXT> <( ) (( )X].NU].NX(T)C) (S) DSOI’( ) DTU(S Xle].NXT)
S; € SandT; C T) = ((s,t), min(N{(S,;)¢ x 1y U1y x (T})° : (Si)C 2 SHN{(S)¢ x 1y Uly X
(Tj)c : (T) D) T} max U{SZ X NﬂlN X T S - S} U{S X 1leN X T] : TJ - T})> Since
(5.6, 0{(8) X Ly ULy (1) £ (8 2 SL0{(S) < LyULy (T () 2 T) 2 {(5.0).1{(50)°
Ly (S 2 SHO{Ly x (T,)° : (T,)° 2 T} = ((s,),0{(S0)° = (5)° 2 5} x Iy Ly x N{(T))¢
(T;)° 2 T}) = ((s,t), NeuNdcl(S) x 1n,1n x NeuNdcl(T)) and <(s,t),U{Sl- X1y N1y xTj: 8 C
S},U{SixlNﬁleTj ZTj - T}> - <(S t) U{S'X].N :5; C S},U{].NXTj Tj - T}> = <(S,t),U{Si :
Si €S} x1In,In x U{Tj : Tj C T}) = ((s,t), NeuNdint(S) x 1n,1n x NeuNdint(T)), we have
NeuNécl(SxT) 2 {(s,t), mm(Neu./\/'(Scl(S) X1y, 1n X NeuNdcl(T)), max(NeuN§int(S) X 1y, 1y x
NeuNdint(T))) = <(s t), min(NeuNdcl(S), NeuNdcl(T)), max(NeuNdint(S), NeuN dint(T))) =
NeuNscl(S) x NeuNédel(T).

(i) follows from (i). O]
Theorem 5.12. Let (U, 7x(F')) be a NeuNts. Then for a Neut subs’s S, and T, of U we have,

(i) NeuNscl(S,) 2 SoU NeuNscl(NeuNdint(S,)),
(i) NeuNdint(S,) C S, N NeuN int(NeuNdcl(S,)),
(i) NeuNint(NeuNécl(S,)) C NeuNint(NeuNel(S,)),
(iv) NeuNint(NeuN3§cl(S,)) 2 NeuNint(NeuNscl(NeuNdint(S,))).

Proof. By Theorem 4.4 (i),
S, C NeuNédcl(S,). (1)

Again using Theorem(i), NeuNdint(S,) C S,. Then
NeuNécl(NeuNd§int(S,)) € NeuNdcl(S,). 2)

By (1) & ) we have, S, U NeuNdcl(NeuNdint(S,)) C NeuNdcl(S,). This proves (i).

By Theorem 4.3 (1),
NeuN§int(S,) C S,. (3)

Again using Theorem [4.4] (i), S, € NeuNécl(S,). Then
NeuN§int(S,) C NeuNdint(NeuNdcl(S,)). 4)
From & (E[), we have NeuNd§int(S,) C S, N NeuNdint(NeuNdcl(S,)). This proves(ii).

By Proposition[t.5] NeuNdcl(S,) € NeuNcl(S,). We get NeuNint(NeuNdcl(S,)) € NeuN int(NeuNcl(S,)).
Hence (iii).

By (i), NeuNdcl(S,) 2 SoUNeuNdel(NeuNdint(S,)). We have NeuNint(NeuNdcl(S,) 2 NeuNint(S,U
NeuNdcl(N Né§int(S,))). Since NeuNint(S,UT,) D NeuNint(S,)UNeuNint(T,), NeuNint(NeuNdcl(S,) 2
NeuNint(S,))UNeuNint(NeuNdcl(NeuNdint(S,))) 2 NeuNint(NeuNdcl(NeuNdint(S,))). Hence

@iv). O]

The operators NeuN §Sint(.) (resp. NeuN§Pint(.), NeuNdvyint(.), NeuNdBint(.)) and their respective

closure is satisfy Lemma5.7)and Theorems [5.8] [5.1T]and [5.12}
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6 Conclusions

We introduced the concept of NeuN do, NeuNd5So, NeuN§Po, NeuN dyo and NeuN§fSo sets and some
of their properties were discussed in this paper. This can be extended to several functions using neutrosophic
nano open sets such as continuous, irresolute, open and closed mappings.
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