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ABSTRACT. The main objective of this study is to introduce a new hybrid intelligent
structure called neutrosophic micro topology. Some properties like neutrosophic

micro interior and neutrosophic micro closure are derived.

1. INTRODUCTION

Zadehs [17] Fuzzy set laid the foundation of many theories such as intuitionistic
fuzzy set and neutrosophic set, rough sets etc. Later, researchers developed K. T.
Atanassovs [2] intuitionistic fuzzy set theory in many fields such as differential equa-
tions, topology, computerscience and so on. F. Smarandache [15, 16] found that some
objects have indeterminacy or neutral other than membership and non-membership.

So he coined the notion of neutrosophy. R. Dhavaseelan et al [I, 4, 5, 6, 7, &, 9, 13]
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studied in various concept covered in neutrosophy. M. Lellis Thivagar et al [12] in-
troduced and studied neutrosophic nano topology. S. Chandrasekar [3] introduced
and studied micro toplogy like micro interior, micro closure, micro continuous re-
spectively. The main objective of this study is to introduce a new hybrid intelligent
structure called neutrosophic micro topology. The significance of introducing hybrid
structures is that the computational techniques, based on any one of these structures
alone, will not always yield the best results but a fusion of two or more of them
can often give better results. The rest of this article is organized as follows. Some
preliminary concepts required in our work are briefly recalled in section 2. In section
3, the concept of neutrosophic micro topology is investigated with some properties
on neutrosophic micro interior, neutrosophic micro closure and neutrosophic micro

continuous.

2. PRELIMINARIES

Definition 2.1. [15, 16] A neutrosophic set (in short ns) K on a set X # () is defined
by K = {< a, Px(a), Qk(a), Rx(a) = : a € X} where P : X — [0,1], Qkx : X
— [0,1] and Ry : X — [0,1] denotes the membership of an object, indeterminacy

and non-membership of an object, for each a X to K, respectively and 0 < Pk (a) +
Qk(a) + Rk (a) < 3 for each a € X.

Definition 2.2. [11] Let K = {< a, Pk (a), Qk(a), Rx(a) = : a € X} be a ns. We
must introduce the ns 0. and 1. in X as follows:

0. may be defined as:

(1) 0. ={<2,0,0 1> :2z€e X}
(2) 0. ={<1z,0, 1, 1> :z€ X}
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(3) 0. ={<1z, 0,1, 0> : z€ X}
4) 0. ={<12, 00,0~ :z€ X}
1. may be defined as:

(a) 1. ={<1z, 1,0, 0~ :z€ X}
(b) 1. ={<=z 1,0, 1> :z€ X}
(¢) 1. ={<ux, 1,1, 0> :z € X}
(d) 1. ={<=, 1,1, 1> :z€ X}
Proposition 2.3. [I1] For any ns S, then the following conditions are satisfied:
(1) 0. < S, 0. < 0.
2) S< 1., 1. < 1.

Definition 2.4. [11] Let K = {< a, Px(a), Qk(a), Rx(a) > : a € X} be a ns.

(1) A ns K is an empty set i.e., K = 0. if 0 is membership of an object and 0 is
an indeterminacy and 1 is a non-membership of an object respectively. i.e.,
0~ ={z, (0,0,1): z€ X}

(2) A ns K is a universal set i.e., K = 1. if 1 is membership of an object and 1
s an indeterminacy and 0 is a non-membership of an object respectively. 1.
={z, (1,1, 0) : z € X}

(3) K1 U Ky = {a, maz {Pk, (a), Pk, (a)}, mazx {Qk, (a), Qx,(a)}, min {Rk, (a),
Ry, (a)} : a € X}

(4) K1 N Ky = {a, min {Pxk, (a), Pk, (a)}, min {Qxk, (a), Qx,(a)}, maz { Rk, (a),
Rk, (a)} : a € X}

(5) K{ ={< a, Rix(a), 1 — Qk(a), Px(a) = : a € X}
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Definition 2.5. [11] A neutrosophic topology (nt) in Salamas sense on a nonempty

set X is a family 7 of ns in X satisfying three axioms:

(1) Empty set (0-.) and universal set (1..) are members of T.
(2) K1 N Ky € 7 where Ky, Ky € T.
(3) UKs € T for every {Ks : 6 € A} < 1.

FEach ns in nt are called neutrosophic open sets. Its complements are called neutro-

sophic closed sets.

Definition 2.6. [11]

Let U be a non-empty finite set of objects called the universe and R be an equivalence
relation on U named as the indiscernibility relation. Elements belonging to the same
equivalence class are said to be indiscernible with one another. The pair (U, R) is

said to be the approrimation space. Let X C U.

(1) The lower approzimation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by Lr(X).
Lr(X) = U, s{R(X): R(X) C X} where R(z) denotes the equivalence class
determined by X.

(2) The upper approximation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and it is denoted by Ur(X).
Un(X) = U AR(X): R(X) 0 X # 0}

(3) The boundary region of X with respect to R is the set of all objects, which can
be neither in nor as not-X with respect to R and it is denoted by Br(X) and
Br(X) = Ur(X) — Lr(X)

Proposition 2.7. [I1] If (U, R) is an approzimation space and X, Y C U, then

(1) Lgr(X) C X C Ugr(X).
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3) Ur(XUY) = Ur(X) U Ugr(Y).
4) Ur(XNY) C Ur(X) N Ugr(Y).
UY) 2 Lgr(X) U Lr(Y

)-
) = Lr(X) N Lg(Y).
Lr(X) C Lr(Y) and Ur(X) C Ug(Y), whenever X C Y.
X¢) = [Lr(X)]® and Lr(X°¢) = [Up(X)]".
Ur(Ur(X)) = Lr(Ur(X)) = Ur(X).

Definition 2.8. [I1] Let U be a universe, R be an equivalence relation on U and
Tr(X) ={U, ¢, Lr(X) , Ur(X) , Br(X)}, where X C U. Then by Proposition 2.7,

Tr(X) satisfies the following axioms

(1) U, ¢ e mr(X).
(2) The union of the elements of any sub-collection of Tr(X) is in Tr(X).
(3) The intersection of the elements of any finite sub collection of Tr(X) is in
TrR(X).
Then Tr(X) s called the nano topology on U with respect to X.
The space (U, Tr(X)) is the nano topological space. The elements of are

called nano open sets.

Definition 2.9. [11]

If (U, Tr(X)) is the nano topological space with respect to X where X C U and if
A C U, then
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(1) The nano interior of the set A is defined as the union of all nano open subsets
contained in A and it is denoted by nint(A). That is, nint(A) is the largest
nano open subset of A.

(2) The nano closure of the set A is defined as the intersection of all nano closed
sets containing A and it is denoted by ncl(A). That is, ncl(A) is the smallest

nano closed set containing A.

Definition 2.10. [3] Let (U, 7r(X)) be a nano topological space. Then, ur(X) =
{NU(NNpu):N, N er(X)and p ¢ tr(X)} is called the Micro topology on U
with respect to X. The triplet (U, Tr(X), pr(X) ) is called Micro topological space.

Definition 2.11. [3] The Micro topology pr(X) satisfies the following axioms
(1) U. ¢ € pr(X).
(2) The union of the elements of any sub-collection of pur(X) is in ur(X).

(3) The intersection of the elements of any finite sub collection of pur(X) is in

pr(X).

Then ugr(X) is called the Micro topology on U with respect to X. The triplet (U,
TrR(X), pr(X)) is called Micro topological spaces and the elements of ur(X) are called

Muicro open sets and the complement of a Micro open set is called a Micro closed set.

Definition 2.12. [3] For any two Micro sets A and B in a Micro topological space
(U, Tr(X), pr(X)),
(1) A is a Micro closed set if and only if Mic-cl(A) = A.
(2) A is a Micro open set if and only if Mic-int(A) = (A).
(3) A C B implies Mic-int(A) C Mic-int(B) and Mic-cl(A) C Mic-cl(B).
(4) Mic-cl( Mic-cl(A)) = Mic-cl(A) and Mic-int(Mic-int(A)) = Mic-int(A).



NEUTROSOPHIC MICRO TOPOLOGICAL SPACES 7

(5) Mic-cl (AU B) 2 Mic-cl(A) U Mic-cl(B).
(6) Mic-cl(A N B) C Mic-cl(A) N Mic-cl(B).
(7) Mic-int(A U B) D Mic-int(A) U Mic-int(B).
(8) Mic-int(A N B) C Mic-int(A) N Mic-int(B).
(9) Mic-cl(A°) = [Mic —int(A)J°.

(10) Mic-int( AC) = [Mic — cl(A)[°

Definition 2.13. [12] Let U be a non-empty set and R be an equivalence relation
on U. Let F be a neutrosophic set in U with the membership function pg , the in-
determinancy function or and the non-membership function vp. The neutrosophic
nano lower, neutrosophic nano upper approximation and neutrosophic nano boundary
of F in the approzimation (U,R) denoted by N (F), N(F)and BN(F) are respectively
defined as follows:

(1) N(F) = {=< , pra(x) ora(w) vra(z) = : y € [X]g,x€ U}
(2) N(F) ={= 2. t5a(x) o5a(x) vRa(x) = : y € [X]g,x€ U}
(3) BN(F)=N(F) — N(F)

where pga(z) = /\yE[X]R 1A(Y), ora(z) = /\ye[X]R cA(y), vra(z) = /\ye[X]R vA(y).
fRa(T) = /\ye[X]R 1A(Y), opalz) = /\yg[X}R cA(y), vra(z) = /\ye[X}R vA(y).

Definition 2.14. [12] Let U be a universe, R an equivalence relation on U and F a
neutrosophic set in U and if the collection Ty (F) = {0x, 1y, N(F), N(F), BN(F)}
forms a topology then it is said to be a meutrosophic nano topology. We call (U,
T~ (F)) as the neutrosophic nano topological space. The elements of Tn (F) are called

neutrosophic nano open sets.
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Definition 2.15. [12] Let U be a nonempty set and the neutrosophic sets A and B
in the form A = {< z : pA(z), cA(z), vA(z)-, x € U}, B ={< z: uB(z), 0B(z),
vB(z)-, x € U}. Then the following statements hold

(1) Oy =A{z, (0,0, 1) : z€ U}

2) Iy ={z, (1, 1, 0) : z € U}.

(3) AU B ={a, max{pA(z), uB(z)}, max {cA(z), o B(x)}, min {vA(z), vB(z)}
sz e Ul

(4) AN B = {a, min {pA(z), uB(x)}, min {cA(x), cB(x)}, max {vA(x), vB(z)}
sz e Ul

(5) AY ={=< a, vA(x), 1 —0A(z), pA(x) = : z € U}.

(6) A C Biff uA(x) < uB(z), cA(x) < oB(x), vA(z) < vB(z) for all z € U.

(TVA=Bif ACB BC A

Definition 2.16. [12] If (U, 75 (F)) is a neutrosophic nano topological space with
respect to neutrosophic subset of U and if A be any neutrosophic subset of U, then
the neutrosophic nano interior of A is defined as the union of all neutrosophic nano
open subsets of A and it is denoted by Npint(A). That is, Npint(A) is the largest
neutrosophic nano open subset of A. The neutrosophic nano closure of A is defined
as the intersection of all neutrosophic nano closed sets containing A and it is denoted

by Npcl(A). That is, Npcl(A) is the smallest neutrosophic nano closed set containing
A.

Definition 2.17. [3] A map f: (U, 7r(X), ur(X)) — (L, Tp(Y), @r(Y)) is called
Micro-continuous if f1(V) is a Micro closed set of (U, Tr(X), ur(X)) for every
Micro closed set 'V of (L, To(Y), wr(Y)).
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3. NEUTROSOPHIC MICRO TOPOLOGICAL SPACES

Definition 3.1. Let (U, 7y (F)) be a neutrosophic nano topological space. Then,
ANE) ={SU (SNA):S Sery(F)and X ¢ 7 (F)} is called the neutrosophic
micro topology on U with respect to F. The triplet (U, 75 (F), An(F) ) is called

neutrosophic micro topological space.

Definition 3.2. The neutrosophic micro topology An(F) satisfies the following az-

10ms

(1) U, ¢ € An(F).
(2) The union of the elements of any sub-collection of An(F') is in Ay (F).

(3) The intersection of the elements of any finite sub collection of An(F) is in

An(F).

Then An(F) is called the neutrosophic micro topology on U with respect to F. The
triplet (U, 5 (F), An(F) ) is called neutrosophic micro topological spaces and the
elements of An(F) are called neutrosophic micro open sets and the complement of a

neutrosophic micro open set is called a neutrosophic micro closed set.

Definition 3.3. If (U, 7~ (F), An(F) ) is a neutrosophic micro topological space
with respect to neutrosophic subset of U and if A is any neutrosophic subset of U,
then the neutrosophic nano interior of A is defined as the union of all neutrosophic
micro open subsets of A and it is denoted by Ny;-int(A). That is, Ny;-int(A) is the
largest neutrosophic micro open subset of A. The neutrosophic micro closure of A is
defined as the intersection of all neutrosophic micro closed sets containing A and it
is denoted by Np;-cl(A). That is, Ny;-cl(A) is the smallest neutrosophic micro closed

set containing A.
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Theorem 3.4. Let (U, 75 (F), Any(F) ) be a neutrosophic micro topological space
with respect to F where F is a neutrosophic subset of U. Let A and B be neutrosophic
subsets of U. Then the following statements hold :

1) A C Ny;-cl(A).

2) A is a neutrosophic micro closed set if and only if Np;-cl(A) =
3) Npi-cl(0.) = 0~ and Ny;-cl(1.) = 1.

4) A C B implies Ny;-cl(A) C Npi-cl(B).

5) Npi-cl(A U B) C Nyi-cl(A) U Npy-cl(B).

6) Npi-cl(A N B) C Ny-cl(A) N Nyi-cl(B).

7) Npi(Npi-cl(A)) = Nyi-cl(A).

(
(
(
(
(
(
(
(8) Npi-int(U— A) = X — Ny-cl(A).

)
)
)
)
)
)
)
)

Proof. (1) By definition of neutrosophic micro closure, A C N,,;-cl(A).

(2) If A is neutrosophic micro closed, then A is the smallest neutrosophic micro
closed set containing itself and hence N,,;-cl(A) = A. Conversely, if N,,,;-cl(A)
= A, then A is the smallest neutrosophic micro closed set containing itself
and hence A is neutrosophic micro closed.

(3) Since 0. and 1. are neutrosophic micro closed in (U, 7n(F), AN (F) ), Nopsi-
cl(0~) = 0. and N,;-cl(1.) = 1.

(4) If A C B, since B C N,,;;-cl(B), then A C N,,;~cl(B). That is, N,,;-cl(B) is
a Neutrosophic micro closed set containing A. But N,,;-cl(A) is the smallest
Neutrosophic micro closed set containing A. Therefore, N,;;-cl(A) C N,,;-
cl(B).

(5) Since AC AUBand B C A UB, N,,;~cl(A)C N,,;~cl(A U B) and N,,;-cl(B)C
Npi-cl(A U B). Therefore, N,,,;-cl(A) U N,,;-cl(B) € N,,;-cl(A U B). By the
fact that A U B C N,;-cl(A) U N,,;-cl(B), and since N,,;-cl(A U B) is the
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smallest micro closed set containing A U B, so N,,;;-cl(A U B) C N,,;;-cl(A) U
Nyni-cl(B). Thus, N,,;-cl(A U B) = N,,;-cl(A) U N,p-cl(B).

(6) Since ANB C A and AN B C B, N,,;-cl(A N B) C N,i-cl(A) N N,yp-cl(B).

(7) Since N,;-cl(A) is micro closed, N,,;~cl(N,,;-cl(A)) = N,,;-cl(A).

(8) For A < U, U — Np-cl(A) = U — min {L : L > A, L is neutrosophic micro
closed} = max { U — L : L > A, L is neutrosophic micro closed} = max {U
L:U— A >U — L, U is neutrosophic micro closed} = N,,;~int(U — A).

U

Theorem 3.5. Let (U, 75 (F), An(F) ) be a neutrosophic micro topological space
with respect to F where F is a neutrosophic subset of U. Let A and B be neutrosophic
subsets of U. Then the following statements hold :
(1) A C Ny-int(A).
(2) A is a neutrosophic micro open set if and only if Ny-int(A) =
(3) Npi-int(0~) = 0. and Np;-int(1l.) = 1.
(4) A C B implies Ny;-int(A) C Nyi-int(B).
(5) Npi-int(A U B) C Np;-int(A) U Ny;-int(B).
(6) Npi-int(A N B) C Np-int(A) 0O Nyyi-int(B).
(7) Nppi(Npi-int(A)) = Npi-int(A).
(8)

8) Npi-cl(U — A) = X—Nyi-int(A).

Proof. 1t is similar to the proof of Theorem 3.5. U

Example 3.6. Let U = {P} be the universe of discourse. Let U / R = {P} be an
equivalence relation on U and A = < (0.6, 0.5, 0.5)~ be a neutrosophic set on U then
N(A) = {= (0.4, 0.5, 0.5)=}, N(A) = {< (0.6, 0.5, 0.5)=}, B(A) = {=< (0.5, 0.5,
0.5)=}. Then the collection T (A) = {0, < (0.4, 0.5, 0.5)=, < (0.6, 0.5, 0.5),
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< (0.5, 0.5, 0.5)~, 1.}. Then A = < (0.2, 0.3, 0.4)=. Neutrosophic micro open =
An(A) ={0., < (0.2, 1, 0.4)~, < (0.2, 1, 0.5)=, < (1, 0.3, 0)~, < (0.4, 0.5, 0.5)~,
< (0.4, 0.5, 0.4)=, < (0.6, 0.5, 0.5)=, < (0.6, 0.5, 0.4)~, < (0.5, 0.5, 0.5)~, <
(0.5, 0.5, 0.4)=, 1.} is a neutrosophic micro topology on U and neutrosophic micro
closed = (An(A))° = {1€, < (0.4, 0, 0.2)=, < (0.5, 0, 0.2)~, < (0, 0.7, 1)=, <
(0.5, 0.5, 0.4)~, < (0.4, 0.5, 0.4)~, < (0.5, 0.5, 0.6)=, < (0.4, 0.5, 0.6)~, < (0.5,
0.5, 0.5), < (0.4, 0.5, 0.5)=, 0} is also a neutrosophic micro topology on U.

We know that 0. ={< =z, 0,0, 1> :z€ U}, 1. ={<uz, 1,1, 0> : z € U} and
0 ={<u,1,1,0=:2€ U}, 1¢ ={<1,0,0,1~ :z€ U}

Here A = < (0.2, 1, 0.4)=. Npyi-int(A) = < (0, 1, 1)~V < (0.2, 0, 0.4)- V
(0.2, 1, 0.4)= NV < (0.2, 1, 0.5)= vV < (0.2, 0.3, 0.4)- vV < (0.2, 0.5, 0.5)- V <
(0.2, 0.5, 0.4)~ NV < (0.2, 0.5, 0.5)— V < (0.2, 0.5, 0.4)= VvV < (0.2, 0.5, 0.5)= V
< (0.2, 0.5, 0.4) =< (0.2, 1, 0.4)= VvV < (0.2, 0.5, 0.4)= VvV < (0.2, 0.5, 0.4)~ =
< (0.2, 1, 0.4)= Vv < (0.2, 0.5, 0.4)~ =< (0.2, 1, 0.4)~.

Therefore Np;-int(A) = < (0.2, 1, 0.4)-.

A

Hence A is a neutrosophic micro open set if and only if Ny-int(A) = A.

Similarly, A is a neutrosophic micro closed set if and only if Ny;-cl(A) = A.

Theorem 3.7. (U, 75 (F), Any(F)) be a neutrosophic micro topological space with
respect to F where F is a neutrosophic subset of U. Let A be a neutrosophic subset of

U. Then
(1) 1. — Nmz—mt(A) = Nmz‘—Cl(]_N — A)
(2) 1. — Nmi—Cl(A) = Nmi—int(]_N — A)

Remark 3.8. Tuking complements on either side of(1) and (2) of Theorem 3.7, we
get (Npi-int(A)) = 1. — Npi-cl(1. — A)) and (Nyi-cl(A)) = 1. — (Npyi-int(1. —
A)).
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Definition 3.9. A map f: (U, 7w(F), A\n(F) ) — (L, v '(F), An'(F) ) is called
neutrosophic micro-continuous if f*(V) is a neutrosophic micro closed set of (U,

T~ (F), An(F') ) for every neutrosophic micro closed set V of (L, Tn'(F), An"(F) ).

Theorem 3.10. A map f: (U, v (F), A\n(F) ) and (L, 75 '(F), An’(F) ) are neu-
trosophic micro topological spaces. Then

(1) Identity map from (U, 7n(F), An(F) ) to (L, v '(F), An'(F) ) is a neutro-
sophic micro continuous function.

(2) Any constant function which maps from (U, T (F), An(F) ) to (L, 5 '(F),

An(F) ) is a neutrosophic micro continuous function.

Proof. The proof is obvious. U

Theorem 3.11. Let f: U — L be a map on two nms (U, 75 (F), An(F) ) and (L,

™~ (F), AN(F) ). Then the following statements are equivalent:

(1) fis neutrosophic micro continuous function.

(2) f71(V) is an neutrosophic micro closed set for each neutrosophic micro closed
set Vin L.

(3) Nmi-cl(f(V)) < f71 (Nii=cl(V)) for V € L.

(4) Nemi-cl(f(A)) Z f(Nmi-cl(A)) for A € U.

(5) Npi-int(f1(A)) > [ (Npi-int(A)) for A € U.

Proof. (1) = (2) Let V be a neutrosophic micro closed in L. Then f~1(V)¢ = f=1(V?)
neutrosophic micro closed in U.

(2) = (3) Npy-cl(f71(V)) = min {G : £1(V) < G, DY is neutrosophic micro closed})
< min {f}(G): V<G, DY is neutrosophic micro closed in L} = {"}({G : V < GY

is neutrosophic micro closed in L}) = f71(N,,;-cl(V)).
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(3) = (4) Since A < f71(f(A)), than N,,-cl(f(A)) < Np-cl(f71(f(A))) < 71 (Nppi-
cl(f(A))). Therefore f(N,,;-cl(A)) < Ny-cl(f(A)).

(4) = (5) f(Nimint(f~1(A))) < = f(Nppi-cl(f71(A))7) = f(Noi=cl(f(A)“)) < Nii-el(£(£71(A)))
< Npmcl(AY) = (N,,-int(A))¢. This implies that N,,-int(f1(B))¢ < f1(N,u-
int(A))“= (f1(N,;-int(A)))¢. Taking complement on both sides, f~1(N,,~-int(A))

< Ny-int(f71(A)). O

CONCLUSION

Neutrosophic set is a general formal framework, which generalizes the concept
of classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set, interval
intuitionistic fuzzy set, nano set, interval valued nano set, intuitionistic nano set,
and interval intuitionistic nano set. Since the world is full of indeterminacy, the
neutrosophic micro topology found its place into contemporary research world. Hence
this neutrosophic micro topological spaces can also be extended to a neutrosophic

spatial region.
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