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ABSTRACT

In present paper we use the difference operator  and  to define the new concepts of  and  on neutrosophic normed spaces (briefly known as). We also introduce concepts of   and obtain some relationships among these notions. Finally, we define    sequences on these spaces and present a characterization for  preserving linear operators on neutrosophic normed spaces
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1. Introduction
Statistical convergence was introduced by Fast [9] and studied by various authors (see [5], [10], [11], [24] and [25]). The idea is defined with the help of natural density of subsets of positive integers. For any set the natural density of  is denoted by  and is defined by. A sequence  of numbers is said to be statistical convergence to a number if for each,  or  where  
Let  be a non-decreasing sequence of positive numbers tending to such that  Then the generalized de la Valée-Pousin mean is defined by 

Leindler [20] defined the  as follows. A sequence  is said to be  to a number  if  as .
Statistical convergence further generalized by Kostyrko etal [16] with the help of an admissible ideal  and called it as . After their contribution, the idea of  have been developed by many authors in various directions. For instance:  (see [4], [6], [7], [8], [12], [15], [17], [18], [19] and [21]).
Further, Fuzzy sets were introduced by Zadeh [28] as generalization of classical sets. Atanassov [1] was first who observed that Zadeh’s idea of fuzzy sets needs more modification to handle certain problems in time domain and therefore he introduced a new kind of set which he called it as Intuitionistic fuzzy sets. After introduction of Intuitionistic fuzzy sets a progressive development is made in this field. For instance, Intuitionistic fuzzy metric spaces were introduced by Park [22], Intuitionistic fuzzy topological spaces by Saadati and Park [23] etc. In recent years ideas of statistical convergence,  and lacunary sequences have been extended on intuitionistic fuzzy normed spaces respectively in [21], [12], and [6]. 
Recently, Smarandache [27] introduced a new generalization of Intuitionistic fuzzy sets and called it neutrosophic set. This idea is further used to define neutrosophic metric spaces and neutrosophic soft linear spaces respectively in [13], [2] and [3]. Bera and Mahapatra [3] introduced the concept of neutrosophic norm and define some sequential concepts like convergence, Cauchy and convexity in these spaces. Kirişci and Şimşek [14] extended statistical convergence and study its properties in these spaces. We aim in this paper, to define and  on neutrosophic normed spaces as a generalization of ideal convergence. Later, we introduce the concepts of   and obtain some relationships among these. We also define   sequences on these spaces and study their relations. Finally, we present a characterization for preserving linear operators on neutrosophic normed spaces

Background
In this section we review and give some definitions and results which form the basis for present study.
Definition 2.1 [26] A binary operation  is said to be a continuous  if it satisfies the following conditions:
(i)  is associative and commutative,
(ii)  is continuous,
(iii) 
(iv)  whenever   and  for each .
Definition 2.2 [27] A binary operation  is said to be a continuous  if it satisfies the following conditions:
(i)  is associative and commutative,
(ii)  is continuous,
(iii) 
(iv)  whenever   and  for each .
Kirişci and Şimşek [16] used these definitions to define Neutrosophic normed spaces as follows.
Definition 2.3 [16] Let  be a vector space,  be a normed space such that  and ,  respectively are continuous  and continuous . Then a four touple  is called a Neutrosophic Normed Spaces  if the following conditions are satisfied.
For every  and  and for every  we have
(i) 
(ii) 
(iii) 
(iv) 
(v) 
(vi)  is continuous non-decreasing function
(vii) 
(viii) 
(ix) 
(x) 
(xi)  is continuous non-decreasing function
(xii) 
(xiii) 
(xiv) 
(xv) 
(xvi)  is continuous non-decreasing function
(xvii)  and
(xviii) If  then 
Here,  is called the Neutrosophic norm. 
Some examples of Neutrosophic Normed Spaces can found in [16].
A sequence  in Neutrosophic Normed Spaces  is said to  if for each  and, there exists a positive integer  and  such that 

This is equivalent to say 

and we write in this case 
The sequence  is said to be  if for each  and, there exists a positive integer  and such that 

For any set  let   denotes the power set of 
Definition 2.6 [16] Let  be a non empty set. A family of sets  is called an ideal in  if and only if
(i) 
(ii)  implies that  and
(iii) For each  and 
Definition 2.7 [16] Let  be a non empty set. A non-empty family of sets  is called a filter on  if and only if
(i) 
(ii) implies that  and
(iii) For each  and 
An ideal  is called non-trivial if   and   A non-trivial ideal is called an admissible ideal in  if and only if it contains all singletons, i.e., if it contains  If  be a non-trivial ideal. Then the class is a filter on. is called the filter associated with the ideal 
Let  denotes the set of all sequences in the neutrosophic normed space . Define  by
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Definition 3.1 Let  be a ; be a sequence as described above,  and . A sequence  in  is said to be with respect to the neutrosophic norm  if there exists and a positive integer such that 

In this case, we write   and call  the  of the sequence 
Theorem 3.1 Let  be a ; be a sequence as described above and  be a   sequence with  then,  is unique.
Proof Assume, there exists and   in such that  and  let  and . Choose  such that 
 
Since,  so for every  and  there exists positive integers  and  such that

and




Let  then for we can find a positive integer  such that 


(e.g., take  and choose that  as  for which the maximum occurs)
Now, 

Since  is arbitrary and  holds for every it follows that  and therefore 
 As in case (i) for there exists  such that 


Now, 

Since  is arbitrary and above inequality holds for every it follows that  and therefore 
Case (iii) follows similarly as case (ii)
Theorem 3.2 Let  be a ; be a sequence as described above and, be two sequences in such that  and, then
(i)    
(ii)   for 
Proof The Proof of Theorem is excluded. 
Theorem 3.3 Let  be a ; be a sequence as described above and  be a sequence in such that  Then there exists a subsequence  of  such that 
Proof Suppose holds. Then for each  and, there exists a positive integer such that 

Now for we can select a  such that 



Thus, we have a subsequence  of  such that 
4	
In this section we define and study sequences with respect to the neutrosophic norm 
Definition 4.1  be a ; be a sequence as described above,  is an admissible ideal,  and . A sequence  in  is said to be  with respect to the neutrosophic norm  if there exists such that 

In this case, we write   and call  the   of the sequence 
Example 4.1 Let  be a normed space. Define   and   as follows. For   and  For and , define 

Then,  is a neutrosophic normed space. 
Let,   and choose the ideal  then  is a non trivial admissible ideal.  Define a sequence  by

Then for  and  the set 

is contained in the set of squares whose natural density is zero. So we have  and therefore  This shows that 
The following Lemma gives the characterization of  with respect to the neutrosophic norm 
Lemma 4.1 Let  be a ; be a sequence as described above and  is an admissible ideal. Then for  and  the following statements are equivalents.







Proof: The proof of the theorem directly follows from Definition 4.1 and that of an ideal.

Next Theorem provided the uniqueness of  provided it exists.
Theorem 4.1 Let  be a ; be a sequence as described above and  be an admissible ideal. If  is a sequence in  such that  and, then 
Proof: Suppose that  and let  Choose  such that  
 
For  we define the following sets.



Since   and so by Lemma 3.1, we respectively have the sets  and  belongs to  Define a set  by

then  and therefore  and is a non empty set. Let, then we have the following possibilities



Suppose that  holds, then  which givesand  This implies that

Clearly, we will get a  such that


(e.g., take  and choose that  as  for which the maximum occurs)
Now, 


Since  is arbitrary and  holds for every it follows that  and therefore 
We now assume  holds, then  and and therefore we have 

Using the same technique as above, we get  such that


Now, 


As  is arbitrary and  holds for every we must have  which gives immediately 
Finally, assume that  holds. It follows that  and and therefore we have 

As above, we get  such that


Now, 

Since  is arbitrary and  holds for every we must have  and therefore we have  This completes the proof of the Theorem.
Theorem 4.2 Let  be a ; be a sequence as described above,   is an admissible ideal and, be two sequences in such that      and , then
(i)     
(ii)      for 
Proof The proof of the Theorem is omitted. 
Next Theorem provide the relation between  and.
Theorem 4.3 Let  be a ; be a sequence as described above,   is an admissible ideal and  be a sequence in such that  then, .
Proof Suppose holds. Then for each  and, there exists a positive integer such that 

Let,

then it is clear that  i.e.,  is a finite set and therefore belongs to . This implies 
Theorem 4.4 Let  be a ; be a sequence as described above and  is an admissible ideal. If a sequence   be in  and  be another sequence in  such that  then  is  to the same limit.
Proof Let . Then for each  and, there exists a positive integer such that 

Thus 

and therefore belongs to . This implies that 

Now, for  and  we have 

Since,  and  are sets in  so  which immediately gives 

and therefore  is . 

5	s
Definition 5.1 Let  be a ; be a sequence as described above,   is an admissible ideal and  be a sequence in  An element  is said to be a  of  with respect to the neutrosophic norm  provided that there is a subsequence of that is convergent to with respect to the neutrosophic norm .
Definition 5.2 Let  be a ; be a sequence as described above,   is an admissible ideal and  be a sequence in  An element  is said to be a  of  if there exists a set  such that the set  and 
Let  denotes the set of all  of the sequence  
Definition 5.3 Let  be a ; be a sequence as described above,   is an admissible ideal and  be a sequence in  An element  is said to be a  of  if  and 

Let denotes the set of  of the sequence  
Theorem 5.1 Let  be a ; be a sequence as described above and   is an admissible ideal. For any sequence  in   
Proof Let  By definition there exists a set  such that the set  and   So for  and  there exists a positive integer  such that for  we have

This implies that 

Since  is admissible so , which immediately gives 

and therefore   Thus, we have 
Theorem 5.2 Let  be a ; be a sequence as described above and   is an admissible ideal. For any sequence  in   is a closed set in  with respect to the usual topology induced by the neutrosophic norm.
Proof Let   where bar denotes the closure of the set. Let,  and  Since  so  where  denotes the open neighborhood of  Let  Choose  such that . Now we have


As so  and consequently. Hence  and therefore is a closed set in  This completes the proof of the Theorem.

6 Cauchy and Cauchy sequences 
In this section we define  andCauchy sequences in a neutrosophic normed space and present the Cauchy convergence criteria.
Definition 6.1 Let  be a  and be a sequence as described above. Let,  and . A sequence  in  is said to be  with respect to the neutrosophic norm  if there exist positive integers  and  such that 

Definition 6.2 Let  be a ; be a sequence as described above and   is an admissible ideal,  and . A sequence  in  is said to be  with respect to the neutrosophic norm  if there exist positive integers  such that

or equivalently

Definition 6.3 Let  be a ; be a sequence as described above,   is an admissible ideal,  and . A sequence  in  is said to be  with respect to the neutrosophic norm  if there exists a set such that the set  and the corresponding subsequence  is a  sequence with respect to the neutrosophic norm .
The following two Theorems are analogue of Theorem 4.3, Theorem 3.3 respectively.
Theorem 6.1 2 Let  be a ; be a sequence as described above and   is an admissible ideal. If a sequence  in  is   with respect to the neutrosophic norm , then it is  (   with respect to the neutrosophic norm .
Theorem 6.2 Let  be a ; be a sequence as described above and   is an admissible ideal. If a sequence  in  is  with respect to the neutrosophic norm , then there is a subsequence of  that is .
Theorem 6.3  be a ; be a sequence as described above and   is an admissible ideal. If a sequence  in  is   with respect to the neutrosophic norm , then it is be  with respect to the neutrosophic norm .

7 Convergence preserving linear operators
In this section we define continuous and sequentially continuous mappings and present a characterization  preserving linear operators.
Definition 7.1 Let  be a. A mapping  is said to be continuous at  with respect to the neutrosophic norm if for  and  there exists  and  such that for all 

imply that

If is continuous at every point of the space  then we call continuous on .
Definition 7.2 Let  be a. A mapping  is said to be sequentially continuous at  with respect to the neutrosophic norm  and the difference operator if for any sequence  in  with  implies that .
Theorem 7.1 Let  be a. A mapping  is continuous with respect to the neutrosophic norm if and only if it is sequentially continuous with respect to the neutrosophic norm .
Proof The proof of the Theorem skipped.
Definition 7.3  be a ; be a sequence as described above and  is an admissible ideal. A mapping  is said to be preserve  inif  implies  for every sequence in which is  to.
Theorem 7.2  be a ; be a sequence as described above and  is an admissible ideal. A linear operator  preserve  inif and only if is continuous on .
Proof First suppose that is continuous on . Let  be any sequence in such that . For each  and  there exists  and   such that for all 

imply that

If, 

 
denotes open balls centered at  and  respectively, then for all  if  then . But then we have 


Since  therefore . Hence we have .
Conversely, suppose that the operator  preserve  in. We prove that  is continuous. Suppose that is not continuous at some point  in Then there is some  and  such that, for all  and   we have if  then  where . Now we can have a sequence  such that  but . This gives


Since  so  and therefore we have .
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