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Abstract:  

The objective of this paper is to study some novel algebraic properties of neutrosophic matrices. 
Also, this work introduces the concept of neutrosophic characteristic polynomial of a square 
neutrosophic matrix and the neutrosophic version of Cayley-Hamilton.On the other hand, we 
illustrate many examples about the validity of this work. 
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1.Introduction 
 

The theory of neutrosophic algebraic structures was released many years ago. In the literature, we 
find a lot of structures defined by using indeterminacy ideas such as spaces, rings and 
homomorphisms. 

The concept of neutrosophic matrix [1-5,6-12] and its generalizations played an important role in 
the study of neutrosophic linear algebra, where we can find conditions for invertibility, 
diagonalization, and algebraic equations systems in neutrosophic and refined neutrosophic terms 
[13-14]. 

In this work, we continuo the previous efforts in the study of neutrosophic matrix theory, where 
we present the neutrosophic form of famous Cayley-Hamilton theorem, and the neutrosophic 
characteristic polynomials. Also, we illustrate many examples to clarify the validity of our work, 
with respect to real matrices as well as complex matrices. 

2. Main Discussion 

Definition [14]: Let 𝑀!×# =	 {(	𝑎$%) ∶ 	 𝑎$% ∈ 𝐾(𝐼)}	,where 𝐾	(𝐼)is a neutrosophic field. We call 
to be the neutrosophic matrix. 
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Definition [14]: Let 𝑀!×# is a neutrosophic matrix. We call to be the neutrosophic square matrix 
if 𝑚 = 𝑛. 
Now a neutrosophic𝑛 square matrix is defined by form 𝑀 = 𝐴 + 𝐵𝐼where 𝐴 and 𝐵 are two 𝑛 
squares matrices. 
Definition : [14] 

Let 𝑀 = 𝐴 + 𝐵𝐼 be a neutrosophic 𝑛	square matrix. The determinant of M is defined as 

𝑑𝑒𝑡𝑀 = 𝑑𝑒𝑡𝐴 + 𝐼[𝑑𝑒𝑡(𝐴 + 𝐵) − 𝑑𝑒𝑡𝐴]. 

Definition :[14] 

Let 𝑀 = 𝐴 + 𝐵𝐼 a neutrosophic square	𝑛 × 𝑛 matrix, where  , 𝐵 are two squares	𝑛 × 𝑛 matrices, 
then 𝑀 is invertible if and only if𝐴 and 𝐴 + 𝐵 are invertible matrices and  

𝑀&' = 𝐴&' + 𝐼[(𝐴 + 𝐵)&' − 𝐴&']. 

Theorem [14] 

𝑀 is invertible matrix if and only if 𝑑𝑒𝑡𝑀	𝑖𝑠	𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒. 

Definition:  

Let 𝑀 = 𝐴 + 𝐵𝐼 be a neutrosophic 𝑛	square matrix, where 𝐴 and 𝐵 are two 𝑛	square matrices, 
And 𝑍 = 𝑋 + 𝑌𝐼. We define the characterisitic neutrosophic Polynomial characteristic by the 
following: 

𝜑(𝑧) = 𝑑𝑒𝑡[𝑍𝑈#×# −𝑀] = 𝑑𝑒𝑡[𝑍𝑈#×# − (𝐴 + 𝐵𝐼)] = 𝑑𝑒𝑡[(𝑍𝑈#×# − 𝐴) + (−𝐵)𝐼] 

𝜑(𝑧) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴) + 𝐼F𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵)H − 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴)I 

𝜑(𝑧) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)]. 

Where: 

α(𝑍) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴)	, β(𝑍) = 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵)H 

 

Example: 

Consider the following neutrosophic matrix  

𝑀 = 𝐴 + 𝐵𝐼 = ( 1 3𝐼
1 + 𝐼 2 + 2𝐼)   . Where 𝐴 = M1 1

0 −1O  ,	𝐵 = M0 1
1 1O. 

𝐴 + 𝐵 = M1 2
1 0O. Then. 

φ(𝑍) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)] 
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α(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − 𝐴) = P𝑋 + 𝑌𝐼 − 1 −1
0 𝑋 + 𝑌𝐼 + 1P 

α(𝑍) = (𝑋 + 𝑌𝐼)( − 1 = 𝑍( − 1 

β(𝑍) = 𝑑𝑒𝑡G𝑍𝑈(×( − (𝐴 + 𝐵)H = P𝑋 + 𝑌𝐼 − 1 −2
−1 𝑋 + 𝑌𝐼P 

β(𝑍) = (𝑋 + 𝑌𝐼)( − (𝑋 + 𝑌𝐼) − 2 = 𝑍( − 𝑍 − 2 

Then. 

φ(𝑍) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)] = 𝑍( − 1 + 𝐼[−𝑍 − 1] 

 

Example: 

Consider the following neutrosophic matrix  

𝑀 = 𝐴 + 𝐵𝐼 = (1 −1 + 𝐼
𝐼 2 + 𝐼 )   . Where 𝐴 = M1 −1

0 2 O  ,	𝐵 = M0 1
1 1O. 

𝐴 + 𝐵 = M1 0
1 3O. Then. 

φ(𝑍) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)] 

α(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − 𝐴) = P𝑋 + 𝑌𝐼 − 1 1
0 𝑋 + 𝑌𝐼 − 2P 

α(𝑍) = (𝑋 + 𝑌𝐼 − 1)(𝑋 + 𝑌𝐼 − 2) = (𝑋 + 𝑌𝐼)( − 3(𝑋 + 𝑌𝐼) + 2 = 𝑍( − 3𝑍 + 2 

β(𝑍) = 𝑑𝑒𝑡G𝑍𝑈(×( − (𝐴 + 𝐵)H = P𝑋 + 𝑌𝐼 − 1 0
−1 𝑋 + 𝑌𝐼 − 3P 

β(𝑍) = (𝑋 + 𝑌𝐼)( − 4(𝑋 + 𝑌𝐼) + 3 = 𝑍( − 4𝑍 + 3 

Then. 

φ(𝑍) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)] = (𝑍( − 3𝑍 + 2) + 𝐼[−𝑍 + 1] 

Theorem :  

A neutrosophic characterisitic Polynomial of a neutrosophic square matrix is equal to the 
neutrosophic characteristics Polynomial of its transposed matrix. 

Proof: 

Let 𝑀 = 𝐴 + 𝐵𝐼 be a neutrosophic 𝑛	square matrix, where 𝐴 and 𝐵 are two 𝑛	square matrices. 

Letφ(𝑍) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)]a neutrosophic Polynomial characterstic for	𝑀 and 𝑀)is 
transpose for 𝑀. 



International Journal of Neutrosophic Science (IJNS)                                                Vol. 18, No. 3,  PP. 59-71, 2022 

 

 
 
 
Doi : https://doi.org/10.54216/IJNS.180305  
Received: January 21, 2022 Accepted: April 13, 2022  

 62 

Letψ(𝑍)a neutrosophic Polynomial characterstic for𝑀) . Then. 

φ(𝑍) = 𝑑𝑒𝑡[𝑍𝑈#×# −𝑀] 

φ(𝑍) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴) + 𝐼F𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵)H − 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴)I 

Now we have. 

ψ(𝑍) = 𝑑𝑒𝑡[𝑍𝑈#×# −𝑀]) = 𝑑𝑒𝑡[(𝑍𝑈#×# − 𝐴) + (−𝐵)𝐼]) 

ψ(𝑍) = det V(𝑍𝑈#×# − 𝐴)) + 𝐼 WG𝑍𝑈#×# − (𝐴 + 𝐵)H
) − (𝑍𝑈#×# − 𝐴))XY 

ψ(𝑍) = det(𝑍𝑈#×# − 𝐴)) + 𝐼 W𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵)H
) − 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴))X, hence 

[𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴)]) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴) 

𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵)H
) = 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵)H 

 Then. 

ψ(𝑍) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴) + 𝐼F𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵)H − 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴)I 

Then. 

φ(𝑍) = ψ(𝑍)	

Example: 

Consider the previous neutrosophic matrix defined above, we have: 

φ(𝑍) = 𝑍( − 1 + 𝐼[−𝑍 − 1] 

Now.  

𝐴) = M1 0
1 −1O	, 𝐵

) = M0 1
1 1O Then. 

ψ(𝑍) = α∗(𝑍) + 𝐼[β∗(𝑍) − α∗(𝑍)] 

α∗(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − 𝐴)) = P𝑋 + 𝑌𝐼 − 1 0
−1 𝑋 + 𝑌𝐼 + 1P 

α∗(𝑍) = (𝑋 + 𝑌𝐼)( − 1 = 𝑍( − 1 

β∗(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − (𝐴 + 𝐵))) = P𝑋 + 𝑌𝐼 − 1 −2
−1 𝑋 + 𝑌𝐼P 

β∗(𝑍) = (𝑋 + 𝑌𝐼)( − (𝑋 + 𝑌𝐼) − 2 = 𝑍( − 𝑍 − 2 

Then, 
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φ(𝑍) = ψ(𝑍) = 𝑍( − 1 + 𝐼[−𝑍 − 1] 

 

Example: 

Consider the neutrosophic matrix defined above, we have: 

φ(𝑍) = (𝑍( − 3𝑍 + 2) + 𝐼[−𝑍 + 1] 

Now.  

𝐴) = M 1 0
−1 2O	, 𝐵

) = M0 1
1 1O Then. 

ψ(𝑍) = α∗(𝑍) + 𝐼[β∗(𝑍) − α∗(𝑍)] 

α∗(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − 𝐴)) = P𝑋 + 𝑌𝐼 − 1 0
1 𝑋 + 𝑌𝐼 − 2P 

α∗(𝑍) = (𝑋 + 𝑌𝐼)( − 3(𝑋 + 𝑌𝐼) + 2 = 𝑍( − 3𝑍 + 2 

β∗(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − (𝐴 + 𝐵))) = P𝑋 + 𝑌𝐼 − 1 −1
0 𝑋 + 𝑌𝐼 − 3P 

β∗(𝑍) = (𝑋 + 𝑌𝐼)( − 4(𝑋 + 𝑌𝐼) + 3 = 𝑍( − 4𝑍 + 3 

Then. 

φ(𝑍) = ψ(𝑍) = (𝑍( − 3𝑍 + 2) + 𝐼[−𝑍 + 1] 

 

Theorem :( Neutrosophic Cayely-Hamilton): 

Any neutrosophic square matrix is a root of its polynomial. 

The proof is similar to the classical case, by using the definition of the determinant directly. 

 

Example: 

Consider the neutrosophic matrix defined above, we have: 

φ(𝑍) = (𝑍( − 3𝑍 + 2) + 𝐼[−𝑍 + 1] 

Now we find φ(𝑀). 

φ(𝑀) = (𝑀( − 3𝑀 + 2) + 𝐼[−𝑀 + 1] = 𝑀( − 3𝑀 − 𝐼𝑀 + (2 + 𝐼)𝑈(×( 

φ(𝑀) = M 1 −3 + 3𝐼
4𝐼 4 + 5𝐼 O − M

3 −3 + 3𝐼
3𝐼 6 + 3𝐼 O − M

𝐼 0
𝐼 3𝐼O + M

2 + 𝐼 0
0 2 + 𝐼O = M0 0

0 0O 



International Journal of Neutrosophic Science (IJNS)                                                Vol. 18, No. 3,  PP. 59-71, 2022 

 

 
 
 
Doi : https://doi.org/10.54216/IJNS.180305  
Received: January 21, 2022 Accepted: April 13, 2022  

 64 

φ(𝑀) = 0 

 

 

Example: 

Consider the neutrosophic matrix defined previously 

(a). Find 𝑀&' by using Cayley-Hamilton theorem. 

Solution. 

(a) We have φ(𝑍) = (𝑍( − 3𝑍 + 2) + 𝐼[−𝑍 + 1]. Now we have by using previous approach, 
φ(𝑀) = 0 ⟹ 𝑀( − 3𝑀 − 𝐼𝑀 + (2 + 𝐼) = 0 ⟹ 𝑀( − 3𝑀 − 𝐼𝑀 = −(2 + 𝐼) 

⟹𝑀( − (3 + 𝐼)𝑀 = −(2 + 𝐼) ⟹
−1

(2 + 𝐼)
[𝑀( − (3 + 𝐼)𝑀] = 𝑈(×( 

⟹ &'
((,-)

[𝑀( − (3 + 𝐼)𝑀] = 𝑀𝑀&'. 

𝑑𝑒𝑡𝑀 = 2 + 𝐼 ≠ 0 Then. 

−1
(2 + 𝐼)

[𝑀 − (3 + 𝐼)𝑈(×(] = 𝑀&' ⟹𝑀&' =
−1

(2 + 𝐼)
[𝑀 − (3 + 𝐼)𝑈(×(] 

⟹𝑀&' =
−1

(2 + 𝐼)
M−2 − 𝐼 −1 + 𝐼

𝐼 −1 O 

⟹𝑀&' = ^

2 + 𝐼
2 + 𝐼

1 − 𝐼
2 + 𝐼

−𝐼
2 + 𝐼

1
2 + 𝐼

_ 

We have: 

2 + 𝐼
2 + 𝐼

= 1	,
1 − 𝐼
2 + 𝐼

=
1
2
−
1
2
𝐼	,

−𝐼
2 + 𝐼

=
−1
3
𝐼	,

1
2 + 𝐼

=
1
2
−
1
6
𝐼 

Then. 

𝑀&' = ^
1

1
2 −

1
2 𝐼

−1
3 𝐼

1
2 −

1
6 𝐼
_ .	

 

Theorem : 
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A neutrosophic Polynomial of any neutrosophic square matrix M is exactly equal to the 
neutrosophic polynomial of any other neutrosophic matrix N with property 𝑀 = 𝑃&'𝑁𝑃. Where 
P is an invertible neutrosophic matrix. 

Proof: 

Let 𝑀 = 𝐴 + 𝐵𝐼 be a neutrosophic 𝑛	square matrix, where 𝐴 and 𝐵 are two 𝑛	square matrices and 
similar a neutrosophic𝑛	square matrix	𝑁 = 𝐶 + 𝐷𝐼. Then 𝑁 = 𝑃&'𝑀𝑃 where	𝑃 = 𝐾 + 𝐿𝐼. 

 Let φ(𝑍) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)] be the neutrosophic Polynomial of	𝑀 

Let ψ(𝑍) be the neutrosophic Polynomial of 𝑁, then 

ψ(𝑍) = 𝑑𝑒𝑡[𝑍𝑈#×# −𝑁] = 𝑑𝑒𝑡[𝑍𝑈#×# − 𝑃&'𝑀𝑃] = 𝑑𝑒𝑡[𝑍𝑃&'𝑃 − 𝑃&'𝑀𝑃] 

ψ(𝑍) = 𝑑𝑒𝑡[𝑃&'(𝑍𝑈#×# −𝑀)𝑃] 

hence, we get 

ψ(𝑍) = 𝑑𝑒𝑡(𝑃&')	𝑑𝑒𝑡(𝑍𝑈#×# −𝑀)𝑑𝑒𝑡(𝑃) = 𝑑𝑒𝑡(𝑃&')	𝑑𝑒𝑡(𝑃)	𝑑𝑒𝑡(𝑍𝑈#×# −𝑀) 

ψ(𝑍) = 𝑑𝑒𝑡(𝑈#×#)	𝑑𝑒𝑡(𝑍𝑈#×# −𝑀) = 1	𝑑𝑒𝑡(𝑍𝑈#×# −𝑀) = φ(𝑍). 

 

Example: 

Consider the following neutrosophic complex matrix  

𝑀 = 𝐴 + 𝐵𝐼 = M𝑖 −1
0 1 − 𝑖O + 𝐼 M

0 𝑖
−𝑖 −1 + 𝑖O , 𝐴 + 𝐵 = M1 2

1 0O. Then. 

φ(𝑍) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)] 

α(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − 𝐴) = e𝑍 − 𝑖 −1
0 𝑍 − (1 − 𝑖)e 

α(𝑍) = 𝑍( − (1 − 𝑖)𝑍 − 𝑖𝑍 + 1 + 𝑖 = 𝑍( − 𝑍 + (1 + 𝑖) 

β(𝑍) = 𝑍( − 𝑖𝑍 − 𝑖 − 1 

Then. 

φ(𝑍) = α(𝑍) + 𝐼[β(𝑍) − α(𝑍)] = 𝑍( − 𝑍 + (1 + 𝑖) + 𝐼[(1 − 𝑖)𝑍 − 2 − 2𝑖]. 

Example: 

Consider the neutrosophic matrix defined above, we have: 

φ(𝑍) = 𝑍( − 𝑍 + (1 + 𝑖) + 𝐼[(1 − 𝑖)𝑍 − 2 − 2𝑖] 

Now.  
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𝐴) = M 𝑖 0
−1 1 − 𝑖O	, 𝐵

) = M0 −𝑖
𝑖 −1 + 𝑖O Then. 

ψ(𝑍) = α∗(𝑍) + 𝐼[β∗(𝑍) − α∗(𝑍)] 

α∗(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − 𝐴)) = e𝑍 − 𝑖 0
−1 𝑍 − (1 − 𝑖)e 

α∗(𝑍) = 𝑍( − 𝑍 + (1 + 𝑖) 

β∗(𝑍) = 𝑑𝑒𝑡(𝑍𝑈(×( − (𝐴 + 𝐵))) = e 𝑍 𝑖
−𝑖 𝑍 − (−1 + 𝑖)e 

β∗(𝑍) = 𝑍( − 𝑖𝑍 − 𝑖 − 1 

Then. 

φ(𝑍) = ψ(𝑍) = 𝑍( − 𝑍 + (1 + 𝑖) + 𝐼[(1 − 𝑖)𝑍 − 2 − 2𝑖]. 

Example: 

Consider the neutrosophic matrix defined above, we have: 

φ(𝑍) = 𝑍( − 𝑍 + (1 + 𝑖) + 𝐼[(1 − 𝑖)𝑍 − 2 − 2𝑖] 

Now we find φ(𝑀) as follows: 

φ(𝑀) = 𝑀( −𝑀 + (1 + 𝑖)𝑈(×( + (1 − 𝑖)𝑀𝐼 + (−2 − 2𝑖)𝑈(×(𝐼 

𝑀( = 𝐴( + 𝐼[(𝐴 + 𝐵)( − 𝐴(] = M−1 −1
0 −2𝑖O + 𝐼 M

𝑖 + 1 −𝑖
1 1 + 3𝑖O 

φ(𝑀) = M−1 −1
0 −2𝑖O + 𝐼 M

𝑖 + 1 −𝑖
1 1 + 3𝑖O + M

−𝑖 1
0 −1 + 𝑖O + I M

0 −𝑖
𝑖 1 − 𝑖O + M

𝑖 + 1 0
0 𝑖 + 1O +

𝐼 M 1 + 𝑖 2𝑖
−1 − 𝑖 0 O + 𝐼 M

−2 − 2𝑖 0
0 −2 − 2𝑖O = M0 0

0 0O + 𝐼 M
0 0
0 0O = M0 0

0 0O. 

φ(𝑀) = 0. 

  

3. Refined Neutrosophic Matrices 

Definition [5]: The structure of refined  neutrosophic  numbers is taken as 𝑎 + 𝑏𝐼' + 𝑐𝐼( instead 
of (𝑎, 𝑏𝐼', 𝑐𝐼(). 

Definition [5]:  𝐼'( = 𝐼' , 𝐼(( = 𝐼( , 𝐼'. 𝐼( = 𝐼(. 𝐼' = 𝐼' 

Definition [5]: (Refined neutrosophic matrix). 
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Let𝐴 = h
𝑎'' ⋯ 𝑎'!
⋮ ⋱ ⋮
𝑎#' ⋯ 𝑎#!

l be an 𝑚 × 𝑛 matrix: if 𝑎$% = 𝑎 + 𝑏𝐼' + 𝑐𝐼( ∈ 𝑅((𝐼), then it is called 

an refined neutrosophic matrix, where 𝑅((𝐼) is an refined neutrosophic field. 

Theorem : [5] Let 𝑀 = 𝐴 + 𝐵𝐼' + 𝐶𝐼( be a square 𝑛 × 𝑛 refined neutrosophic matrix, then it is 
invertible if only of 𝐴, 𝐴 + 𝐶 and 𝐴 + 𝐵 + 𝐶 are invertible. The inverse of 𝑀 is 

𝑀&' = 𝐴&' + ((𝐴 + 𝐵 + 𝐶)&' − (𝐴 + 𝐶)&')𝐼' + ((𝐴 + 𝐶)&' − 𝐴&')𝐼( 

Definition: [5] 

Let 𝑀 = 𝐴 + 𝐵𝐼' + 𝐶𝐼( be a refined neutrosophic	𝑛 square matrix, where 𝐴, 𝐵 and 𝐶 are 𝑛 square 
matrices, then, 

𝑑𝑒𝑡𝑀 = 𝑑𝑒𝑡(𝐴 + 𝐵𝐼' + 𝐶𝐼() = 𝑑𝑒𝑡𝐴 + [𝑑𝑒𝑡(𝐴 + 𝐵 + 𝐶) − 𝑑𝑒𝑡(𝐴 + 𝐶)]𝐼' + [𝑑𝑒𝑡(𝐴 + 𝐶) −
𝑑𝑒𝑡𝐴]𝐼(. 

Theorem :  

Let 𝑀 = 𝐴 + 𝐵𝐼' + 𝐶𝐼( be a neutrosophic 𝑛	square matrix, where 𝐴, 𝐵 and 𝐶 are two 𝑛	square 
matrices, And 𝑍 = 𝑋 + 𝑌𝐼' + 𝑇𝐼(. We define the refined neutrosophic Polynomial as follows: 

𝜑(𝑧) = 𝑑𝑒𝑡[𝑍𝑈#×# −𝑀] = 𝑑𝑒𝑡[𝑍𝑈#×# − (𝐴 + 𝐵𝐼' + 𝐶𝐼()]
= 𝑑𝑒𝑡[(𝑍𝑈#×# − 𝐴) + (−𝐵)𝐼' + (−𝐶)𝐼(] 

𝜑(𝑧) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴) + F𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵 + 𝐶)H − 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐶)HI𝐼'
+ F𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐶)H − 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴)I𝐼( 

𝜑(𝑧) = α(𝑍) + [β(𝑍) − 𝛾(𝑍)]𝐼' + [𝛾(𝑍) − α(𝑍)]𝐼(. 

Where: 

α(𝑍) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴)	, β(𝑍) = 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵 + 𝐶)H, 𝛾(𝑍) = 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐶)H 

Example: 

Consider the following neutrosophic matrix  

𝑀 = 𝐴 + 𝐵𝐼' + 𝐶𝐼(   . Where = M2 1
3 1O ,	𝐵 = M1 −1

0 1 O	, 𝐶 = M3 −1
4 0 O 

𝐴 + 𝐵 + 𝐶 = M6 −1
7 2 O , 𝐴 + 𝐶 = M5 0

7 1O. 

Then. 

𝜑(𝑧) = α(𝑍) + [β(𝑍) − 𝛾(𝑍)]𝐼' + [𝛾(𝑍) − α(𝑍)]𝐼( 

α(𝑍) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴) = e𝑋 + 𝑌𝐼' + 𝑇𝐼( − 2 −1
−3 𝑋 + 𝑌𝐼' + 𝑇𝐼( − 1

e 
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α(𝑍) = (𝑋 + 𝑌𝐼' + 𝑇𝐼()( − 3𝑋 + 𝑌𝐼' + 𝑇𝐼( + 2 − 3 = 𝑍( − 3𝑍 − 1 

β(𝑍) = 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵 + 𝐶)H = e𝑋 + 𝑌𝐼' + 𝑇𝐼( − 6 1
−7 𝑋 + 𝑌𝐼' + 𝑇𝐼( − 2

e 

β(𝑍) = (𝑋 + 𝑌𝐼' + 𝑇𝐼()( − 8(𝑋 + 𝑌𝐼' + 𝑇𝐼() + 19 = 𝑍( − 8𝑍 + 19 

𝛾(𝑍) = 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐶)H = e𝑋 + 𝑌𝐼' + 𝑇𝐼( − 5 0
−7 𝑋 + 𝑌𝐼' + 𝑇𝐼( − 1

e 

𝛾(𝑍) = (𝑋 + 𝑌𝐼' + 𝑇𝐼()( − 6(𝑋 + 𝑌𝐼' + 𝑇𝐼() + 5 = 𝑍( − 6𝑍 + 5 

Then. 

φ(𝑍) = α(𝑍) + [β(𝑍) − 𝛾(𝑍)]𝐼' + [𝛾(𝑍) − α(𝑍)]𝐼( 

φ(𝑍) = 𝑍( − 3𝑍 − 1 + [−2Z + 14]𝐼' + [−3𝑍 + 6]𝐼( 

Theorem: :( Refined Neutrosophic Cayely-Hamilton theorem): 

Any refined neutrosophic square matrix is a root of its refined neutrosophic Polynomial. 

Example: 

Consider the neutrosophic matrix defined above, we have: 

φ(𝑍) = 𝑍( − 3𝑍 − 1 + [−2Z + 14]𝐼' + [−3𝑍 + 6]𝐼( 

Now we find φ(𝑀). 

φ(𝑀) = 𝑀( − 3𝑀 − 1 + [−2M + 14]𝐼' + [−3𝑀 + 6]𝐼( = 𝑀( + (−3𝑀) − 𝑈(×( + (−2M𝐼') +
14𝐼'𝑈(×( + (−3𝑀𝐼() + 6𝐼(𝑈(×(. 

Now we have: 

𝑀( = 𝐴𝐴 + (𝐴𝐵 + 𝐵𝐴 + 𝐵𝐵 + 𝐵𝐶 + 𝐶𝐵)𝐼' + (𝐴𝐶 + 𝐶𝐶 + 𝐶𝐴)𝐼( 

𝐴𝐴 = M7 3
9 4O , 𝐴𝐵 = M2 −1

3 −2O, 𝐵𝐴 = M−1 0
3 1O, 𝐵𝐵 = M1 −2

0 1 O, 𝐵𝐶 = M−1 −1
4 0 O, 𝐶𝐵 =

M3 −4
4 −4O, 𝐴𝐶 = M10 −2

13 −3O, 𝐶𝐶 = M 5 −3
12 −4O, 𝐶𝐴 = M3 2

8 4O.Then. 

𝑀( = u
7 + 4𝐼' + 18𝐼( 3 − 8𝐼' − 3𝐼(
9 + 14𝐼' + 33𝐼( 4 − 4𝐼' − 3𝐼'

v 

−3𝑀 = u
−6 − 3𝐼' − 9𝐼( −3 + 3𝐼' + 3𝐼(
−9 − 12𝐼( −3 − 3𝐼'

v 

−2M𝐼' = u
−12𝐼' 2𝐼'
−14𝐼' −4𝐼'

v 
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−3𝑀𝐼( = u−3𝐼' − 15𝐼( −3𝐼' − 6𝐼(
−21𝐼( −3𝐼' − 3𝐼(

v 

φ(𝑀) = u
7 + 4𝐼' + 18𝐼( 3 − 8𝐼' − 3𝐼(
9 + 14𝐼' + 33𝐼( 4 − 4𝐼' − 3𝐼'

v + u
−6 − 3𝐼' − 9𝐼( −3 + 3𝐼' + 3𝐼(
−9 − 12𝐼( −3 − 3𝐼'

v − M1 0
0 1O +

u
−12𝐼' 2𝐼'
−14𝐼' −4𝐼'

v + u
14𝐼' 0
0 14𝐼'

v + u−3𝐼' − 15𝐼( −3𝐼' − 6𝐼(
−21𝐼( −3𝐼' − 3𝐼(

v + u
6𝐼( 0
0 6𝐼(

v = M0 0
0 0O. 

φ(𝑀) = 0 

 

 

 

Example : 

Consider the following neutrosophic matrix  

𝑀 = 𝐴 + 𝐵𝐼' + 𝐶𝐼(   . Where = M2 + 𝑖 1
−𝑖 −1 + 𝑖O ,	𝐵 = M1 −𝑖

0 2𝑖O	 , 𝐶 = M1 − 𝑖 −1
𝑖 0 O 

𝐴 + 𝐵 + 𝐶 = M4 −𝑖
0 −1 + 3𝑖O , 𝐴 + 𝐶 = M3 0

0 −1 + 𝑖O. 

Then, 

𝜑(𝑧) = α(𝑍) + [β(𝑍) − 𝛾(𝑍)]𝐼' + [𝛾(𝑍) − α(𝑍)]𝐼( 

α(𝑍) = 𝑑𝑒𝑡(𝑍𝑈#×# − 𝐴) = e𝑍 −
(2 + 𝑖) −1
𝑖 𝑍 + (1 − 3𝑖)e 

α(𝑍) = 𝑍( − (1 + 2𝑖)𝑍 − 3 + 2𝑖 

β(𝑍) = 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐵 + 𝐶)H = e𝑍 − 4 𝑖
0 𝑍 + (1 − 3𝑖)e 

β(𝑍) = 𝑍( − (1 + 4𝑖)𝑍 − (5 − 5𝑖) 

𝛾(𝑍) = 𝑑𝑒𝑡G𝑍𝑈#×# − (𝐴 + 𝐶)H = e𝑍 − 3 0
0 𝑍 + (1 − 𝑖)e 

𝛾(𝑍) = 𝑍( − (2 + 𝑖)𝑍 + (−3 + 3𝑖) 

Then. 

φ(𝑍) = α(𝑍) + [β(𝑍) − 𝛾(𝑍)]𝐼' + [𝛾(𝑍) − α(𝑍)]𝐼( 

φ(𝑍) = 𝑍( − (1 + 2𝑖)𝑍 − 3 + 2𝑖 + [(1 − 3𝑖)𝑍 + (−2 + 2𝑖)]𝐼' + [(−1 + 𝑖)𝑍 + 𝑖]𝐼(. 
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4. Conclusion 

In this paper, we have presented the concept pf the characteristic polynomial of a neutrosophic 
matrix. Also, we have proved the neutrosophic version of of Cayley-Hamilton theorem with many 
examples that clarify the validity of this work. In the future, we aim to study the Cayley-Hamilton 
theorem in the case of n-refined neutrosophic matrices and n-cyclic refined neutrosophic matrices 
too. 
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