International Journal of Neutrosophic Science (IJNS) Vol. 18, No. 03, PP. 30-40, 2022

" ASPG

American Scientific Publishing Group

N,..v Maps in N,,.-Topological Spaces

A. Vadivel'*, C. John Sundar?
PG and Research Department of Mathematics, Government Arts College (Autonomous), Karur - 639 005,
India.
172Department of Mathematics, Annamalai University, Annamalai Nagar - 608 002, India.

Emails: avmaths @gmail.com®, johnphdau @hotmail.com?

Abstract

In this article, the concept of N-neutrosophic crisp y-open and N-neutrosophic crisp y-closed mappings in
N-neutrosophic crisp topological spaces are introduced and studied some of their related properties. Also, N-
neutrosophic crisp -y irresolute mapping is introduced in /V-neutrosophic crisp topological spaces. Further, it is
extended to N-neutrosophic crisp y-homeomorphism, N -neutrosophic crisp y-Completely homeomorphism
and N-neutrosophic crisp 'yT% -space in [N -neutrosophic crisp topological spaces and establishes some of their
related properties. Finally, Strongly /N -neutrosophic crisp « continuous and Perfectly N-neutrosophic crisp ~y
continuous functions is also discuss.
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1 Introduction

In our daily routine, we have used the crisp sets in most of our life. The concepts of neutrosophy and neutro-
sophic set are the recent tools in a topological space. It was first introduced by Smarandache”® in the beginning
of 20" century. In 2014, Salama, Smarandache and Kroumov® has provided the basic concept of neutrosophic
crisp set in a topological space. After that Al-Omeri? also investigated some fundamental properties of neutro-
sophic crisp topological Spaces. Al-Hamido!' explore the concept of IN-neutrosophic crisp topological spaces
and investigate some of their basic properties in N-terms. By using N-terms of topological spaces, we can
defined 1,,.ts, 2,,cts, - -+, Npcts.

In 1996, Andrijevic? introduced b-open sets and develop some of their works in general topology. The notion of
~-open set in topological spaces was introduced by Min* and worked in the field of general topology. Vadivel
et al'¥ presented y-open sets in neutrosophic crisp topological spaces via N-terms of topology. Also, he 112
introduced ~y-continuous and ~y-contra continuous functions in /N-neutrosophic crisp topological spaces and
almost y-Continuous Functions in N-Neutrosophic Crisp Topological Spaces.

2 Preliminaries

Definition 2.1.  For any non-empty fixed set Y, a neutrosophic crisp set (briefly, ncs) K, is an object having
the form K = (K7, K», K3) where K1, K3 & K3 are subsets of Y satisfying any one of the types

(T KyNKe=p.n#&Ul_ K, CY.Vn,6=1,23
(T2) KyNKe=p.n#&Ul_ K, =Y. Vn,6=1,23
(T3) Mo Ky =& U K, =Y. ¥n=1,23.

Definition 2.2. ® Types of ncs’s )y and Yy in Y are as
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(i) On = (0,0,Y) or (0,Y,Y) or (0, Y,0) or (0,0, 0).
() Yy =(Y,0,0) or (Y, Y,0) or (Y,0,Y) or (Y,Y,Y).

Definition 2.3. © Let Y be a non-empty set & the ncs’s K & M in the form K = (K1, Koo, K33), M =
(Mi1, M3, Mss), then

(i) KCM <& K1 €M, Kep € Moy & Kzz O Mz or K11 C My, Kag D Moo & K3z O Mas.
(i) KNM = (K1 N My, Koo N Mag, K33 U Msgz) or (K11 N My, Kog U Mag, K3z U Mss)
(iii) K UM = (K11 UMy, Ko U Moo, K33 N Mss) or (K11 UMy, Koo N Mag, K33 N M3s)

Definition 2.4. ©Let K = (Ky, Ko, K3) ancs on'Y, then the complement of K (briefly, K ¢) may be defined
in three different ways:

(Cl) KC = <K16,KQC,K36>, or
(CZ) K¢ = <K3,K2,K1>, or
(C3) K°= <K37K267K1>-

Definition 2.5. ' Iet Y be a non-empty set. Then ,.I'y, n['2, -+, ncI'n are N-arbitrary crisp topologies
defined on Y and the collection N,,.I" is called N,,.-topology on Y is
N

N
Npl' ={ACY : A= (U Ey)U( ﬂanj)’Enj7Fnj € nel's}

) ) ni=1 nj=
and it satisfies the following axioms:

(1) (Z)N, YN € NncF

(i) U K, € Nl V{EK,}22, € Ny, T
=1

ji
(i) N K, € Np 'V {Kn}gzl € N,.I.
n=1
Then (Y, N,,.I') is called a N,,.-topological space (briefly, IV,,.ts) on Y. The N,,.-open sets (NN,,.0s) are the

elements of N,,.I" in Y and the complement of N,,.0s is called N, .-closed sets (N,,.cs) in Y. The elements
of Y are known as N,,.-sets (N,.s)onY.

Definition 2.6. /' Let (Y, N,,.I') be N,,.tsonY and K be an N,,.s on Y, then the IN,,.. interior of K (briefly,
Npcint(K)) and Ny, closure of K (briefly, N,,.cl(K)) are defined as

Npeint(K) =U{A: AC K & Gisa N,.0s}
Npeel(K)=n{D : K C D & Disa Ny.cs}.

Definition 2.7. ' Let (Y, N,,.I') be any N,.ts. Let K be an N, s in (Y, N,,.I'). Then K is said to be a
N -neutrosophic crisp

(i) regular openl® set (briefly, N,,.r0s) if K = Nyint(Np.cl(K)).
(ii) pre open set (briefly, N,,.Pos) if K C Ny int(N,.cl(K)).
(iii) semi open set (briefly, NV,,.S0s) if K C Ny.cl(Npint(K)).
(iv) «a-open set (briefly, N,,.c0s) if K C Ny, cint(Nyecl(Nyint(K))).
(v) v-open! set (briefly, N,,.y0s) setif K C N, .cl(Npcint(K)) U Nyint(N,.cl(K)).

The complement of an N,,.Pos (resp. Ny, S0, Npcos, Ny .ros & Nyyos) is called an Ny, .-pre (resp. Ny~
semi, Ny c-a, Ny -regular & N, .-v) closed set (briefly, N,,.Pcs (resp. Ny.Scs, Npcacs, Nperes & Nyye))
inY.

The family of all N,,.Pos (resp. Npc.Pcs, NpeS0S, NpeScs, Npeaos, Nycacs, Ny.yos & Npcyes) of Y
is denoted by N,,;POS(Y) (resp. NpePCS(Y), NpeSOS(Y), Npe SCS(Y), NpeOS(Y), NpeCS(Y),
NpeyOS(Y) & NypeyCS(Y)).
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Definition 2.8. "W Let (Y, N,,.I') be a N,,.ts on Y and K be an N,,.s on Y then
(i) Npevint(K)(resp. Nperint(K)) =U{D : D C K and D is a N,,.yo ( resp. N,.ro0)}.
(il) Npeyel(K)(resp. Nyercl(K)) =n{D : K C D and D is a N,,.yc (resp. Npcre)}.

Definition 2.9. Let (X7, N,,.I') and (X2, N,,.¥) be any two N,,.ts’s. Amap p : (X1, Np.I') — (Xa, Ny
U) is said to be

(i) Ny (resp. N,,.v)-continuous (briefly, N,,.Cts” (resp. N,,.yCts)) if the inverse image of every N,,.0s
in (X5, N, V) is a Ny, .08 (resp. Nyevos) in (X1, Ny.I).

(ii) strongly N, continuous (briefly, StN,,.Ctsl¥) function if the inverse image of every subset in (X,
N,,.V) is N-neutrosophic crisp clopen (i.e both N,,.0 and N,,.c) (briefly, N,.clo) in (X7, N,,.I').

3 N-Neutrosophic Crisp v-Irresolute Functions

Definition 3.1. Let (X, N,,.I') and (X3, N,,.¥) be any two N,,ts’s. Amap p : (X1, NpI') = (X2, N, 0)
is said to be N, y-irresolute function (briefly, N,,.vIrr), if for the inverse image of every N,.ycs in (Xo,
NpeW)isa Npevyesin (X, Ny D).

Theorem 3.2. Let p : (X1, N, .I') = (X2, N, V) be a mapping, if N,,.vIrr, then p is N, .vCts.

Proof. Let C be N, .csin X, then C'is N,,.ycs in Xo, since every N,,.cs is N,,.ycs. By hypothesis, p~1(C')
is Npcyes. Therefore p is Ny, yClts. O

Remark 3.3. The converse of the above theorem need not be true as shown in the following example.

Example 3'4' Let X = {ll7m17n1701)p1} = Ya TLCFI = {¢N7XN7L7M7N}7 nCFQ = {()ONaXN}

L= <{n1}7{@},{ll,m1,01,p1}>, M = <{l17m1}7{(p}v{nlaolapl}>’ N = <{llam1an1}a{¢}7{017p1}>’
then we have 2,.I' = {¢on,Xn,L,M,N}. .Y = {on,YN,O0,P,Q}, nc¥2 = {on,Yn}. O =

({lr,mi}, {o}, {n,01,p1}), P = {n1, 01}, {o}, {li,m1,p1}), @ = ({li,m1,n1, 01}, {e}, {p1}), then
we have 2,,.¥ = {¢on, YN, O, P,Q}.

Define p : (X,2,c1) = (Y,2,c¥) as p(l1) = U1, p(ma) = ma, p(n1) = na, plo1) = p1 & p(p1) = pu,
then 2,,.vyC'ts mapping but not 2,,.yIrr mapping, the set p~* ({{m1, 01, p1}, {¢}, {l1,m1})) = {m1,01,p1},
{v},{l1,n1}) isa 2,.yos in Y but not 2,,.yos in X.

Theorem 3.5. A function p : (X1, N, .I') — (Xa, N, W) is N, yIrr if and only if for every N, .yos K in
Xo, pY(K) is Npeyos in X7,

Proof. Follows from the fact that the complement of N,,.yos is N,.ycs and vice versa. O

Theorem 3.6. If p; : (X1, N,oI') — (X2, N W) and po @ (Xo, NppeU) — (X3, N ®) are both N,y Irr,
then ps 0 p1 1 (X1, Npel') = (X3, Npe®) is NpeyIrr.

Proof. Let K be N,.yos in X3. Then p; '(K) is Ny.y0s in Xa, since py is N,y Irr and py*(py ' (K)) =
(p2 0 p1)~H(K) is Npyos in X since py is Ny yIrr. Hence pg o py is NyeyIrr.

Theorem 3.7. (i) If py : (X1, NpoD') = (X, Nuo®) is Ny Irr and p : (Xo, Npe®) — (X3, Npo®) is
N,yCts, then py 0 p1 : (X1, NpeI') — (X3, Npe®) is N,y Clts.

i) If pr 2 (X1, NoeD) = (Xa, Npe®) is NpeyCts and po : (Xa, Nue®) — (X3, Nue®) is NpoCts, then
p2op1: (X1, Npel') = (X3, Npe®) is Ny yClts.

Proof. (i) Let K be N,.0s in X3. Then, p; ' (K) is N,.y0s in Xy, since ps is N,,.vCts & py*(py H(K))
= (p2 0 p1)"H(K) is N,.yo0s in X1, since p; is Ny yIrr. Hence ps o py is Ny yCts.

(ii) Let K be N,.o0s in X3. Then, pgl(K) is Npcos in Xo, since ps is N, .Cts & pfl(pgl(K)) =
(p2 0 p1)"H(K) is Npeyos in X1, since py is N,,.yCts. Hence ps o py is Ny yCts.
O
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4 N-Neutrosophic crisp v-open mapping

Definition 4.1. A mapping p : (X1, NpoI') — (Xo, Npe0) is Ny (resp. Ny regular, N, .o, Ny semi,
N, pre & N,,.v)-open mapping (briefly, N,,.O (resp. N,,.rO, N,,.aO, N,,.SO, N, PO & N,,.~v0)) if the
image of every N,,.o0s in (X1, N,.I') is a N, .08 (resp. Npcros, Npeaos, NpSos, Ny Pos & N,.v0s) in
(Xa, N 0).

Theorem 4.2. Let p : (X1, N,,.I') = (X2, N, ¥) be a mapping. The statements are true for a map p but not
converse. Every

(i) N,.rOisa N,.O.
(i) N,.Oisa N,.aO.
(iii) N,.aOisa N, .SO.
(iv) Np.aOisa N, . PO.
(V) NpeSOisa Ny vO.
(vi) NpcPO isa N, ~vO.

Proof. (ii) Let p : (X1, NpoI') — (X2, Ny W) be a N, O and K is a Ny,.0s in X;. Then p(K) is Ny .«o0s in
Xo. Since every N0 is Nyco, p(K) is Npcaos in X5. Therefore p is Ny,.«O .
The other cases are similar. O]

Example 4.3. Let X = {l1,m1,n1,01,p1}> nel1 = {on, Xn,L,M,N}, T2 = {¢on,Xn}. L =

({na} {e}, {li,ma 01, p1}), M = ({ls,ma} {e}, {n1,01,p1}), N = ({li,m1,n1}, {¢}, {01, p1}), then
we have 2,,.I' = {¢on, Xn, L, M, N}.

Let p : (X,2,.I') = (X,2,.I') be an identity function. Then p is 2,,.0O but not 2,,.70, the set p({{l1, m1,
nit, {e} {or,p}) = {li,m1,n1}, {¢}, {01, p1}) is a 2,,c0s but not a 2,,cros.

Example 4.4. LetX = {Zl,ml, ny, 01}, ncfl = {(‘0]\/,)(]\77 L,M,N}, ncF2 = {SDN7XN} L = <{l1}, {(p},
{m1,n1,01}>, M = <{m1,01}, {(p},{l1,n1}>, N = <{l1,m1,01},{@},{n1}>, then we have 2nCF =
{en, XN, L,M,N}. LetY = {wi,z1,y1,21}, ne¥1 = {¢on, YN, {wi, 21}, {o}, {z1, D)} ne¥2 =
{901\“ YN}’ then we have 2,V = {QDN, Yn, <{wlv Zl}a {90}7 {xla y1}>}

Define p : (X, 2,.I") = (Y,2,.V) as p(l1) = w1, p(m1) = x1, p(n1) = 11 & p(01) = 21, then 2,,.a0 but
not 2,,.0, the set p(<{ll}7 {4,0}, {mh ni, 01}>) = <{w1}a {90}, {371, Y1, Zl}> is a 2,ccv0s but not 2y,c0s.

Example 4.5. Let X = {ll,ml,nl,ol}, ncF1 = {(,DN,XN7L,M, N}, ncl—‘g = {QDN,XN}. L= <{l1}, {(p},
{mi,n1,01}), M = ({my,0o1}, {¢},{li,n1}), N = {l1,m1,01},{¢},{n1}), then we have 2,,.I' =
{QON,XN,L,M,N}. LetY = {wl,xl,yl,zl}, ne¥1 = {QON,}/N7 P,Q,R}, ne¥s = {(pN,YN}. P =
{zb et {wr,z,m}), Q@ = {z,yah {eh {wr, z1}), B = {@1, 51,21}, {o}, {w1}), then we have
2nc\II = {QDN,YN,P,Q,R}.

Define p : (X, 2,.I) = (Y,2,.9) as p(l1) = 21, p(m1) = y1, p(n1) = 21 & p(01) = wy, then

(i) 2,cSO (resp. 2,.70) but not 2,,.a0 (resp. 2, PO), the set p({{m1, 01}, {}, {l1,n1})) = {y1, w1},
{¢},{x1,21}) is @ 2,,.S0s (resp. 2,,.y0s) but not 2,,.cos (resp. 2,,.Pos).

(i) 2,cPO (resp. 2,,70) but not 2,,.a0 (resp. 2,.S0), the set p({{l1},{¢}, {m1,n1,01})) = a1},
{¢},{y1, 21, w1}) is a 2, Pos (resp. 2,,.70s) but not 2,,.0s (resp. 2,,.50s).

o] [0 mep] 0
[0 ]
o

’ N,,:SO map ‘ [dr] | N, PO map ‘ [dl]

N’!LC’YO map

Figure 1: N,,.yO mapping function in N,,ts.
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Theorem 4.6. A mapping p : (X1, Np.I') = (X2, NpeW) is Ny oyO iff for every Npes K of (X1, Ny .I'),
P(Npeint(K)) C Npcvint(p(K)).

Proof. Necessity: Let p be a Np,.vO and K be a Np.0s in (X1, Ny .I'). Now, N.int(K) C K im-
plies p(Npcint(K)) C p(K). Since p is a NpeyO, p(Npeint(K)) is Npeyos in (Xa2, N, U) such that
P(Nyeint(K)) C p(K) therefore p(N,,. int(K)) C Nyyint(p(K)).

Sufficiency: Assume K is a N,.0s of (X1, N, .I'). Then p(K) = p(Npcint(K)) C Nycyint(p(K)). But
Npevint(p(K)) C p(K). So p(K) = Npevint(K) which implies p(K) is a Ny.yos of (Xa, N,,.¥) and
hence p is a N, .vO. O

Theorem 4.7. If p : (X1, N, .I') — (X2, N, W) is a N,,.yO mapping then N, int(p~1(K)) C p~(Npe
~vint(K)) for every Ny s K of (X3, N, V).

Proof. Let K bea Ny,.s of (X2, Ny, ¥). Then N, int(p~!(K))isa Nncos in (X1, N,.I'). Since pis N, 7O,
P(Npeint(p~1(K))) is Npeyos in (Xa, Ny W) and hence p(N,,.int(p~1(K))) C Nyevint(p(p~1(K))) C
Npeyint(K). Thus Npint(p~H(K)) C p~ Y (Npevint(K)). O

Theorem 4.8. A mapping p : (X1, Ny oI') = (X2, Ny ) is N, yO iff for each N,,.s K of (Xa, N, ¥) and
for each N,.cs N of (X1, N,.I') containing p~—!(K) there is a N,,.ycs K of (X2, Ny, V) such that K € N
and p~1(K) C N.

Proof. Necessity: Assume pisa N, .7yO. Let K be the N, .cs of (Xo, N, V) and N is a Ny,.cs of (X1, Np.I')
such that p~(K) C N. Then K = (p~1(N¢))¢is Npycs of (Xa, N,,.¥) such that p~1(K) C N.

Sufficiency: Assume M is a N,,.0s of (X1, Np,.I'). Then p=2(p(M))¢ C M€ & M¢is Nyecsin (X1, Np.I).
By hypothesis there is a N,,.ycs K of (X2, Ny, W) such that (p(M))¢ C K and p~*(K) C M¢. Therefore
M C (p~Y(K))°. Hence K¢ C p(M) C p((p L(K))¢) € K¢ which implies p(M) = K¢. Since K¢ is
Nyeyos of (Xa, Ny W). Hence p(M) is Nyeyo in (Xa, Ny W) and thus p is Ny, yO. O

Theorem 4.9. A mapping p : (X1, N, .I') — (X2, NpoW) is NpeyO iff p~H(Npeyel (M) € Nyeel(p™(
M) for every Ny.s M of (Xa, Ny, ).

Proof. Necessity: Assume p is a N,,.yO. For any N,.s M of (Xa, N W), p~ 1 (M) C Nyecl(p™t(M)).
Therefore by Theoremthere exists a Nycyes K in (X, Ny W) such that M C K & p~1(K) C Nycl
(p~(M)). Therefore we obtain that p~1 (N, ycl(M)) C p~1(K) C Nyecl(p™t(M)).

Sufficiency: Assume M is a Ny,.s of (Xa, N, ¥) and K is a N,,.cs of (X7, N,,.I') containing p~*(M). Put
¢ = Nyecl(M), then M C ¢ and ¢ is N,,eyc and p~1(p) € Nyecl(p~!(M)) € K. Then by Theorem4.8] p
is NpeyO. O

Theorem 4.10. If p : (X1, Npel) = (Xo, Npoe®) and po : (Xa, Npo®) — (X3, Npe®) be Npots and
p2 0 p1 ¢ (X1, Npel) = (X3, Npe®) is NpeyO. If po 0 (X9, Ny, \IJ) — (X3, Npe®) is NyeyIrr then
1 (X1, Npel') = (Xa, Ny W) is Ny eyO.

Proof. Let K be a Ny.0s in (X1, Np,.I'). Then py o p1(K) is Ny.y0s of (X5, N,.P) because ps o p is
NypevO. Since pg i8 NpeyIrr and ps o p1 (K) is Nyyos of (X3, Ny ®P) therefore pg (p2 op1(K)) = p1(K)
is Npeyos in (Xo, Ny ¥). Hence py is Ny yO. O

Theorem 4.11. If p; : (X1, N, .I') = (Xo, Npe W) is N, O and pg ¢ (Xo, Ny ¥) — (X3, Npe®) is NypeyO
then po 0 p1 : (X1, Npel') = (X3, Npe®) is Ny eyO.

Proof. Let K be a Ny,.o0s in (X1, Np,.I'). Then pi(K) is a N,.0s of (X2, N,,.¥) because p; is a N,.O.
Since pz is N0, p2(p1(K)) = (p2 © p1)(K) is Nyeyos of (X3, N ®). Hence pz 0 py is NpeyO. O

5 N-Neutrosophic crisp y-closed mapping

Definition 5.1. A mapping p : (X1, NpI') — (Xo, Npe0) is Ny (resp. Ny regular, N, .o, Ny semi,
N, pre & N,,.v)-closed mapping (briefly, N,,.C (resp. N,,.rC, Ny.aC, N, .SC, N, . PC & N,.~yC)) if the
image of every N,.cs in (X1, N,.I') is a Nyccs (resp. Nyeres, Npeaces, NpoScs, Ny Pes & Npevyes) in
(XQa Nncq])

Theorem 5.2. Let p : (X1, N,,.I') = (X2, N, ¥) be a mapping. The statements are true for a map p but not
converse. Every

(i) NperCisa N,.C.
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(i) N,.Cisa N,.aC.

(iii)) NpcaC'isa N, .SC.
@iv) Np.aCisa N, . PC.
(v) N,.SCisa N,.~C.
(vi) Np.PCisa N,-~C.

Proof. (ii) Let p : (X1, Np.I') — (X2, NpeW) be a N,,.C and K is a N, .cs in X1. Then p(K) is N,acs in
Xo. Since every Ny.cs is Nycacs, p(K) is Ny.acs in X5. Therefore p is N, .aC.
The other cases are similar. O]

Example 5.3. In Example[d.3] then p is 2,,.C mapping but not 2,,.rC mapping, the set p(({o1,p1}, {¢}, {l1,
my,n1})) = ({o1,p1},{e}, {l1,m1,n1}) is a 2,,.cs but not a 2,,.rcs.

Example 5.4. In Example [£.4] then p is 2,,.C but not 2,,.C, the set p(({m1,n1,01}, {¢}, {.})) = ({21,
y1, 21}, {p}, {w1}) is a 2,.acs but not 2,,.cs.

Example 5.5. In Example[£.3] then p is

(i) 2,SC (resp. 2,vC) but not 2,,.aC (resp. 2, PC), the set p({({l1,n1}, {p}, {m1,01})) = {z1, 21},
{e}, {y1,w1}) is a 2,,.Scs (resp. 2,.ycs) but not 2,,.accs (resp. 2, Pcs).

(ii) 2,.PC (resp. 2,.vC) but not 2,,.aC (resp. 2,,.SC), the set p(({m1,n1,01},{e}, {l1})) = {y1, 21,
wr }, {¢}, {x1}) is a 2, Pes (resp. 2,,.7¢s) but not 2,,.ccs (resp. 2,.5¢s).

[arrows] | N,,.rC map |[d]
Np.C map |[d]
Npea©' map | [dI] [dr]
’N,,,,‘,SC map ‘ [dr] ’ N,,.PC map ‘ [dI]

NpeyC map

Figure 2: N,,.vC mapping function in N,.ts.

Theorem 5.6. A mapping p : (X1, Np.I') = (X2, Ny U) is N, yC iff for each N,,.s K of (X2, N,,.¥) and
for each N,,.0s M of (X1, N,,.I') containing p~*(K) there is a N,,.yos N of (X2, N,,. V) such that K C N
and p~1(N) C M.

Proof. Necessity: Assume p is a N,.yC. Let K be the N,.cs of (X2, N, .¥) and M is a N,.0s of
(X1, NyT') such that p~'(K) C M. Then p = Xy — p 1 (M€) is Nyeyos of (X2, N, W) such that
p~'(N) C M.

Sufficiency: Assume L is a Ny,.cs of (X1, Np.I'). Then (p(L))€ is a Nycs of (Xa, N, V) and L€ is N,.0s
in (X1, N,,.I') such that p=1((p(L))¢) C L. By hypothesis there is a N,,.y0s N of (X2, N,,.¥) such that
(p(L))¢ € N and p~*(N) C L¢. Therefore L C (p~1(N))¢. Hence N¢ C p(N) C p((p~1(N))¢) € N°¢
which implies p(L) = N°€. Since N€ is Ny.ves of (Xa, N, ¥). Hence p(L) is Npcyes in (X, Ny, ¥) and
thus p is Np.vC. O

Theorem 5.7. If py : (X1, NueD') — (Xa, Npe®) is NpeC and ps : (Xa, Npel) — (X3, Nppod) is NypeyC.
Then ps 0 p1 : (X1, Npel') = (X3, Npe®) is N,y C.

Proof. Let K be a Ny.cs in (X1, Ny I'). Then pq(K) is Nyccs of (Xa, N, ¥) because p; is N,,.C. Now
(p2 0 p1)(K) = p2(p1(K)) is Npeyes in (X3, Ny ®) because ps is N, yC. Thus pg 0 p1 is Ny, yC. O

Theorem 5.8. If p : (X1, N, .I') = (Xa2, Ny W) is NpeyC, then Ny yel(p(N)) € p(Npecl(N)).
Proof. Obvious. O

Theorem 5.9. Let p1 : (X1, NpeD) — (Xo, Nppol) and ps : (X, Npo®) — (X3, Nppo®) are Ny C. If
every Ny.yes of (Xa, Ny W) is Nyccthen, pg 0 p1 @ (X1, Npel') = (X3, Npe®) is Ny yC.
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Proof. Let K be a Nyccs in (X1, Ny I'). Then pq (K) is Nyeyes of (Xa, N, .U) because p; is Np.yC. By
hypothesis p1(K) is Npees of (Xo, NpeW). Now pa2(p1(K)) = (p2 0 p1)(K) is Npeyes in (X3, Ny D)
because py is Ny, yC. Thus ps o py is N,.yC. O

Theorem 5.10. Let p : (X, N, .I') — (X3, N,,.V¥) be a objective mapping, then the following statements
are equivalent:

@) pisa NpHO.
(i) pisa NpyC.
(iii) p~!is NpyCts.

Proof. (i) = (ii): Let us assume that p is a N,,.yO. By definition, K is a N,.0s in (X1, N,.I'), then p(K)
is a Npcyos in (X, Ny, V). Here, K is Ny.cs in (X1, N,.I'), then X1 — K is a Ny.0s in (X3, N,,.I'). By
assumption, p(X; — K) is a Npyo0s in (X2, N,,.¥). Hence, Xo — p(X; — K) is a Nyeyes in (X, Ny W),
Therefore, p is a N,.yC.

(i) = (iii): Let K be a Np.cs in (X1, N,.I') By (ii), p(K) is a Nycyes in (Xa, N, ¥). Hence, p(K) =
(p~ 1) Y(K),so p~tisa Ny.yesin (Xa, Ny W). Hence, p~tis N, .yCts.

(iii) = (i): Let K be a Ncos in (X1, N,..I') By (iii), (p~1)"1(K) = p(K) is a NyeyO. O

6 N-Neutrosophic crisp v-homeomorphism

Definition 6.1. A bijection p : (X1, Np.I') — (X2, Ny P) is called a N,,.-homeomorphism (briefly N,,.
Hom) if p and p~! are N,,.Cts.

Definition 6.2. A bijection p : (X1, N,.I') — (X3, N,.V) is called a N,.y-homeomorphism (briefly
NyevyHom) if p and p~* are N,,.yCts.

Theorem 6.3. Each N,,.Hom is a N,,.,yHom.

Proof. Let p be N,,.Hom, then p and p~! are N,,.Cts. But every N,,.Cts is N,.yCts. Hence, p and p—! is
N, yCts. Therefore, pis a N,,.yHom. O

Example 64. Let X = {ll,ml,nl,ol}, mFl = {QDN,XI\“L,M,N}, ncFQ = {@N,XN} L= <{n1}, {(p},
{li,ma,o1}), M = ({li,mi}, {p}. {n1,01}), N = ({li,m1,n1}, {¢},{01}), then we have 2,,.I' = {on,
XN, L, M,N}. LetY = {wi,z1,y1,21}, nc¥1 = {on, YN, W, XY}, nc¥s = {on, YN} W =
{zih et Awr,y, 21h), X = {wimh {eh {zn20h), Y = ({wi, 21,51}, {¢}, {z1}), then we have
2nc\I/ = {SON7 YN7 VVa Xv Y}

Define p : (X, 2,.I') — (Y, 2,.0) as p(l1) = 21, p(m1) = y1, p(n1) = y1 & p(01) = wy, then 2,,.vHom but
not 2,,. Hom, the set p~*({{w1,y1}, {¢}, {z1,21})) = ({m1,n1,01}, {©}, {l1}) is a 2,,.y0s but not 2,,.0s.

Theorem 6.5. Let p : (X1, N, .I') = (X2, N,,.¥) be a bijective mapping. If pis N,,.7C'ts, then the following
statements are equivalent:

(1) pisa NpC.
(i) pisa Npy0.

Lisa Np.yHom.

(iii) p~
Proof. (i) = (ii) : Assume that p is a bijective mapping and a N,,.yC. Hence, p~' is a N,,.yCts. We know
that each N.0s in (X1, N,,.I') is a Np.yos in (Xa, N, ). Hence, p is a N,,.vO.

(ii) = (iii) : Let p be a bijective and N,,.O. Further, p~! is a N,,.yCts. Hence, p & p~! are N,,.7Cts. —
pisa N,.yHom.

(iii) = (i): Let p be a N,,.yHom, then p & p~! are N,,.yCts. Since each N,,.cs in (X1, Np,.I') is a Npycs
in (X5, N, V), then p is a N,,.yC. O

Definition 6.6. A N,,.ts (X, N,.I') is said to be a N-neutrosophic crisp 'yT% (briefly, Nnc'yT% )-space if every
Nypeyesis Npecin (X, Ny I).

Theorem 6.7. Let p : (X1, Ny, .I') = (X2, Ny W) be a N,oyHom, then p is a N, Hom if (X7, N,.I') and
(X2, Ny 0) are N,LCVT%-space.
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Proof. Assume that K is a N,,.csin (X2, N,,.¥), then p~(K)isa Np.yesin (X1, NpeI). Since (X1, Ny, .I')
is an Nnch%—space, p~H(K) is a Nyecs in (X1, NyoI). Therefore, p is N,,.Cts. By hypothesis, p~! is
NpyCts. Let L be a Nyecs in (X1, Ny I'). Then, (p~ 1)~ (L) = p(L) is a Ny.cs in (X2, Ny V), by
presumption. Since (Xa, N, P) is a NncfyT%—space, p(L)is a Nyccsin (X2, N, V). Hence, p~1is N,,.Cts.
Hence, pisa N,.Hom. L]

Theorem 6.8. Let p : (X1, N, .I') = (X2, N, ¥) be a N,,.ts, then the following are equivalent if (Xa, N,
U)isa Nnch% -space:

(i) pis NpeyC.
(i) If K is a Nyeos in (X1, NpeT), then p(K) is Nneyos in (Xa, Ny ®).
(iil) p(Npeint(K)) C Nyecl(Npeint(p(K))) for every Nyes K in (X1, N,.I).

Proof. (1) = (ii): Obvious.

(i) = (iii): Let K be a N,.sin (X1, NypeI'). Then, Ny, int(K)isa Ny.0sin (X1, Np.I'). Then, p( N, int(K))
isa Ny cyosin (Xg, N, ¥). Since (X5, N, ¥)isa NHCVT% -space, 80 p(Nyint(K))isa Ny.osin (Xo, Ny V).
Therefore, p(Npcint(K)) = Npeint(p(Npeint(K))) C Npecl(Nyeint(p(K))).

(iii) = (i): Let K be a Nyccs in (X1, Np.I'). Then, K€ is a Nyc0s in (X1, Np.I'). From, p(N,.int(K°))
C Npell(Npeint(p(K€))). Hence, p(K¢) C Nypccl(Npcint(p(K€))). Therefore, p(K€) is N,y0s in
(X2, Ny 0). Therefore, p(K) is a N, yes in (X, Ny, .I'). Hence, p is a N,,.yC. O

Theorem 6.9. Let p; : (X1, N, I') = (X2, Npe W) and pg : (X2, N ¥) — (X3, Npe®) be Ny oeyC, where
(X1, Ny .I') and (X3, N, P) are two Np,ts’s and (Xo, N, ¥) a NncfyT% -space, then the composition py o p1
is NpyC.

Proof. Let K be a N,.cs in (X1, N,.I'). Since p; is N,yc and pq(K) is a Nyyes in (Xo, N, V), by
assumption, p1 (K) is a Ny.cs in (Xa, N, ¥). Since ps is Nyeye, then pa(p1(K)) is Nyeye in (X3, Ny ®)
and p2(p1(K)) = (p2 0 p1)(K). Therefore, pa o p1 is NpyC. O

Theorem 6.10. Let p; : (X1, N, .I') = (X2, NpeU) and ps : (Xo, Ny U) — (X3, Nppe®) be two Ny ts’s,
then the following hold:

(1) If pg o p1 is Ny yO and p; is N, .Cts, then py is Np.~vO.
@ii) If p2 o p1 is N,,.O and psy is N, .yC'ts, then py is Ny .~vO.
Proof. Obvious. O

7 N-Neutrosophic crisp y-Completely Homeomorphism

Definition 7.1. A bijection p : (X1, N,oI') — (X2, Np W) is called a N,,.y-Completely homeomorphism
(briefly, N,,.yYCHom) if p and p~* are N,,.vIrr.

Theorem 7.2. Each N,.vCHom is a N,,.vHom. But not conversely.

Proof. We take that K is a Ny.cs in (Xa, Np¥). This shows that K is a Npcyes in (Xa, Np¥). By
assumption, p~!(K) is a Ny.vyes in (X1, N, I'). Hence, p is a N,,.yCts. Hence, p and p~ ! are N,,.yCts.
Hence pisa N,.yHom. L]

Example 7.3. In Example p is 2, yHom but not 2,,. Hom, the set p~1({{y1}, {¢}, {21, 21, w1})) =
{{n1}, {¢},{li,m1,01}) is a 2, y0s in Y but not 2,,.vos in X.

Theorem 7.4. If p : (X1, Npel') — (X2, Npe W) is a Ny, eyC Hom, then N, .ycl(p= (L)) C p~H(Npecl (L))
for each N,,.ts L in (X2, N, P).

Proof. Let L be a Nyts in (Xa, N, ¥). Then, N,.cl(L) is a Np.cs in (Xo, Ny V), and every N,.cs
is a Nyeyes in (X, NpeW). Assume p is NyeyIrr, p= (Nyecl(L)) is a Nyeyes in (X, Ny I'), then
Niecl(p~! (Nnecl(L))) = p~H (Nneel(L)). Here, Npeyel (p~1(L)) © Naeyel(p™! (Naccl(L))) = p~'(
Npecl(L)). Therefore, Ny, .vel(p~ (L)) C p~t(Npecl(L)) for every Npes L in (Xa, Ny ). O

Theorem 7.5. Let p : (X1, NpoI') — (X2, Ny W) be a N,,.yCHom, then Ny.vel(p™ (L)) = p~ 1 (Npey
cl(L)) for each N,.s L in (X3, N, V).
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Proof. Since p is a N, yCHom, then p is a N, yIrr. Let L be a Ny.s in (Xa, Ny ¥). Clearly, Ny .vcl(L)
isa N,.ycs in (X1, Npel'). Then N, .ycl(L) is a Nyeyes in (X1, Ny, I'). Since p~1(L) C p~}( chCl( ),
then Nyyel(p~'(L)) C Nueyel(p™' (Nueyel(L))) = p~'(Nueyel(L)). Therefore, Nyoyel(p (L))
C p Y (Npeyel(L)). Let pbe a N,.yCHom. p~tisa N,.yIrr. Letus consider Ny,,.s p~ (L) in (X1, N,,.I),
which implies N,,.ycl(p~ (L)) is a Nyeyes in (Xl, Np.I'). Hence, N,.vcl(p~'(L)) is a N,.vyes in (X7,
Ny, I'). This implies that ( H=1( ncwcl( (L))) = p(Npeyel(p=(L))) is a Npevyes in (Xo, Ny W).
This proves L = (p~ 1)~ 1(p~ (L )) (p™H Y (Npevel(p~(L))) = p(Npeyel(p~t(L))). Therefore,
Npevyel(L) € Nncvcl( ( ncvcl( (L)) = p(Nuevel(p~(L))), since p~" is a NyeyIrr. Hence, p~
Noercl(L)) € o (p(Nnerel(p= (L)) = Nyeyel(p~ (L) Thatis, p~ (Npeyel(L)) € Noeryel(p(L).
Hence, N,,.vcl(p™ (L)) = p~! (Nyeyel(L)). O

Theorem 7.6. If p; : (X1, Ny, .I') — (Xo, NpooW) and pg 1 (Xo, N 0) — (X3, Ny ®) are N, yCHom’s,
then pg o p1 is a N,,.yCHom.

Proof. Let p1 and ps to be two N, .yCHom’s. Assume K is a N,.ycs in (X5, N,,.®). Then, pgl(K) isa
Nyeyes in (Xa, Ny W). Then, by hypothesis, pfl(pgl(K)) is a Nyeyes in (X1, N,.I'). Hence,ps 0 py is a
NypeyIrr. Now, let L be a Nyyesin (X, Ny, .I'). Then, by presumption, p1(p2) is a Nycyes in (Xo, Ny 0).
Then, by hypothesis, p2(p1(L)) is a Nyeyes in (X3, Npe®). = pg 0 p1 is a N, yIrr. Hence, py 0 p1 is a
N,.yCHom. O

8 Strongly and Perfectly N-neutrosophic crisp v continuous

Definition 8.1. Let (X1, N,,.I') and (X3, N, ¥) be two N,,.ts’s. A function p : (X1, Ny .I') = (X2, N, P)
is called strongly IN-neutrosophic crisp v continuous (briefly, StIV,,.yCts) function if the inverse image of
every N,.vosetin Xy is Nyco0in Xj.

Definition 8.2. Let (X7, N,,.I') and (X3, N,,.¥) be two N,,.ts’s. A function p : (X1, N, .[') = (Xo, N, ¥)
is called a perfectly N-neutrosophic crisp (resp. <) continuous (briefly, PeN,,.Cts (resp. PeN,.yCts))
function if the inverse image of every N, .o (resp. N,.vo) setin X5 is Ny .clo in X;.

Theorem 8.3. Let (X7, N,,.I') and (X2, N,,. V) be two N.ts’s and p : (X1, Np.I') — (X2, Ny V) be a
function. Then

(1) If pis PeN,.yCts, then p is PeN,,.Cts.
@ii) If pis StN,.yCts, then p is N, .Cts.

Proof. (i) Let p : (X1, NpeI') — (Xa, NpeW) be PeN,,.vCts. Let K be a N, .o set in Xo. Since p is
PeN,Cts, p~1(K) is Npclo in X;. Therefore p is PeN,,.Cts.

(ii) Let p : (X1, NpoI') — (X2, Ny ¥) be StN,.yCts. Let G be a N0 setin X5. Since p is StN,.yCts,
p~1(G) is Np.oin X;. Therefore p is N,,.Cts. O

Theorem 8.4. Let p : (X1, N,,oI') = (X2, N, V) be StN,,.vCts and A be N0 in X;. Then the restriction,
4 A — Xois SN, .vCts.

Proof. Let K be any N,.vo set in Xy. Since p is StN,.yCts, p~1(K) is Np.0 in X;. But pzl(K) =
AN p~1(K). Since A and p~*(K) are N0, p;‘l(K) is Nc0in A. Hence py4 is StN,.vCts. O

Theorem 8.5. Every PeN,,.vCts is StN,.yCts.

Proof. Letp: (X1, N, I') = (Xo, Npe W) be PeN,,.yCts and K be N, .vo in X». Since p is PeN,,.vCts,
p~Y(K) is Ny.cloin X;. Thatis, p~1(K) is both N,,.0 and N,.cin X;. Hence p is StN,,.yCts. O

Theorem 8.6. If p; : (X1, N,oI') — (X2, NpeW) and pa 1 (Xa, Npe W) — (X3, Ny ®) are StN,yCts,
then their composition ps o py : (X1, NpeI') = (X3, N ®) is also StN,.yCts.

Proof. Let K be a N, .o set in X3. Since ps is a StN,,.yCts function, pgl (K) is N,coin Xs. Since p; is a
StN,,.yCts function, p; *(p; 1 (K)) = (p2 0 p1) "' (K) is N0 in X;. Therefore ps o py is StN,.yCts. [

Theorem 8.7. If p; : (X1, Npol') — (Xo, NpeW) and pg @ (Xo, NppeW) — (X3, Ny ®) are PeN,,.yCts,
then their composition ps 0 p1 : (X1, Npel') = (X3, Npe®) is also PeN,,.yCts.

https://doi.org/10.54216/1JNS. 180302 38
Received: January 13, 2022 Accepted: April 07, 2022



International Journal of Neutrosophic Science (IJNS) Vol. 18, No. 03, PP. 30-40, 2022

Proof. Let K be a N,,.yo set in X3. Since p, is a PeN,,.yCts function, pgl(K) is N,.clo in X5. That is
py L(K) is both N,,.0 and N,.c. Since p; is a PeN,,.yCts function, p;*(p; (K)) = (p2 0 p1)~*(K) is
Nycloin X;. Therefore ps o py is PeN,.yCts. L]

Theorem 8.8. Let p; : (X1, N, .I') — (Xo, Ny W) and po : (Xo, Nppe V) — (X3, N, ®) be functions. Then,
(1) If pg is StN,.yCts and p; is N, yCts, then ps o py is NypyIrr.
(i) If po is PeN,.yCts and p; is N, .Cfts, then py o p1 is StN,.yClts.
(iii) If pg is StN,.yCts and p; is PeN, .vC'ts, then ps o py is PeN,,.yCts.
@iv) If pg is N,.yCts and p; is StN,.yCts, then ps o py is N,,.Cts.

Proof. (i) Let K be a N,,.yo set in X3. Since ps is a StN,,.yCts function, p2_1 (K) is N0 in Xs. Since p;
is a N,,.yCts function, p; ' (p5 *(K)) = (pa 0 p1) "' (K) is Nyeyo0in X;. Hence py o py is NpeyIrr.

(ii) Let K be a N,.vo set in X3. Since ps is a PeN,.yCts function, pgl(K) is Ny.clo in X5. That is,
pgl(K) is both N,,.0 and N,.c. Since p; is a N,,.Cts, pfl(pgl(K)) = (p2 0 p1)"Y(K) is Nye0in X;.
Therefore py o p1 is STN,yCts.

(iii) Let K be a N,,vo set in X3. Since py is a StN,,.yCts function, p; ' (K) is N,.0in X». Since p; is a
PeN,,.yC'ts function, pl‘l(pgl(K)) = (p2 0 p1) " H(K) is Npcloin X;. Hence py o py is PeN,,.yCts.

(iv) Let K be a N,.o set in X3. Since ps is a N, yCts function, pgl(K) is Nypcvo in X5, Since p; is a
StN,.vCts function, pfl(pgl(K)) = (p2 0 p1) " H(K) is Np.oin X;. Therefore ps o py is N, .Cts. O

9 Conclusions

In this paper, the new concept of a IV,,.7y irresolute, V,,. 7O and N,,.vC, N,.Hom and a N,,.yHom in Ny ts
was discussed. Also, we studied their properties and theorems with examples in N,,.ts. Also, we demonstrated
N,.yCHom’s, NmfyT% -space, StN,,.vCts and PeN,,.yC'ts functions with some of their properties. We can
carry out the further research on /NV-neutrosophic crisp y-compactness, /N -neutrosophic crisp y-connectedness
and NN-neutrosophic locally y-connectedness in N,,ts.
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