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Abstract

This paper is dedicated to study the n-refined neutrosophic linear Diophantine equations. It provides for
the first time an easy algorithm to solve these equations, with many related examples.
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1. Introduction
After the arrival of neutrosophic logic in 1995 [1], many applications in pure mathematics have been

introduced. We find a huge effect of indeterminacies in topology [2,63,66], matrix theory [49,53,62],
spaces theory [7,8,31], and module theory [6,43,51].

On the other hand, the inserting of indeterminacy into the ring of integers began in [11], where the
neutrosophic rings were a good generalization of classical rings. See [19,25,65].

Neutrosophic number theory began in [69], where the properties of neutrosophic integers have been
discussed. In addition, we find deeper study in [57] for congruencies, divisibility, and Euler's theorems.

In [4], authors defined for the first time the linear Diophantine equations in neutrosophic rings, and n-
refined neutrosophic rings respectively. Also, they provided an algorithm to solve these equations.

Smarandache et.al. have presented the concept of n-refined neutrosophic rings [15,39,50], these rings are
considered as new generalization of refined neutrosophic rings.

The concept of n-refined neutrosophic rings was used to define n-refined neutrosophic spaces and
modules [5,46], n-refined neutrosophic matrices [54], and equations [52].

Through this paper, we extend the previous efforts in the study of neutrosophic linear Diophantine
equations to the case of n-refined neutrosophic integers. We present an easy algorithm to solve this kind
of equations by turning them into a classical corresponding system of linear Diophantine equations. Also,
we illustrate some examples to clarify the validity of this algorithm.
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2. Preliminaries
Definition 2.1: [15]

Let (R,+,X) be aring and I; 1 < k < n be n indeterminacies. We define R,,(I)={aq + a{l + --- +
anly ; a; € R} to be n-refined neutrosophic ring. If n=2 we get a ring which is isomorphic to 2-refined
neutrosophic ring R (14, I,).

Addition and multiplication on R, (I) are defined as:

Yt xili + Xio vili = Do (e + ¥l Tino xili X Xio yili = Xi—o(xi X y;)1il;.
Where x is the multiplication defined on the ring R.

It is easy to see that R, (I) is a ring in the classical concept and contains a proper ring R.

Definition 2.2: [15]

Let R, (I) be an n-refined neutrosophic ring, it is said to be commutative if xy = yx for eachx ,y € R,(I),

if there is 1€ R,,(I) such 1.x = x.1 = x, then it is called an n-refined neutrosophic ring with unity.

Definition 2.3: [54]

Let X=A, + A1l; + -+ + A1, be an n-refined neutrosophic element, we define its canonical sequence as

follows:
MO = Ao,Mj = AO + A] +A]+1+ +An, 1 S] < n. For example M3 = AO + A3 + A4_ + -+ An
Remark 2.4: [54]

The multiplication operation between two n-refined neutrosophic elements can be represented by the
following equation:

(Ao + ALy + -+ + Aply)(Bo + By Iy + -+ Byply) = MoNg + (My Ny, — MoNo) I, + X721 (M;N; —
M;,1N;11)I;, where M;, N; are the canonical sequences of Ay + A1y + -+ A1, Bg + Bil; + -+
By 1, respectively.

Definition 2.5: [54]

Let F,(I) be any n-refined neutrosophic field. The n-refined linear neutrosophic equation with one
variable over F, () is defined as follows:

AX+ B =0; A,B,X € F,(I). Where A = ag + ail; + -+ ayl, , B=by + byl; + -+ b1, X = x4 +
x111 + A + xnln.

Theorem 2.6: [54]
Let E, (1) be any n-refined neutrosophic field, (*)AX + B = 0 be any n-refined linear neutrosophic

equation over Fy,(I). Then (*) is solvable over F, (/) if and only if the following classical system
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(1-) ApXg + bo =0.
(2-) (ap + an)(xo + x5) + (bg + by) = 0.

(3-) (ap + ay + ap_1)(xg + xp + xp—1) + (bg + by + bpy_1) = 0.

(nt+1-) (ag +ay + -+ ap)(xg + x4 + -+ x,) + (bg + by + -+ by) = 0.
1s solvable over the classical field F.
3. Main discussion

Our work depends on the algorithm in Theorem 2.6. We generalize it to help with solving Diophantine
equations.

Definition 3.1:

Let Z,(D={to + t1 1y + -+ + t,1,; t; € Z} be the n-refined neutrosophic ring of integers. The following
equation

AX+ B = C, A,B,X,C € Zn(l) Where A = Ao + a111 + -+ anln , B:bo + b]_l]_ + -+ anTl'X = Xp +
xlll + -+ ann, C = Co + C]_I]_ + -+ Cnln

is called an n-refined neutrosophic linear Diophantine equation.

Example 3.2:

Let n=3, the following equation is an 3-refined neutrosophic linear Diophantine equation
A-L-L)X+Q2+3L—-413)=1,+2I;.

Theorem 3.3:

Let AX+ B =C (x); A,B,X,C € Z,(I) be an n-refined neutrosophic linear Diophantine equation. It is
solvable if and only if the following system of classical linear Diophantine equations is solvable.

(1') aoxo + bo = CO .
(2-) (aO + an)(xo + xn) + (bO + bn) =CotCp.

(3-) (aO +ap + an—l)(xo + X + xn—l) + (bo + b, + bn—l) =CytChptCpq.

(H+1-) (ao + aq + -+ an)(xo + X1 + -+ xn) + (bo + bl + -+ bn) = Cp + C1 + -+ Cn.
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Proof:

By using the canonical forms of multiplication from Definition 2.3, and Theorem 2.6, we get that the
previous system is equivalent to the equation (*).

Theorem 3.4:
The sufficient and necessary condition of the solvability of Diophantine equation (*) is:

ng(ambO) |C0: ng(aO + an, bO + bn)|(Co + Cn): ng(aO + an + an—lvbo + bn + bn—l)l(CO + Cn +
Cn-1), -ged(ag +ay + -+ a,, bg+ by + -+ by),[(co +c1+ -+ cp).

Proof:

The equation (*) is solvable if and only if its equivalent system is solvable, according to Theorem 3.3.
By the condition of the solvability of any classical linear Diophantine equation, we get
ged(ag, bo) [¢o (from (1)), ged(ag + an, by + bp)l(co + ¢n)

(from (2)),...

By continuing on the same way, we get the proof.

Example 3.5:

Consider the following 3-refined neutrosophic linear Diophantine equation:
A-L+L)X+U,+213)=2—-1; +415.

Wehave: A=1—-1,+13,B=1,+213,C=1+4l3,i.e.ap=1,a, =0,a, =—1,a3 = 1.
by=0,b,=0,b,=1,b3=2,¢=0,c;, =1,c, =0,c53 = 4

We have : gcd(ag, by) = 110, gcd(ag + az, by + b3) = gcd(2,2) = 2|4, gcd(ag + az + ay, by + b3 +
b,) = gcd(1,3) = 1|4,gcd(ay + ay + a, + as, by + by + b, + b3) = gcd(1,3) = 1|5. This implies that
the previous linear Diophantine equation is solvable.

Now, we find the solution.

The equivalent system is:

agxg + bg = cg, thus xq = 0.(1)

(ag + a3)(xg + x3) + (bg + b3) = ¢y + c3, thus 2(xy + x3) + 2 = 4.(2)

(ag +asz +ay)(xg +x3 +x3) + (byg + by + by) = co + c3 + ¢z, thus (xg + x3 + x) +3 =4.(3)

(a0+a3+a1+a2)(x0+x3+x1+x2)+(b0+b3+b1+b2)=CO+C3+Cl+Cz,thuS(x0+x1+
x3+X2)+3=5(4)
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The equation (1) has a solution x, = 0. The equation (2) has a solution xy + x3 = 1, hence x3 = 1.

The equation (2), has a solution xy + x3 + x, = 1, hence x, = 0. The equation (4) has a solution x, +
X1 + x3 + x5, = 2,hence x; = 1.

The previous discussion means that the solution of the first n-refined neutrosophic linear Diophantine
equationis X =1, + I3 .

6. Conclusion

In this paper, we have studied for the first time the concept of n-refined neutrosophic linear Diophantine
equations. We have extended the algorithm of solving a linear n-refined neutrosophic equation to be
useful in the solution of n-refined neutrosophic linear Diophantine equation. Also, we have illustrated a
good example to show the validity of our algorithm.
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